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ABSTRACT. For any k > 1 a k-dimensional polyhedron Y is constructed such
that the Yang index of its deleted product Y, equals 2x. This answers a
question of Izydorek and Jaworowski (1995).

For any k > 1 a 2k-dimensional closed manifold M with involution is con-
structed such that index M = 2k, but M can be mapped into a x-dimensional
polyhedron without antipodal coincidence.

The deleted product of Y is the space
Y*=Y?\A,
where A is the diagonal of Y2. There is a natural free involution T'(x,y) = (y, z)
acting in Y'*.

Our goal is to compute the Yang index of the deleted product of some polyhedra
(with respect to the involution T'). In particular, we answer the question in [3]
of whether there exists a x-dimensional polyhedron Y, with indexY” = 2x. It is
shown that the space Y, = [A2%+2]" has index Y,* = 2k.

In fact, we shall find in Y,* a closed manifold Ms, with index My, = 2x. Then
the projection p(z,y) = z is a map p : Ma, — Y, without antipodal coincidence.
Other examples of such manifolds (or even polyhedra) are not known to us. Let us
note the theorem of Schepin [4], which asserts that every map f : S** — P, of the
2k-sphere into a k-dimensional polyhedron has an antipodal coincidence.

First some notation.

A™ is a standard n-simplex in R™ with center in the origin O.

Let P be a simplicial complex.

For x € P, [x] denotes the carrier of z, i.e. the (closed) simplex containing x in
its interior.

If a € P is a vertex, its star St(a) is the union of all open simplexes with vertex
a.

[P]* denotes the x-dimensional skeleton of P.

All maps are assumed to be continuous.

Now we shall list some properties of the Yang index that we shall make use of,
and refer the reader to [7] for the definition and the whole index theory.

Let X be a compact metric space with a free involution 7' : X — X. Then
its Yang index is defined inductively by means of the equivariant homology groups
with coefficients in Z,. We denote it here by index X. An important property of
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the index is that if index X > n, then every map f : X — R"™ has an antipodal
coincidence: f(Tx) = f(x).

Note also that index X < dim X.

The following useful proposition estimates the index of a manifold.

Proposition. Let M,, be an n-dimensional closed manifold with a free involution
T: M, — M,. Suppose that there exists an odd map ¢ : M, — S™ (i.e. p(Tx) =
—(x)) with degy @ = 1, where deg, is the degree mod 2. Then index M,, = n.

Proof. Let z™ be the invariant fundamental cycle mod 2 in M,,. Then ¢.([z"]) # 0
(in the Cech homologies mod 2). We have v([z"]) = v(p«[z"]) # 0, as follows from
the properties of the index homomorphism v (cf. [7] for the definition of v). But
this means that index M,, > n by definition. The converse inequality follows from
the fact that index < dim.

I. THE MAIN THEOREMS

Let M be a finite set in R™ and let o, 0% be two k-dimensional simplexes with
vertices in M, without a common vertex. Suppose that every two such simplexes
either do not intersect or have a single common point, interior to both of and o¥.

We shall denote by #,, (M) the number of intersections of pairs {o}, o5} as above.
Such an intersection will be called a x-intersection.

For example, if M = {5 points lying on a circle}, then #;(M) = 5.

Lemma 1. There exists in R** a set M of 2k + 3 points such that #.(M) = 1.

The proof is given in Section III. For example, in the case kK = 1 it suffices to
take 5 points in R? in general position, whose convex hull is a triangle.
Consider now the complex

Y, = [A%F2)%,
We shall prove that index Y, = 2x. Set

Mo = {(z,y) € Y?|lz] N [y] = 2}.
Clearly, My, is an invariant compact subset of Y,*.
Lemma 2. My, is a closed manifold.

The proof of this interesting proposition is given in Section II. Notice that Ms,
has a structure of a cell complex. It is also easy to show that there is a deformation
of Y. on My, so M, contains all the information about Y,’.

