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ABSTRACT. In the present paper, we generalize Wong-Rosay’s theorem for
proper holomorphic mappings with bounded multiplicity. As an application,
we prove the non-existence of a proper holomorphic mapping from a bounded,
homogenous domain in C™ onto a domain in C™ whose boundary contains
strongly pseudoconvex points.

1. INTRODUCTION AND RESULTS

The purpose of this paper is to prove a version of Wong-Rosay’s theorem [15],[10]
for families of proper holomorphic mappings with bounded multiplicity. Our main
result can be stated as follows :

Theorem 1. Let D CC C" and G C C" be domains. Suppose there exist a point
p € D and a sequence {fir}r of proper holomorphic mappings fr : D — G of
multiplicity equal to m such that {fi(p)}r converges to a strongly pseudoconvez
boundary point ¢ € OG. Then there exists a proper holomorphic mapping defined
from D onto the unit ball in C™ of multiplicity less than or equal to m.

This theorem implies that domain D is necessarily pseudoconvex and further-
more, if G is a strongly pseudoconvex, bounded, simply connected domain with
C*°-boundary, then according to [2] G is biholomorphic to the unit ball in C".

The assumption about a uniform bound on the multiplicities on the mappings
is necessary for our proof, but it is rather natural in view of a result of Bedford
[1] which states that there is an absolute bound on the multiplicity of a proper
holomorphic mapping between bounded pseudoconvex domains in C" with real
analytic boundaries.

By using Theorem 1, we give a generalization of a result of Lin and Wong [7] for
unbounded domains in C".

Corollary 1. Let D CcC C"™ and G C C" be domains. Suppose there exist a
point p € D and a sequence {fr}r of unbranching proper holomorphic mappings
fe : D — G such that {fr(p)}r converges to a strongly pseudoconvex boundary
point ¢ € OG. Then both D and G are biholomorphic to the unit ball in C™.
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The following example proves that Corollary 1 cannot be extended to sequences
of branched proper holomorphic mappings.

Let D = {(z,w) € C?: |2|* + |w|?> <1}, B = {(z,w) € C?: |z]? + |w|? < 1} be
domains in C? and let us consider the proper holomorphic

f: D — B,
(z,w) (2%, w).

Let ¢ € 9B be a boundary point and (¢*);, be a sequence in B, which converges to q.
Since B is homogeneous, there exists a sequence (k) C B) of automorphisms such
that ¢¥ = ©x(0). Let fr = or o f. Then {fi}x is a sequence of proper holomorphic
mappings with bounded multiplicity and { fx(0) }» converges to ¢ which is a strongly
pseudoconvex boundary point, but the domain D is not biholomorphic to the unit
ball in C2.

For strongly pseudoconvex domains in C"™, we have the following result.

Corollary 2. Let D CC C" and G C C" be strongly pseudoconvex domains. Sup-
pose there exist a point p € D and a sequence { fi. }r, of proper holomorphic mappings
fx : D — G such that { fr(p)}r converges to a strongly pseudoconvex boundary point
q € OG. Then both D and G are biholomorphic to the unit ball in C™.

In the case where D = (G, we obtain a local version of Wong-Rosay’s theorem
for proper holomorphic mappings as follows:

Theorem 2. Let D be a bounded domain in C™. Suppose there exist a point p € D
and a sequence {fi}r of proper holomorphic mappings fr : D — D of bounded
multiplicity such that { fr.(p)}x converges to a strongly pseudoconvex boundary point
q € 0D. Then D is biholomorphic to the unit ball in C™.

As another application of Theorem 1, we establish the following result concerning
bounded homogenous domains in C™.

Corollary 3. Let D be a bounded homogenous domains in C™ and G be a domain
in C™ whose boundary contains strongly pseudoconvex points. If there exists a proper
holomorphic mapping from D onto G, then D is biholomorphic to the unit ball in
cn.

2. NOTATIONS AND PRELIMINARY RESULTS

For the proof of Theorem 1, we need to introduce the notion of proper holomor-
phic correspondences. Let D and G be two domains in C™ and let " be a complex
purely n-dimensional subvariety contained in D x G. We denote by 71 : I' — D
and 72 : I' — G the natural projections. When 7 is proper, then (m2 o 71 71)(2)
is a non-empty finite subset of G for any z € D and one may therefore consider
the set-valued mapping f = m o 71 ~!. Such a map is called a holomorphic corre-
spondence between D and G; I is said to be the graph of f and it will be denoted
by graphf. Since 7 is proper, there exist a complex subvariety V' C graphf and
an integer m such that f(z) = {f!(2),...,f™(2)} for all z € D\m1(V) and the
f7’s are distinct holomorphic functions in a neighborhood of z € D\ (V) (see for
instance [5]). The integer m is called the multiplicity of f. The correspondence f is
proper if 7y is proper and it is irreducible if its graph is irreducible. Furthermore,
for bounded domains f is proper if and only if dgraphf C 90D x dG. Correspon-
dences were introduced by Stein [12] in order to generalize meromorphic mappings
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between complex spaces. Properties of correspondences can be found in Stein’s
papers [12, 13]. For example, it can be shown that f gives rise to a holomorphic
mapping f : D — Gy, into the m-fold symmetric product of G' ([3]).

