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Abstract. Let (R,m) be a d-dimensional Cohen-Macaulay local ring with
infinite residue field. Let I be an m-primary ideal of R. In this paper, we

prove that if
∞∑
n=1

λ(In/In−1J)− e1(I) = 1 for some minimal reduction J of I,

then depth G(I) ≥ d− 2.

1. Introduction

Let (R,m) be a d-dimensional Cohen-Macaulay local ring with infinite residue
field and I be an m-primary ideal ofR. Let G(I) =

⊕
n≥0 I

n/In+1 be the associated
graded ring of R. During the past years, many commutative algebraists tried to
estimate the depth of G(I) for ideals I having good properties. In 1978, Valabrega
and Valla obtained in [6] that G(I) is Cohen-Macaulay if and only if there exists a
minimal reduction J of I such that In ∩ J = In−1J for all n. Later on, Guerrieri
studied the so called Valabrega-Valla module and made the following conjecture in
her paper [1].

Conjecture 1. If
∞∑
n=1

λ(In ∩ J/In−1J) = t for some minimal reduction J of I,

then depth G(I) ≥ d− t.

On the other hand, Sally in [5] studied the depth of G(m) by considering the
classical bound of Abhyankar on the multiplicity e of R; namely, e ≥ µ(m)− d+ 1,
where µ(I) stands for the minimal number of a generating set of I. She first studied
the case of rings with minimal multiplicity, i.e., e = µ(m) − d + 1, then the cases
e− (µ(m) − d+ 1) = 1, 2. Recently, Huckaba and Marley showed in [4] that if one

considers the first coefficient e1(I), then e1(I) is bounded above by
∞∑
n=1

λ(In/In−1J)

for any minimal reduction J of I, and later Huckaba and Vaz Pinto independently

showed that depth G(I) ≥ d − 1 if e1(I) =
∞∑
n=1

λ(In/In−1J) for some minimal

reduction J of I.
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In a similar fashion to what Sally did with the Abhyankar’s bound, we can raise
the following conjecture on the depth of G(I) by considering the difference of e1(I)

and
∞∑
n=1

λ(In/In−1J).

Conjecture 2. If
∞∑
n=1

λ(In/In−1J)− e1(I) = t, then depth G(I) ≥ d− 1− t.

One can see in section 2 that Conjecture 1 holds if we can give an affirmative
answer to Conjecture 2. In this paper, we are able to show, by using a method

developed in [8] concerning the Sally module defined in [7], that if
∞∑
n=1

λ(In/In−1J)−

e1(I) = 1, then depth G(I) ≥ d− 2. Hence the Conjecture 1 holds if t ≤ 2.

2. Preliminaries

Throughout, let (R,m) be a Cohen-Macaulay local ring with infinite residue
field. Let I be an m-primary ideal of R and J a minimal reduction of I. Let G(I)
be the associated graded ring of R. An element x ∈ I \ I2 is called superficial for
I if (0 :G(I) x

∗)n = 0 for all n sufficiently large. Here, x∗ denotes the image of x
in I/I2 ⊆ G(I). A sequence x1, . . . , xk is called superficial sequence for I if x1 is
superficial for I and xi is superficial for I/(x1, . . . , xi−1). In [3], Huckaba proved

that if dim R = 1, then e1(I) =
∞∑
n=1

λ(In/In−1J) for any minimal reduction J of

I; therefore it is easy to see the following:

Lemma 2.1. If dim R = d and x1, . . . , xd−1 ∈ J is a superficial sequence for I,
then

e1(I) =
∞∑
n=1

λ(In/(In−1J + In ∩ (x1, . . . , xd−1))).

In [4], Huckaba and Marley gave in Lemma 2.2 a sufficient conditions for G(I)
having positive depth. We restate it here in the following special form.

Lemma 2.2. Let x ∈ J be a superficial element for I. If depth G(I/(x)) > 0, then
depth G(I) > 0.

Corollary 2.3. Let (R,m) be a 3-dimensional Cohen-Macaulay local ring with in-
finite residue field. Let I be an m-primary ideal of R and J be a minimal reduction
of I. Suppose that

∞∑
n=1

λ(In/In−1J)− e1(I) = 1.

Let x ∈ J be a superficial element for I. If
∞∑
n=1

λ(In/(In−1J + In ∩ (x))) = e1(I),

then depth G(I) > 0.

Proof. The conclusion follows from Lemma 2.2 and the fact ([3, Theorem 3.1]) that

if
∞∑
n=1

λ(In/In−1J) = e1(I), then depth G(I) ≥ dimR− 1.
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The following two lemmas are easy to derive; we leave the proofs to the reader.

