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ABSTRACT. We consider certain abelian extensions K,k; of Q(e?™*/3) and
show by a method of Shimura that a normal basis of K over ki can be given
by special values of Siegel modular functions.

1. INTRODUCTION

After Okada [6] had given normal bases of abelian extensions of Q(v/—1) by
special values of elliptic functions, several other authors treated the problem of
constructing normal bases of abelian extensions of other imaginary quadratic fields
by special values of elliptic functions or elliptic modular functions (cf. [5], [7], [11]).
In this paper we consider certain abelian extensions K, ki of @(e%) and show by
a method of Shimura [8], [9] that a normal basis of K/k; can be given by special
values of Siegel modular functions. This basis is contained in the integer ring of
K, as will be shown by using Igusa’s injective homomorphism from a ring of Siegel
modular forms of degree 2 to the ring of invariants of binary sextic (cf. Igusa [2]).

The author would like to express his hearty thanks to Professor K. Hashimoto
for his kind advice, Professor T. Fukuda for his aid in computing special values of
Siegel modular functions and to the referee for his kind advice.

2. THEOREMS

We begin by explaining the notations. We denote as usual by Z, Q, R and C the
ring of rational integers, the fields of rational numbers, real numbers and complex
numbers, respectively. For a positive integer n, Z", Q", etc. denote the module or
vector space of n-dimensional column vectors with components in Z, Q, etc. If Y is
an associative ring with identity element, then Y * denotes the group of all invertible
elements of Y, and M, (Y") the ring of all matrices of size n with components in Y;
the identity element of M,,(Y") is denoted by I,,; we write GL,(Y) = M,(Y)*. The
transpose of a matrix « is denoted by *a. For elements g1, go, . . ., g, of a group G,
we denote by (g1,92,...,9gr) the subgroup of G generated by ¢1,92,...,9-. For a
finite algebraic extension K of k, (K : k) means the degree of K over k, and if K
is a Galois extension of k, G(K/k) means the Galois group of K over k. If k is an
algebraic number field, we denote the integer ring of k by Oj.

Received by the editors June 20, 1997.
2000 Mathematics Subject Classification. Primary 11G15, 11R27, 11Y40.

©1999 American Mathematical Society



316 KEIICHI KOMATSU

We put ¢, = e’nt for a positive integer n. In what follows, we center our

attention on the case n = 5. So we write for simplicity {( = (5 and put k = Q(¢)
which has class number 1. Let p be an odd prime number and v a positive integer.
Weput S, = {a € k* :a=1 (mod2p¥)} and S, = {(a) : a € S, }, where (a) is the
principal ideal of k generated by a. Thus S, is the ray mod 2p” in k. We denote
by o the element of G(k/Q) defined by (° = (2 and we define an endomorphism
@ of k* by ¢(a) = al*7® for a € kX. Let E be the unit group of k and note that
E= {i(z(l_z—\/g)J} Let k, be the ray class field of k¥ modulo 2p”. Then we have

G(kg/kl) = §1/§2 = SlE/SzE = 51/52(51 n E)

by class field theory. We put H = S3(S1NE),w; = 14+2p = 1+2p(—( -2 -3 —¢Y),
wy = 142p(C—C*), w3 = 14+2p(¢2—¢3) and wy = 1+2p(¢—C2 = +¢Y) = 1+2v/5p.
Since Oy, = Z( + Z¢? + Z¢2 + Z¢* and S; /S, is mapped isomorphically to Oy, /pOy,
by a mapping

51/52 3 (14 2pw)Ss — w + pOy, € Oy /pOx,
we have S;/S2 2 (Z/pZ)* and
S1/Sa = ((1 4 2p¢)Sa, (1 + 2p¢?)Sa, (1 + 2p¢?)Sa, (1 + 2p¢*) Sa).
Hence we have S1/S2 = (w152, w252, wsSa, wsSa) because