Theorem 1. Let Y, = [A?"F2]%. Then
index Y, = 2k.

Proof. Tt suffices to prove that index M, = 2k. As follows from Lemma 1, there
exists in R%* a set

M = {al,a2, .. .,CLQK+3}

of 2k + 3 points such that #,(M) = 1. Let the single k-intersection arise between
the simplexes [a1,...,ax+1] and [ax42, ..., a2,42]. Consider in R?**! the set

N = {a1 + ZQK+1, as, ... ,CLQ,.H_g},
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where la,41 is a unit vector orthogonal to R?®. Clearly, #,(N) = 0. Then Y, =
[A2%+2]% may be embedded in R?#*1 with vertices in N. Let us define an odd map
@ : My, — S%¢ as follows:

y—x

Py = P

The preimage ¢~ '(—l2,41) contains a single point (x¢,yo) corresponding to the
single x-intersection in M. Here xg € [a1 + logt1, - -5 Grt1], Yo € [@rt2, - - -, G2pt2]-
We shall prove that deg, ¢ = 1 (mod?2). It is clear that there exists in S?% a
neighbourhood W 3 —l3,41 such that the map ¢ restricted to =1 (W) is a home-
omorphism. Let us approximate ¢ with a smooth map o : M, — S?* such
that ¢o(x) = p(x) for x € ¢~ 1(W). Then —la,41 is a regular value of ¢y and
¢ H(—lax11) contains a single point (zg,yo). But then for its degree mod 2 we have
deg, wo = 1 (cf. [2]), and therefore deg, ¢ = 1.

Then index Ms,, = 2k, as follows from the Proposition in the preliminary section.

The theorem is proved.

Note that if P, is a contractible x-dimensional polyhedron, then index P} <
2k — 1. This is established in [3].

Theorem 2. For any k > 1 there exists a closed manifold Ms, with a free involu-
tion T, such that index Ms,, = 2k, but there is a map

f: My, =Y,

into a k-dimensional polyhedron without antipodal coincidence: f(Tzxz) # f(x) for
any x € Mo,.

Proof. Let Mas,, and Y, be as in Theorem 1. Set f(z,y) = x. Then f: Ms, — Y
is a map without antipodal coincidence: f(z,y) # f(y, ).

Let us note that not every manifold of index 2k admits such a map. Schepin [4]
has shown that every map f : S?* — P, of the sphere S into a s-dimensional
polyhedron has an antipodal coincidence: f(—z) = f(z).

The following is a simple but useful proposition that we shall refer to in the last
two sections.

Proposition (x). Let A™ = [ay,...,ant1] be the standard n-simplex in R™. Sup-
pose that Z?:ll Xia; =0. Then A\ = dg = -+~ = A\pi1.

Proof. Since Y a; = 0, we find a3 = —az — -+ — ap41. Substitute in > A\a; =0
and make use of the fact that ao, ..., a,+1 are independent.

II. PROOF THAT Ms, IS A MANIFOLD

In this section we shall prove Lemma 2. The key is Lemma 3, which is interesting
for itself. Let

P;-c — O([Amc]n—l)
be the cone over [A%%]*~! with vertex the origin O. Consider the set

(1) U ={(z,y) € PZllz] N[y} = {O}}.
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Lemma 3. The map ¢ : U — R2" defined by

e(z,y) =z -y
maps U homeomorphically onto some open star-like subset of R%% with center O.

