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ABSTRACT. We consider the Dirac operators with electromagnetic fields on
2-dimensional Euclidean space. We offer the sufficient conditions for electro-
magnetic fields that the associated Dirac operator has only discrete spectrum.

1. INTRODUCTION

In this paper we consider electromagnetic Dirac operators on the 2-dimensional
Euclidean space R?. Let (L?*(R?))? be a Hilbert space

(1.1) (L*(R))? = L*(R?) @ L*(R?)

with inner product (f,g) = [z=(f1g1 + f2g2)dx for f = (f1,f2), 9 = (91,92) €
(L?(R?))2. In this Hilbert space we introduce a Dirac operator with electromagnetic

field a = (a;(z))3_; and potential V(x) by

2 0
(12) Hv(a) = E Uj(—i% —aj)—i-V,
i=1 /

where (Uj)?:1 is a system of 2 x 2 Hermitian constant matrices with the anti-
commutation relations oo 4+ oo = 20, 1. Here a; and V should be understood
as operators of multiplication by real-valued functions a;(z) and V' (z), respectively.
Let us assume a;(z),V(z) € L2 (R?). Then it is well-known that Hy (a) is self-
adjoint (cf. Chernoff [1]). In case a = (a;(z))5=, € (C'(R?))?, we define B as the
2 x 2 skew-symmetric matrix whose (j, k) component is day/0x; — Oa;/0x;. We
describe b as daa/0x1 — Jay/Ox2. By using this, we have

(1.3) B(z) = (_bo(x) b%”) .

The norm of B is given by |B| = |b|. First we offer the conditions of electro-
magnetic fields that the associated Dirac operator has only discrete spectrum. For
this end, we introduce a non-negative form on (L?(R?))? by

(1.4) hav(¢, ) = (Hy(a)g, Hy (a)y), ¢, ¢ € (C5°(R?))?
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and define, for open sets  in R?

(1.5) ea,v(Q) =inf { ha v (e, ¢); [|¢] = 1,suppo C Q,¢ € (C°(R?))* }.
Let us state our main theorem.

Main Theorem. The following four conditions are equivalent.
(a) Hy (a) has only discrete spectrum.
(b) eav(Wg) — o0 as R — oo, where Wg={x||z| > R}.
(¢) eav(Qz) — o0 as |x] — oo, where Q, = {y||lz —y| <1}.
(d) There exists a real-valued continuous function \(z) on R? such that \(z) —
o0 as |z| — oo and that

ha,v (¢, ¢) 2 /Rz x| () da
for all $(x) € (C5°(R?))>.

As an application, we give a sufficient condition that Hy (a) has only discrete
spectrum.

Theorem 1.1. On the 2-dimensional FEuclidean space, we assume that a =
(aj(x))i2; € (C*(R?))* and V(z) € C*(R?) and that the following three condi-
tions (1.6) , (1.7) and (1.8) are fulfilled. Then Hy (a) has only discrete spectrum.

—
(1.6) Jim 7> 2,
(1.7) Jim V] =ce.
. VvV

Iwatsuka got a similar result to the Main Theorem in the case where Hy (a) is a
Schrodinger operator. However, the conditions for Schrodinger operators have only
discrete spectrum are quite different from those for Dirac operators. In fact, under
the conditions V' =0 and lim |b| = oo, Schrodinger operators have only discrete

|| —o0
spectrum, but Dirac operators may have an essential one. We know a similar fact
as above when b =0 and lim V = oo (cf. Thaller [6]).

|z|—o0

2. PROOF OF THE MAIN THEOREM

Let E be the spectral measure associated with Hy (a). oess(Hy (a)) is defined
by

oess(Hy(a)) = {p € R| dimRan(E(u —e,u+¢€)) = oo foralle >0},
where Ran(.) denotes the range of an operator. Note that
(2.1) oess(Hy(a)) =¢ if and only if Hy(a) has only discrete spectrum.
We need the following lemma to prove the Main Theorem.

Lemma 2.1. Let s > 0. Then the following conditions are equivalent.
(a) inf{ A ||\ € oess(Hv (a)) } 2 s.
(b) Rlim eav(Wg) 2 s, where Wg = {z||z| > R}.
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(c) There erists a real-valued continuous function A(x) on R? such that

liminf A(z) = s  and  hayv(p,¢) = /Rd ANz)|p(z)]*dz

|| —o00
for all ¢(x) € (C§°(R?))2.
Proof. (a) = (b): Suppose that (b) does not hold. There exists some s’ > 0 such
that Rlim eav(Wr) < s* < 2. Since eqy(Wg) is increasing in R by (1.5), we

notice that en v (Wgr) < s'? for all R > 0. Hence, one can choose successively a
sequence {¢x}re, C (C§°(R?))? such that

loxll =1,
(22) ha,V(¢k7¢k) < 8/27
supp ¢ C {x|ar < |z| < apy1},

for some increasing sequence {ay}32; such that a — oo as k — co. Let E(t) =
E((c0, t]). If ' <t < s, (a) implies that E(t) — E(—t) is compact; hence

Jim |E(t)¢el® = klilgollE(—t)ckaIQ-
Therefore we have

By (60, &) = / 12| B ) by | e

(_OO ’ OO)

[, ramwere + [ rapeePe
o) —o0, —t

)

v

= 2 (loull* = IE@Qdk|® + IE(~t)¢l*) — % as k — oc.

But this contradicts (2.2).
(b) = (c): Let {&€k}r_p12.. be a sequence of real-valued functions of class

C5°(R?) such that

> &) =1,

k=0

(2.3) S(2) = Gulgy) (k2 1),

supp&o C {z|[z] <2},

supp&p C {z |28t < fz[ <281} (k= 1).