-1 -1 -1 -1
1 0 0 -1
det 0 1 —1 o =8

1 -1 -1 1

and (8,p) = 1, which shows S1/H = (w1 H,wsH,wsH,wsH) as H D Sy. Now we
put m = 1+4dp, 2 = 1+ 2p(C( =+ =Y, m=1+2p(C+ ¢~ — ()
and 74 = 1, so that we have p(w;)H = n;H for i = 1,2,3,4. Since o(H) C H,
we can define an endomorphism ¢ of S1/H by ¢(aH) = ¢(a)H. We claim that
there exists a unit u = 1 + 2p(a + b(¢ + ¢*)) of Q(v/5) with H/Ss = (uSs), where
a,b € Z; note that u may be 1. Indeed, H/Ss is the image of F NSy in S1/Ss.
Now if p # 5, then the 10-th power mapping of S;/S2 induces an automorphism
of S1/8Ss, so the image of E NSy in S;/Ss is the same as that of E° N Sy; but
E'0 is infinite cyclic and therefore so is £'° N S;. As for the case p = 5, assume
:I:CS(LJZF‘@)t = 1 (mod 10), where s,t € Z. Then CQS(%@)% = 1 (mod 10).
Hence (#)Qt =1 (mod(1 — ¢)), which shows (#ﬁ)m =1 (mod+/5). This
shows ¢?* = 1 (mod v/5), which shows £ € Z. We note that if p divides b, then p
divides a because of Ng /5 o(u) = 1. Hence if u ¢ Sz, then p does not divide

-2 =2 -2 =2
1 -1 1 -1
det 1 1 -1 = —16b.

b—a —a —a b—a

Hence the images 771,72, 73, u are a basis for S7/S2 (viewed as a vector space over
7, /pZ) and the images of 11, 72,73 are a basis for the quotient S;/H.
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If u € Sy, then H = S,. Hence we have ¢(S1/H) = (m H,noH,ns H) = (Z/pZ)?
by

-2 -2 =2
det| 1 -1 1 | =-8.
1 1 -1

Thus for the class field K of k corresponding to the kernel of ¢, we have
G(K/ki) = (Z/pL)*.

Now, let &5 be the set of all complex symmetric matrices of degree 2 with positive
definite imaginary parts. For u € C2, z € Gy, r € R? and s € R?, put as usual
O(u, z;7,8) = > e e(% o +r)z(x +7r) + H(x +7r)(u+ s)), where e(§) = €27 for
¢ € C. Furthermore we put

and

(G YT (¢ Y L2+ ¢-¢ -2t 2022

0 5 .
Then we have zg € G5. The main purpose of this paper is to prove the following
theorem on a normal basis of K/k1, K, ki being the fields defined above:

)

¢HH¢t ¢ ¢ ) 5 \2-C+ 200 (20200 - (!

Theorem. We put

nea(e§ (). e (D)

0, = <Z 4;;) (Z cpl(zo);> (Z @Q(ZO);> :
v=0 v=0 v=0

Then 0, is an algebraic integer of K. If ®1(z0)pP2(20)p # 0, then the conjugates
of 0, over ki form a normal basis of K over k.

S22 Ll

and

Remark 1. Our functions ®(zo; (%), (8)) and ®(zo; (%),(

functions of level 2p? (cf. [8, Prop. 1.7]).

)) are Siegel modular

B =g =

Remark 2. In case p = 3, we can show ®1(z0)3P2(z0)s # 0 by computation.

This theorem is obviously an easy consequence of the two following propositions
which we shall prove in sections 3 and 4 respectively, and the two following well-
known lemmas:

Proposition 1. If ®1(20),®2(20)p # 0, we have K = k1((p2, ®1(20)p, P2(20)p) and
(I)i(ZO)p €k fOT’i =1,2.

Proposition 2. Let C be a curve of genus 2 defined by y> = Z?:o w8~ with
u; € Z fori=0,1,...,6. Let z1 be a point of S associated to C' by the standard
normalization of its period matrix. If r,s € %ZZ, then 225 x 35 x Jyg x ®(21;7,5) is
an algebraic integer, where Jioy depends on the u; and will be defined in section 4.
Moreover ®(zg;r,s) is an algebraic integer of K.
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Lemma 1. Let F be a finite algebraic number field containing ¢, and F' a cyclic
extension over F of degree n. Then there exists an element u of F such that
/ n—1 v y
F' = F(/u). We put 6 = "— (/u)”. Then the conjugates of 6 over F form a
normal basis of F' over F'.
The above Lemma 1 is well known (cf. [4, p. 223]) and the following Lemma 2
is also well known (cf. [4, p. 227]).