Proof. Let A%f = [ay,...,a2.11]. If (x,9) € U, then
x=zaiai, yEZﬁjaj,
iel jeJ
where o, 8; > 0 and |I| < &, |J| < k,INJ = &. (The index sets are disjoint, since
[z] N [y] = {O} by definition.)
1) First we prove that ¢ is “mono”.
Let o(x,y) = ¢(u,v), i.e. £ —y = u — v. We have as above

’LL:Z’}/TG,T, U:Z(Ssasa

reR ses
where v,,0, > 0, |[R| <&k, |S| <k, RNS =@. Then
(2) Z ;a4 — Zﬂjaj — Z%ar + Zésas =0.
1 J R 5
Let
M=1{1,2,...,26+1}.
By Proposition (x) all the coefficients in (2) are (after reduction) equal to some
number c.
If ¢ > 0, then from (2) JU R is contained in I U S, so I D R and S D J. Since
|S] 4+ |I] < 2k < |M|, this implies TUJURUS # M, thus ¢ = 0.
If ¢ <0, then in the same way it follows that R D I,J D S and ITUJURUS # M,

hence ¢ = 0.
The single possibility for this is I = R, J = S. But then (2) implies that

Zaiai = Z')/rara Zﬁja] = Zésa&
I R J S

So, z =u,y = v, i.e. ¢ is “mono”.
2) We shall show that ¢(U) contains O in its interior.
Let w € R?" be a vector with a small norm. Then it may be written in the form

W= A1a1 + Aoag + - -+ + Aoxaoy,

where we assume that A} < Ay < -+ < Agp.
Clearly,

Qg = —Q1 — "+ = Q-1 — Ar41 — = ° = A2k+1
and, substituting above,
w= A —Ag)ar + -+ (Moot — Ag)ar—1
+ (N1 = Aw)ant1 + -+ (Aaw — An)a2e — Aa@2it1.
Set
= (Apt1 — Aa)@rt1 + -+ (Aaw — Ax)azs,
y= e —A)ar + -+ (A = Aam1)@ro1 + Ael2ry1-

Then w = x — y, where x,y € O([A%%]*~1), since  and y are of small norm and
the coefficients are nonnegative. Note also that [x] N [y] = {O}, thus (z,y) € U.
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So w = ¢(z,y), hence w € p(U). We proved that p(U) contains O in its interior.
Note finally, that ¢(U) is star-like, as follows immediately from the definition of ¢.
The lemma is proved.

Proof of Lemma 2. Here we prove that Ms, is a manifold. Recall that

My, = {(z,y) € YZ|[z] N [y] # 2},
where Y,, = [A2%+2]%_ Tt is clear that My, is subdivided in a natural way to prisms
of the form o' x o7, where ¢*,07 C Y,; are nonintersecting simplexes. We shall
prove that the star of each vertex of My, is homeomorphic to R2*. It suffices to
check it for an arbitrary vertex (aj, az). Clearly,

St(a1,a2) = {(z,y) € V;2|[2] 5 a1, [y] 3 a2, [2] N [y] = &}

We shall embed Y, in R?**! as follows: Let {as,...,a2,13} be the vertices of
the standard simplex A%* in R?® and a1 = lpxy1,02 = —loep1, Where logiq is a
unit vector orthogonal to R?*. The points {ai,...,as.+3} are in general position

in R2*+1 consequently we may embed there Y, = [A2%F2]% with vertices a;. Let
p : R%+1 — R2% denote the orthogonal projection. We have
p(Ye) = O([A*7]7H).

It is easy to see that (z,y) € St(a1,as) if and only if (p(x),p(y)) € U, where U
is defined by (1). Then the map P(z,y) = (p(x),p(y)) is a homeomorphism and
according to Lemma 3, U is homeomorphic to R?*. Therefore St(a;,az) ~ R?".

III. PROOF OF LEMMA 1

Here we shall construct in R?* a set M of 2k + 3 points such that #, (M) = 1.
Let A%® = [ay,...,a2.41] be the standard simplex in R?*. Set