Lemma 2.4. Let (R,m) be a 3-dimensional Cohen-Macaulay local ring with in-
finite residue field. Let I be an m-primary ideal of R and J = (x1, x2, x3) be a
minimal reduction of I. Let N ≥ 2. Suppose that In ∩ (xi, xj) ⊆ In−1J ∀n < N
and ∀i, j ∈ {1, 2, 3}. Then ∀n < N and ∀m ≥ 1,

(1) In : xi = In−1 ∀i.
(2) InJm : xi = InJm−1 ∀i.
(3) In : x2 = In : x3 = In−1 (mod x1).
(4) InJm : x2 = InJm : x3 = InJm−1 (mod x1).
(5) Let λ0, . . . , λt be either unit or 0 but not all 0. Let s ∈ R be such that

s(
t∑
i=0

λix
n−i
1 xi2) ∈ InJm. Then s ∈ InJm−t if m ≥ t or s ∈ In−t+m if m < t.

If, moreover, IN ∩ (x1) ⊆ IN−1J , then IN : x1 = IN−1.

Lemma 2.5. Let N ≥ 2. If a1, . . . , an ∈ IN not all in IN−1J , then there are only

finite number of units λ such that
n∑
i=1

aiλ
i−1 ∈ IN−1J .

The following proposition presents a relation between the two conjectures stated
in the previous section.

Proposition 2.6. If Conjecture 2 has a positive answer, then so does Conjecture
1.

Suppose that Conjecture 2 holds. Let I be an m-primary ideal of R and let J

be a minimal reduction of I. Let t =
∞∑
n=1

λ(
In ∩ J
In−1J

). Then, by Lemma 2.1, for any

superficial sequence x1, . . . , xd−1 ∈ J for I,
∞∑
n=1

λ(In/In−1J)− e1(I) =
∞∑
n=1

λ(
In ∩ (x1, . . . , xd−1) + In−1J

In−1J
)

≤
∞∑
n=1

λ(
In ∩ J
In−1J

) = t.

Let k be the least integer such that λ(
Ik ∩ J
Ik−1J

) 6= 0. Then, by [2, Lemma 3.1],

λ(
Ik ∩ (x1, . . . , xd−1) + Ik−1J

Ik−1J
) < λ(

Ik ∩ J
Ik−1J

), so that
∞∑
n=1

λ(In/In−1J) − e1(I) ≤

t− 1. Therefore, depth G(I) ≥ d− t by assumption. This shows that Conjecture 1
holds.

3. Main theory

The goal of this section is to prove the following:

Theorem 3.1. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2
with infinite residue field. Let I be an m-primary ideal of R. Suppose that there

is a minimal reduction J of I such that
∞∑
n=0

λ(In+1/InJ) − e1(I) = 1. Then

depth G(I) ≥ d− 2.
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By [5], it suffices to consider the case d = 3, so we assume in the following that
d = 3. We also assume now that Theorem 3.1 doesn’t hold. We shall reach a
contradiction later.

Let x1, x2 ∈ J be a superficial sequence of I; then, by Corollary 2.3, we have for
i = 1, 2,

∞∑
n=1

λ(In/(In−1J + In ∩ (xi)))− e1(I) = 1.(1)

Moreover, by Lemma 2.1, we have
∞∑
n=1

λ(In/(In−1J + In ∩ (x1, x2)))− e1(I) = 0.(2)

Let {x, y, z} be a minimal generating set of J . Consider the exact sequence:

0 −→ Tk,n −→
(n+2

2 )⊕
Ik/Ik−1J

φn−→ Sk,n = IkJn/Ik−1Jn+1 −→ 0,

where φn = (xn, xn−1y, xn−1z, . . . , zn) and Tk,n = ker(φn). From the proof of [8,
Theorem 2.4], we see that there is an unique integer N ≥ 2 such that TN,n 6= 0 for
some positive integer n. Notice that N is independent of the choice of a generating
set of J since Sk,n and Ik/Ik−1J are. As R/m is infinite, we may, after elementary
transformation of x, y and z, require that {x, y, z} satisfies the following conditions.

Proposition 3.2. There is a generating set {x, y, z} of J satisfying the following
conditions:

(i) {x, y}, {x, z}, {y, z} and {z} are all superficial sequences for I.
(ii) In ∩ (x), In ∩ (y) and In ∩ (z) are all contained in In−1J ∀n.
(iii) In ∩ (x, y), In ∩ (x, z) and In ∩ (y, z) are all contained in In−1J ∀n 6= N .

Moreover,

λ(
IN ∩ (x, y) + IN−1J

IN−1J
) = λ(

IN ∩ (x, z) + IN−1J

IN−1J
)

= λ(
IN ∩ (y, z) + IN−1J

IN−1J
) = 1.

Proof. (Sketch.) Notice that (ii) follows from (i) and (1); therefore we need only to
show (i) and (iii).

Let {x, y, z} be a generating set of J . Let n be an integer such that TN,n 6=
0. Then there are aijk ∈ IN not all in IN−1J such that

∑
i+j+k=n

aijkx
iyjzk ∈

IN−1Jn+1. By Lemma 2.5, we may, after elementary transformation of x, y and z,
assume that an00, a0n0 and a00n are not in IN−1J .

Next, we can use prime avoidance and Corollary 2.3 to replace {x, y, z} by ele-
ments of the set {x+αy+βz} so that the condition (i) holds without changing the
condition that the coefficients of xn, yn and zn are not in IN−1J .