Lemma 2. Let F be a finite algebraic number field. Let Fy and Fy be finite Galois
extensions of F with Fy N Fy = F. If the conjugates of & (€ F;) over F form a
normal basis of F; over F for i = 1,2, then the conjugates of £&1&2 over F' form a
normal basis of F1 Fs over F.

3. SIEGEL MODULAR FORMS

We recall some properties of Siegel modular forms. Let Ty = Sp(2,Z) = {« €
GL4(Z) : taJa = J}, where

0 0 -1 0
00 0 -1
J= 10 0 O
01 0 O

For every positive integer N, we put 'y = {a € I'1 : o« = I, (mod NM4(Z))}.
We let every element o = (4 B) act on G by a(z) = (A2 + B)(Cz+ D)~ !. For a
positive integer r and a subring R of C, let 9,.(I'y, R) denote the vector space of
all modular forms f on G4 such that

fla(z)) =det(Cz+ D)"f(z) forall o= <é’ g) eIy,

and that
ZA e(tr(éz)/N) with A(€) € R,

where & runs over all seml—mtegral semi-definite symmetric matrices of degree 2 (i.e.
b
E=(% 2) with a,b,d € Z). Let 7 be an element of G(Q((n)/Q). If all A(§) are
2
contained in Q((n), we let 7 act on f(z) by f7(2) = > A7(§)e(tr(€z)/N). Then
it is well known that f7(z) € M, (Fn, Q(¢n)) for all f(z) € M, (T, Q(Cn)). Let v
be a non-zero integer and a a matrix in My(Z) with ‘aJa = vJ. We suppose that
the determinant of o is v? and that v is prime to 2N. Then it is well known (e.g.

by the strong approximation theorem for Sp(2)) that there exists a matrix 8, of
Fl with
_ (L2 0 2
a= (0 vIz) Ba (mod2N<).

Let 7, s be in 4 Z%. Then ®(z;r,s) is a Siegel modular function of level 2N? (cf. [8,
Prop. 1.7]).

Now, we let a act on ®(z; 7, s) as follows: Let o, be the element of G(Q((,)/Q)
given by (37 = (}. Then we can define

(27, 5) = (20(0, Baz; 1, 5)0(0, Baz;0,0)%)7v
(1) o (9(076a2;070>4)0“
= ®(Ba(2);7,vs)  (cf. [8, Prop. 1.7)).
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We note that ®*(z; s,7) is also a Siegel modular function of level 2N? and that the
action of o, in equation (1) is on the Fourier coefficients of the ©-functions, and
not on their values. Moreover our definition of ®¢ differs from that of [8] as follows:
Let GSp(A) be the adelization of the group of symplectic similitudes Sp(2, Q).
View a € GSp(Q) C GSp(A) and write o/ € GSp(A) to be the projection of a to
[1,j2n GSP(Qp) € GSp(A). Then our action by c is Shimura’s action by o'.
Let w (# 0) be an element of Ok. We denote by

the regular representation of w with respect to & = —(, & = (4, & =2 4+ ¢4, €6 =
¢3. Namely w¢; = 2?21 a;;&; with a;; € Z. Then there exists an integer v € Z
with ‘R(ww” )JR(ww? ) = vJ, det R(ww” ) = v? and R(ww® )zg = zo; in fact
v = Nj/g(w). Now, for the 2-dimensional complex vector space C?, we put L =
{(é);g € Op}. Then L is a lattice in C%. We put p = (¢ — ¢*) and define a
Riemann form E on the complex torus C2/L as follows:

E <<U1>’ (U1>> = p(ulﬁl — ﬂl’Ul) + pG(UQEQ — EQUQ) for u;, v; € C,
U2 U2

where @ means the complex conjugate of u € C. Moreover, for

e (G mm (o) om(6ll) e )
_CZ ’ 4'3 ’ C4+C3 C ’

we can easily see that {x1,X2,x3,%4} is a free basis of L over Z and

(E(xi,X%j))ij=1,2,34 = J.

- (42 +¢ 43) ' (—c 44)
¢+ ¢ -¢¢ ¢
is a CM-point of G5 corresponding to the polarized abelian variety (C?/L, E), which
is a polarized Jacobian variety of the curve y? =1 — 2% (cf. [10, p. 113]).
Now we put NV = p and assume that w is prime to 2p. By Shimura’s reciprocity
law (cf. [8, Prop. 2.2] or [9]), we see that ®(zo;r,s) is contained in some finite

abelian extension &’ of k since the reflex of a CM-type (k,1,0) is (k,1,0%) and we
have

Hence we see that

k'[k)

(2) D(zo;, s)( @ ) = @R(w(w))(%m s).