A=XMar+ -+ ag) + a1,
where 0 < d < A and kA + 8 < 1.
We shall show that the set
M = {O,al, e ,CLQ,.H_l,A}

meets the case. Note first that A lies in the interior of A2, since kA +d < 1.
Consider two k-dimensional simplexes o7 and oy with vertices in M without a
common vertex. If some of them contain neither O, nor A, then o1Noy = &. Indeed,
suppose that O, A ¢ o1. Then o1 C OA%" and o1 Noy = 01N (02 NOA%F) = . The
last equality holds, since o5 N OA?* is a simplex in OA2® without common vertices
with oq.
So, we may suppose that
0'1:[07041,...70,%], ogz[A,ajl,...,ajN],

where all the vertices are different. Suppose that o7 and o2 intersect; then we have
(3) Aty + -+ Asai, = poMar + -+ a) + podagt1 + pag, + -+ peaj,,

where )\1 > 0, E)\l < 1, Hj > 0, E,uj =1.
Note that o > 0, since oy and o3 may intersect only in an interior point of A2~
Send all the members of (3) to the right-hand side, then each a; appears (after
reduction) with some coefficient v(a;). According to Proposition (%) we should have

(4) v(ar) =v(az) = - = v(aze+1)-
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Let us note that exactly one a; is not a vertex of either oy or of o5. There are 3
possibilities about a;.

1) i > k +2. Then v(a;) = 0 and hence v(a;) = 0 for any j. But there exists
some j < k + 1 such that a; is a vertex of oo. Then the examination of (3) gives
v(a;) > 0, in contradiction with (4).

2) @ < k. Then v(a;) = poA > 0. This implies that for j > x4 2 all the a; are
in the right-hand side of (3), otherwise we would have v(a;) < 0, in contradiction
with (4). Then a,; takes part in the left-hand side with coefficient A\;+1 > 0.
Therefore

V(akt1) = p1o0 — Ast1 = v(ai) = pio),
$0 po(d — A) = Agy1 > 0, which contradicts the condition § < .
3)i=k+1,ie. asy1 is not a vertex of o1 U oo. In this case we should have
Ulz[O,al,...,aK], UQZ[A,CLKJ'_Q,...,CLQKJ,_l].

Really, if we suppose that a; € o, for some j > x + 2, then a; takes part
in the left-hand side of (3) with coefficient A; > 0, thus v(a;) = —\;, though
v(ak41) = pod > 0, in contradiction with (4).

We shall prove that o7 and oy intersect in an interior point. We are looking for

a solution of
5) Atay + -+ Agag = poA(ar + - + ax) + podagt
+ Upt2Qp42 + 0+ U2k4+10254+1

with )\i,/ﬁj > O, Z/\l < 1,Z/Lj =1.
It is straightforward to check that the numbers

A—0 1
A:A :”':AH:—u :—,
! ? 146k Moo= on
d
,Lbn+2="'=,u2;<+1=m

satisfy (5), since it reduces to the identity > a; = 0. This means that o1 and o
intersect in an interior point. Therefore #,(M) = 1.

IV. CONCLUDING REMARKS

There is a natural generalization of the spaces Y,. Let as above Y,, = [A2r+2]®
and consider the join

X =Y x Y, x5 Y,

where Kk = K1+ -+ kp+p—1. It is not difficult to see that the spaces X, also have
index X} = 2k. It is shown in [1] that X, is a k-minimal complex, in the sense that
it is not embeddable in R?* but each of its proper subcomplexes is embeddable in
R?%. Cohomological obstructions for embedding in R?* are discussed in [5] and [6].
For a graph I" the question of computing indexT'* is in fact solved in [6]:
We have indexI'* = 2 if and only if I" is nonplanar. Furthermore, indexI'* = 1
if and only if T is planar, but not embeddable in R'. Otherwise index I'* = 0.
Another interesting phenomenon in the case of graphs is the following fact. Let

M(T) = {(z,y) € I?|[z] N [y] = &}.

Then M(T') is homeomorphic to a closed surface if and only if T is one of the two
Kuratowski graphs K5 and K3 3. Moreover, M (K5) is a sphere with 6 handles and
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M (K3 3) is a sphere with 4 handles. This can be shown by computing the Euler
characteristic of these spaces and by checking that they are both orientable.
I thank the referee for pointing my attention to papers [5] and [6].
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