Now let z, be a point in D and {z!,22,...,2™} be a set in G. We say that
f(z) ={fY2),..., f™(2)} converges to {2z}, 2%, ..., 2™} when z tends to z, if after a
possible renumeration of f7, one has lim,_.,_ f7(z) = 2z/. Equivalently f(z) tends
to {z!,22, ..., 2™} in the sense of Hausdorff convergence of sets.

We denote by Cor(D,G,m) the set of all v-valued holomorphic mappings from
D onto G for v = 1,...,m. Let f € Cor(D,G, m) be irreducible, a € A C D,

b € f(a); then we define fl(f’b) € Cor(/i, G,m) to be the correspondence obtained by
analytic continuation of the germ of f at (a, b) by paths which lie in A. Equivalently,
graph, f/(f’b) is the union of those irreducible components of graph f N{A x G}, which
contain (a, b).

Let {fx} C Cor(D,G,m). We say that {fx} is compactly divergent if VK1 CC
D, Ky CC G, 3jo Vj > jo :

fk(Kl) NKy=0.

If the fy are irreducible, we say that fi converge to f € Cor(D, G, m) if I(a,by) €
graphfy with by — b € G and for all K CC D witha € K :

Azgfl;’?k) — fr for some fx € COT(IO{, G,m)

and

|J sraphfx = graphf.
KccD
If D and G are bounded domains in C", the set of proper holomorphic corre-
spondence Cor(D,G,m) is normal for any m € N ([6]), i.e. every sequence {f} of
proper holomorphic correspondence in Cor(D, G, m) is either compactly divergent
or has a convergent subsequence.

3. PROOFS OF RESULTS

Proof of Theorem 1. Since q is strongly pseudoconvex boundary point, according
to [4] the sequence {fi}x converges to ¢ uniformly on compact subsets of D. We
use scaling methods introduced by S.Pinchuk [8]. Let U be a neighborhood of ¢ in
C™ which does not intersect the set of weakly pseudoconvex points of dG. For all
£ € OGN U, we consider the change of variables af defined by:
op Op ,
i = @ —§) - 5@ —&), 1<i<n—1,
J 0zZn, J& J 0%;
* p
Zn = Z1gjgn @(f)(zj —&;)

where p is a defining function of G. The mapping of maps £ to 0 and the real
normal at 0 to dG to the line {'z =0, y, = 0}.

Let K CC D be a compact. There exists an integer kg such that, for all k£ > ko
and z € K, the point f(z) € UNG. We denote by w* the projection of ¢* on
8GN U and o = a*" the mapping as above. We have of(¢*) = ('0,—6;) with
¢* = fr(p) and &, = dist(a*(q*),0a%(G*)). We define now the inhomogenous

1

dilatations ©* by ¢*('z,2,) = (67 '2,0k2,) and let G¥ = % 0 o*(G). For all ,
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the mapping gr = ¢* oa® o fi, : D — G* is a proper holomorphic mapping with
mutiplicity m, which satisfies gx(p) = s = ('0, —1). The sequence { g}« is a normal
family, passing to subsequence, {gg }r converges uniformly on the compact subsets
of D to a holomorphic mapping g : D — ¥, where

Y ={(2,2,) €C": 2Re(z,) +|' 2> < 0}.

To finish the proof we shall prove that the mapping ¢ is proper. We will need to
study the convergence of the correspondence hy = g,?l. For this, we will use a simi-
lar method introduced by W.Klingenberg and S.Pinchuk in [6] to study the problem
of normality of proper holomorphic correspondences between bounded domains in
Ccn.

The correspondence hy, : G¥ — D is a proper, holomorphic irreducible one which
satisfies (s,p) € graph(hy) for all k. Given K C X, a compact, s € K, we have

iz,(j}?) € Cor( K ,D,m). Since D is bounded, there is a subsequence which converges

to an element h € Cor( K ,D,m). Since ¥ is biholomorphic to the unit ball B, then
by exhausting B with compact and passing to diagonal subsequence, we obtain
h € Cor(3,D,m). The following fact was proved in [6]. For completeness, we
include a proof.

Claim. h € Cor(X, D, m).

Proof. The branches {h',... ,h™} of h are locally defined and holomorphic on
D\71 (V). Now the jacobians of h* induce in a natural manner a holomorphic func-
tion Jac(h) on graph(h)\V as follows: let z € graph(h)\V; then there exists only
one i € {1,...,m} such that z € graph(h?). We define Jac(h)(z) = Jac(h?)(m 2).
First we show that Jac(h) #Z 0. We need the following lemma.

We will write ﬁf:’b) = ﬁf:’b)(A).

Lemma 1 ([6]). Let D and G be bounded domains in C"™ and (a,b) € D x G. Then
for all U(b) C G there exists U(a) C D, such that for all h € Cor(D,G,m) with

b € h(a) we have: ﬁgl(zg c U(b).