Here (k(lw—/)k) acts on the actual value of ®(z;7,s), as opposed to acting on its

Fourier coefficients as on the equation (1). Now ®7(#@)(zg:7 5) = ®(2g;7, ) if
w =1 (mod 2p?). Hence we have ®(2¢;7,5) € ko.

Proof of Proposition 1. For simplicity we put ®1(z) = ) ) and Dy(z

)actsonfD( 0)

(= (5),
W(k

0
0
k

w)

1
D(z; (%), (p)) To prove our Proposition 1, we have to see ho
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according to (2). First by (2) we have ®;(z9) € K because of the definition of K.
Moreover we have

14 4p)I. 0
Rpte) = rm) = (TP ) moazy?),
1+2p 0 —4p 0
4 1-2 0 —4
Rlpw)) = Rimw) = | o "7 1y _y | (mod2?)
—4p 4p 0 1+2p
and
14+2p 4p —4p —4p
0 1+2 —4 —4
Rlp(ws) = Rs) = | o % (5 o0 | (mod2?)
4p 4p —4p 1-2p

K/k
Now, we calculate <I>2(z0)(<wz)) by using equation (2). Namely @f("?’)(zo) =
Do (6(20); 7, vs) where 8 € Sp(2,Z) satisfies

I 0
R = (% 1,

Proposition 1.3 of Shimura [8], especially equation (14)’, implies that

(I)(,BZ(), r US) — 627'1'1'(t1”1)s—tr’s’)/?(I)(ZO;T/7 S/),

) B (mod2p?).

where
r' T . r
(0)=5() =rom(]) Gmoa2)
In our case of ®y, we have r = (%),s = (i),r’ = (%;;6) (mod 2p) and s’ =

1_
(3_160) (mod 2p). Moreover, v is the norm of ws, so v = 1 (mod 2p?). Thus we
obtain

exp(2mi(‘rvs — 'r's') /2) = (4,

and 5 (z9) = ¢, " ®3(20) by equation (13) of Shimura [8, p. 676] which expresses
®(z;1',s') in terms of ®(z;r,s). This means

ke
@y (20) @) = (15 (20)

by (2). In a similar way we have

=
I~

k

wS)) = <p_2(1)1(20)

K[k K[k
D1 (20) @) = By (29), P1(z0) ) = ¢, 2 ®1(20), B, (29)"

and
K/k

K[k K[k
By(20) E1) = (ADy(20), Pa(20) @) = (OBa(20), Pa(20) ©s1) = ¢ 1By(2).

Since Ny g(w1) = 14 8p (mod 2p?) and since Ny g(w;) = 1 (mod 2p?) for i =

K/k Kk

2,3, we have ¢\ = ¢8¢,» and ¢\
00

8
Proposition 1 from ‘0 -2 -2 ‘ =27, O
4-6-14

= (2 for i = 2,3. Hence we have our
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4. THE INVARIANTS OF A BINARY SEXTIC

In this section, we consider a binary sextic P(u;xg,x1) = E?:o uixg_ixﬁ with
variable complex coefficients ug, u1, . . ., ug: if (o, 1) — (Yo, y1) is the obvious ac-
tion of S Ly (C) and if we rewrite the above sextic as P(v; yo, y1), then (ug,u1, ..., ug)
— (vo,v1,...,vs) defines a 7-dimensional linear representation of SLs(C). The cor-
responding invariant polynomials are called the invariants of a binary sextic. Now
decompose P(u;xg, 1) into linear factors as

6

P(u;zo,71) = ug H(Io — &)

i=1
and put (i j) =& — &;, and define the classical invariants A, B, C, D as

A=ud Y (12)%(34)%(56)%

fifteen

B =u 3 (122233 1)*(45)°(5 6)2(6 4)°,

ten

C = 3 (12)°(23)2(3 1)2(4 5)%(5 6)°(6 49°(1 4)2(2 5)(3 6)°,

sixty

D =ug® (i 4)*

i<j
Furthermore, we put
Jo=273A Jy=27°3"Y2%J] - B), Js=2"9372(2%J; —2°5JoJy — C),
Js =272%(JoJs — J3) and Jio=2"'%D.
Let S = Z[JQ,J4,J6,J8,J10,J1_01] be the ring generated by JQ,J4,J6,J8,J10 and