See Iwatsuka [3] for the existence of such a sequence. By direct computation,

2
Hy (2)(E0) = EHy(@)6 — Y 2oyt o0,
(2.4) =t ’
i
or,

Hy(a)(¢¢) = EHy(a)p — _Z ioj ==
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for ¢ € (C5°(R?))?, and a real-valued function £ € C°°(R?). By simple calculation,
we have
2

hav (6,€20) = hav (666, €x0) = (> oy 8% -

o5
J@x

j=1

(2.5) )
0 0
=3 inig i) Z' 7 55)0) = 196 ol
We obtain
hav(d,¢) =Re(D_ hav(6,&0))
(2.6) h=0

=D hav(&o, o) — Y IIVEIS],
k=0

where |V¢| = 1/2?:1(85/8%)2. Let Az) = Yo o(eréu(@)? — |VE|?), where
eo =eav({z|lx]| <2}) and ep = eav(War-1), k =1,2,---, now one notices
that (c) holds.
(¢) = (a): Suppose that (a) does not hold. Choose ¢ € gess(Hy (a)) such that
lo| < s, and a sequence {uy}r—, € D(Hy (a)) such that
Jurll = 1,
(2.7) ur — 0 weakly as k — oo,

|[Hy (a)ug — cug|| — 0 as k — oo.

From (c) for any 0 < & < 52— 02, there exists M > 0 such that A\(z) > s> —¢ foraz:
|z] 2 M. Then we have

/\(a:)|uk(:1:)|2dx—|—/ Az Jug ()P dx

lz|<M

22 -0) [ fu@Pde- My [ just) s,

lz|<M

where My = max |\(z)].
|lz|EM

It suffices to find a subsequence {uy } of {uy} such that lim lug:|?dz = 0.
k’—o00 |z| <M
In fact, it implies that o2 = klim hav (s, ugr ) 2 s? — e, which contradicts ¢ <
/' —o00

5?2 — 02, We can choose the following real-valued functions of class C*°(R?):

e5(x) + i) =1,
wo(z) =1 if |x] < M,
wo(z) =0 if || > M + 1.

In similar fashion to (2.4), we get

ha,v (ur, ur) Zhav prug, pruk) ZIIIWqukIF
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Hence, we obtain

1

ha,v (Lot o) < ha v (ue, ur) + > ||[Ver|ux?,
=0

which proves that hav(gouk,pour) is bounded. We define that Quy1 =
{z||z] < M + 1}, which includes the support of ¢g. By the assumption that
a;,V € LS., we notice that ||Hy (a)(po.)| is equivalent to [|¢o « ||a, . Because
the embedding map from (Hy(Qar41))? to (L?(Qar41))? is compact, there exists a

subsequence {u } of {ug} such that k/lim / (¢o(x)|u|)?>dz = 0. We have
— 00 2

0< hm / lup: |?dx < hm/ |00 (x)up |*dz = 0,
which completes the proof. O

Owing to this lemma, the proof of the Main Theorem is analogous to that by
Iwatsuka [3, Main Theorem].

3. SUFFICIENT CONDITIONS FOR Hv(a) TO HAVE ONLY DISCRETE SPECTRUM

Through this section, we assume that a; and V' are smooth, and we shall offer
sufficient conditions for Hy (a) to have only discrete spectrum. We have by self-
adjointness of Hy (a).

(3.1) ha,v(¢,¢) = (Hy(a)¢, Hy (a)¢) = (Hv(a)¢, ¢).

We have by direct calculation,

2
0
Hy (a)? :—2(7 —ia;)* +V? +iboios

= o
2 0 & 0
(32) +VZO'j(—i%j—aj)—FZUj(—Z'%j—aj)V
J=1 Jj=1
2.0
==Y (5 —ia; +i0,V)* = V? + iboyos.
j=1
Hence, we obtain
(3.3) hav (6, ¢) = Z L8] — [Vl + (iboro, 6),
j=1
where
(34) Hj = 6_% — iaj + inV
We get by simple calculation,
ov ov
(35) II,11, — 114105 :ib+20102V2+i01— — 10

109 —
6x2 6:101 ’

which plays an important role in this section.
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Proof of Theorem 1.1. There exists N > 0 such that if |z] > N, then

(3.6) V #0,
(3.7) b| > 2V2,
vV 1

One can choose a function ¢ € (C§°(R?))2. We assume that supp¢ C Wg and
R > N. We have by (3.5), (3.6) and (3.8).

2|11 ¢||[[ T2 > |(T2¢, 1 ¢0) — (I, I1299)|
(3.9) > (I — 1L 112)8, ¢)|

> [((ib+ 20109V ?), ¢)| — —||V¢||2
We can regard o1, 09 as

(3.10) o1 = ((1) (1)) Oy = (? _OZ) :

Now we can choose such a coordinate on R? that b > 0 on Wg. Then we obtain
by (3.7) and (3.9),

[T1¢)|* + [[M26|* + (ibo1o29, ¢)

2
/z‘(aﬁl,dm) (b+02v b—02V2> <§2) e

>

1
[ oo (3 0) (5) e givere
(3.11) b+ 2V2 0 3
¢1, $2)
by
—b ¢4 1 2
/ r.00) (5 2VQ) (& ) dz— Lvol
3
> v,
Hence, by (3.3), we have
1
) o > = 2112
(312) ha(6,6) 2 5 _inf V26|
Therefore, ea,v(Wg) — 00 as R — o0, which completes the proof. O
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