Let U(p) CC D be a neighborhood of p € D. By Lemma 1, there exists U(s)

a neighborhood of s in ¥ with iz,(j’[fzs) C U(p) for all k. Then we have z = gi o

iz,(:”gzs) (2) for all z € U(s). Passing to a convergent subsequence, we have z =

gk © ﬁg(ig(z) for all z € U(s), which implies that Jac(fo(s)) # 0. Since graph(h)\V
is connected, we conclude that Jac(h) # 0. Let W C graph(h)\V denote the variety
{Jac(h) = 0}. Now assume that the claim is false, i.e. there exist (z,y) € £ x 0D
with y € h(z). Since the branches of h are locally open maps on D\ {VUW}, we
must have x € m {V UW}. The variety {V U W} is a subvariety of D of dimension
n — 1; then there exists a holomorphic disc A in D such that AN m {VUW} = z.
Since h(A) € G U {y} is a disc , by the theorem of Cartan-Thullen (see [14]), the
maps g, and g extend analytically to a fixed neighborhood of y, say U(y). The
domain ¥ is biholomorphic to the unit ball which is a bounded domain; then there
exists a subsequence of g which converges to g on the compact subsets of DUU (y).
It follows from the assumption that there exists y, € iAz;“ k(z) with y,, — y. But
since hy is the inverse of g, this implies * = gr(yx), and we may pass to the
limit, which gives © = g(y). Since g is proper, gr(y) € OG and then by passing
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to a convergent subsequence, the limit implies that g(y) € dX. This contradicts
T €. (]

We continue now with the proof of Theorem 1. Let z € D and U(g(z)) be a
neighborhood of g(z) in ¥. Lemma 1 implies that there exists U(z) a neighborhood
of z in D such that for large k’s we have gp(U(z)) C U(g(z)). One has z €
B,g?g((;)(’j;) o gi(z) for all z € U(z). Passing to a convergent subsequence and to
limit, we get

*) z€hog(z), Vze€D.

Suppose that there exists a sequence {z;} C D, which converges to z € 9D and
g(z;j) converges to 2z’ € X. According to (*), we have z; € ho g(z;) for all j. The
limit implies that z € h(z’), which contradicts z € 8D and then g is proper. This
finishes the proof of Theorem 1. O

Proof of Corollary 1. First we show that D is simply connected. According to [4],
the sequence { fi(p)}r converges uniformly on compact subsets of D to ¢q. Suppose
that D is not simply connected; then there exists a nontrivial closed loop 7 in
m1(D). The boundary of G is smooth near ¢; then there exists a neighborhood
U of ¢ such that GN U is simply connected. For large k’s, fi(7) is a closed loop
B C GNU. Nevertheless, fr : D — G is a covering, and (fx)« : m1 (D) — 71 (G)
is one to one. This is a contradiction to the fact that fi(7y) must be a nontrivial
element in (fx)«(m1 (D)) C m(G).

The mappings fi are a covering and D is simply connected. Then the order of
m1(G) is equal to the multiplicity of f; for all k and then the multiplicity of fj
is bounded. According to Theorem 1, there exists a proper holomorphic mapping
f D — B. Hurwitz’s theorem implies that f is a covering. Since B is simply
connected, f is biholomorphic and then D is biholomorphic to the unit ball.

For any k, the map h = f¥ oB — G is a holomorphic covering. The ball B is
simply connected, and h is factored by automorphisms, i.e. there exists a subgroup
I" of automorphism groups of B such that for all z € B, h=1(h(z)) = {v(z),~y € T'}.
According to [11], {v(z) = =z} is non-empty. Since {y(z) = z} C Vi, (V}, is the
branch locus of h) for all v € T\{Ig} and h is a covering, the group I is reduced to
{Ig} and then h is biholomorphic. |

Proof of Corollary 2. The domains D and G are strongly pseudoconvex, according
to [8], and f is a covering. The proof can be completed by using Corollary 1. O

Proof of Theorem 2. Theorem 1 implies that there exists a proper holomorphic
mapping f : D — B. The correspondence f o fi o f~! is an irreducible self-proper
one, according to [2]; fo fro f~! is an automorphism of the unit ball. There exists
then ¢ € Aut(B) such that fo fx = ¢o f. From this, we conclude that the mapping
f1 is one to one. Otherwise the multiplicity of the mapping f o fx is greater than
the multiplicity of the mapping ¢o f, but fo fr = ¢o f. Then fi is biholomorphic
for all k. Now Corollary 1 can be applied to finish the proof. O

Proof of Corollary 3. Let q be a strongly pseudoconvex boundary point of G and
{f(pr)}x be a sequence in G which converges to g, where (pi)x is a sequence in D.
Since D is homogenous, there exists a sequence of automorphisms {gx }x C Aut(D)
such that gi(0) = pr. The sequence {f o gx(0)} converges to g. Theorem 1 implies
that there exists a proper holomorphic mapping from D onto the unit ball in C™.
According to [9], D is biholomorphic to the unit ball. O
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