Jl_o1 over Z. We shall view elements of S both as functions of ug,...,us and as
functions of the curve C given by 32 = Z?:o u;z5~%. Now we put

Az(rl) = @m%/(rlaz)
v=0

2 2
) o= ()-()
3 6 07 Z; 3
) (5)) e (o=
It is well known that X19 € 9M19(T'1,Z). Then we obtain the following important
lemma, which was proved in Igusa ([2, p. 844]). See also [3, Lemma 14].
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Lemma 3. There exists a ring isomorphism p of Az(T'1)[X14'] onto S having the
following properties:

(A) p(X10) is equal to Jig.

(B) p, restricted to Az(T'1), gives an injection into Z[Ja, Js, Jg, Js, J10]-

(C) Let C be a curve of genus 2 defined by y*> = P(u;x,1) and z a point of G
associated to C' by the standard normalization of its period matriz. Then, for any
element f of Mo, (T, Z), f(2) is equal to u** (pf)(u), where p (# 0) depends on the
definition of z.

Proof of Proposition 2. Let T be the set of representatives for I'; /I'y)2 and
T ={X10(2)®" (az;r,s) :a € T,7 € G(Q(¢2)/Q)}.

We shall show at the end of the proof that X19® € Myo(I'yp2, Z[(p2]) and hence
X109 = (Xloq))T S mlo(F2p2,Z[§p2]) (recall that Xq9 € mlo(rl, Z)) Hence any
elementary symmetric function f of degree v of the elements of T' is contained in
Mi0.(T'1,Z). By Lemma 3, we have pf € Z|J3, Ju, Js, Js, J10] and

pf(C)  f(z)
Jio(C) Xio(z1)V'

Therefore we have
f(z1)
Xio(z1)¥

by noting that 25¢3¢Jy;(C) € Z (because uy, . ..,us € Z and from the definition of
the Jy; (cf. [3, p. 178])). Now let Cj be the curve of genus 2 defined by y? = 1 — 2°.
Then the point 2y of &2 is a point of G2 associated to Cy (see §3). We have

JQ(OO) = J4(C()) = Jﬁ(co) = Jg(C()) =0 and Jl()(C()) = 552_12

225V 35 v (C') €Z

(cf. [1, p. 623]). This shows leo((zgo))" € Z, since the numerator corresponds to a
polynomial in J5(Cy) through J10(Cp), and is hence an integral multiple of J19(Cp)".
Hence ®(zp; 7, s) is an algebraic integer of K. This completes our proof, except for
the fact that X10® € Mio(Top2, Z[(p2]).

We easily see that X10(2)®(az;7,s) transforms correctly under I'yy2. Moreover,
we claim that the denominator of ® is a divisor of X7, so that the product X;o®

is indeed holomorphic. More precisely, we have
20(0, z; 17, 8')

@(OZZ, T, 8) = C§p2 ' 6(0, 2 ’I"//, S”) )

for some n € Z,r',s’ € %Z2, and ", s" € $7Z2 with 4'"'s"” even. This follows from

the explicit transformation of theta-functions under the generators ((I)i _Of )> (o 02

and (éi }’2) of T'y1; see pp. 677-678 of [8], particularly equation (16’). But then
0(0,z;r",s") = £(one of the theta-functions in the product defining Xi4), by
equation (13) of [8].

Lastly, we show that the Fourier coefficients of X1o® actually lie in Z[(ap2].
Now X;o®(az) is the product of £2711 . (all but one of the theta-functions in the
product defining X10) with ¢;.©(0, z; r’,8'). Tt is easy to see that the latter factor
has Fourier coefficients in Z[(5,2]. On the other hand, the former factor seems to
have Fourier coefficients that are in 27''Z, because theta-functions of the form
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0, z;r", ") with v, s" € %ZZ have Fourier coefficients in Z. However, at least 11

of these theta-functions have r” = (J), which implies that their Fourier coefficients
are in 27 (cf. pp. 156159 of [3]; this is what permits the factor of 2712 in the
definition of X19). We have thus completed our proof.

10.

11.
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