Since
∑

i+j+k=n

aijkx
iyjzk ∈ (IN−1J)Jn, there are a1, a2, a3 ∈ IN−1J such that

an00 − a1 ∈ IN ∩ (y, z), a0n0 − a2 ∈ IN ∩ (x, z) and a00n − a3 ∈ IN ∩ (x, y). Thus
the condition (iii) holds by condition (i) and (2) .
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Let {x, y, z} be a generating set of J satisfying the conditions of Proposition 3.2.
Let t be chosen least such that TN,n 6= 0 for n ≥ t. Then there are elements
{aijk | i + j + k = t} not all in IN−1J such that

∑
aijkx

iyjzk ∈ IN−1J t+1.

If {a0jk | j + k = t} ⊆ IN−1J , then x(
∑

aijkx
i−1yjzk) ∈ IN−1J t+1, so that

by Lemma 2.4,
∑

aijkx
i−1yjzk ∈ IN−1J t; it follows that TN,t−1 6= 0, which

contradicts the choice of t. Therefore, {a0jk | j + k = t} are not all in IN−1J .
Let the overbars denote mod(x) in the following. Consider the exact sequence

0 −→ T̄k,n −→
n+1⊕

Īk/Īk−1J̄
φ̄n−→ ĪkJ̄n/Īk−1J̄n+1 −→ 0,

where φ̄n = (ȳn, ȳn−1z̄, . . . , z̄n) and T̄k,n = ker(φ̄n). Since
∞∑
n=1

λ(Īn/Īn−1J̄) −

e1(Ī) = 1, there is an unique integer N ′ such that T̄N ′,n 6= 0 for some n. However,
by the following remark, {ā0jk | j+k = t} are not all in ĪN−1J̄ . Since

∑
ā0jkȳ

j z̄k ∈
ĪN−1J̄ t+1, we see that N ′ = N .

Remark 3.3. Let b ∈ IN \ IN−1J ; then b̄ /∈ ĪN−1J̄ by the fact that IN : x = IN−1.

In the sequel, let R0 denote the set {units of R} ∪ {0} and Rn (n ≥ 0) denote

the set {f | f =
n∑
i=0

λiy
n−izi for some λi ∈ R0}.

Lemma 3.4. Let (R,m) be a 2-dimensional Cohen-Macaulay local ring with infi-
nite residue field. Let I be an m-primary ideal of R and J = (y, z) be a minimal
reduction of I. Let N ≥ 2. Suppose that

(i) λ(
IN ∩ (y) + IN−1J

IN−1J
) = λ(

IN ∩ (z) + IN−1J

IN−1J
) = 1, and

(ii) ∀n < N and ∀m ≥ 1, In : y = In : z = In−1 and InJm : y = InJm : z =
InJm−1.

Consider the exact sequence

0 −→ TN,n −→
n+1⊕

IN/IN−1J
φn−→ INJn/IN−1Jn+1 −→ 0,

where φn = (yn, yn−1z, . . . , zn) and TN,n = ker(φn).
Suppose that TN,n 6= 0 for some n. Let l be the least integer such that TN,n 6= 0 for

all n ≥ l. Let a0, . . . , al ∈ IN not all in IN−1J such that
l∑
i=0

aiy
l−izi ∈ IN−1J l+1.

Then the following hold:
(1) a0 /∈ IN−1J and mai ⊆ IN−1J ∀i.

(2) If
n∑
i=0

biy
n−izi ∈ IN−1Jn+1 for some bi ∈ IN and for some n, then mbi ⊆

IN−1J ∀i and there are λ0, . . . , λn−l ∈ R0 such that bj−
j∑
i=0

aiλj−i ∈ IN−1J .

(Conventions: ai = 0 if i > l and λi = 0 if i > n− l.)

Proof. By the choice of l and the fact that IN−1Jm : z = IN−1Jm−1, we obtain that
a0 /∈ IN−1J . Since a0 ∈ IN ∩ (z) + IN−1J , we have, by assumption, ma0 ⊆ IN−1J .
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Furthermore, let w ∈ m; then
l∑
i=1

(wai)yl−izi−1 ∈ IN−1J l by the assumption that

IN−1Jm : z = IN−1Jm−1. Again, by the choice of l, wai must belongs to IN−1J
for all i. This proves (1).

To see (2), we may assume that n ≥ l and b0 ∈ IN \ IN−1J . Then b0 ∈
IN ∩ (z) + IN−1J . Since a0 ∈ IN ∩ (z) + IN−1J ; there is a unit λ0 such that

b0 − λ0a0 ∈ IN−1J , therefore,
n−1∑
i=0

(bi+1 − λ0ai+1)yn−1−izi ∈ IN−1Jn.

If n = l, then, by the choice of l, bi − λ0ai ∈ IN−1J ∀i; hence mbi ⊆ IN−1J ∀i.
If n > l, then by induction mbi ⊆ IN−1J ∀i and there are λ1, . . . , λn−l ∈ R0 such

that ∀j ≥ 1 bj − λ0aj =
j−1∑
i=0

aiλj−i. This proves (2).

Let {x, y, z} be a generating set of J satisfying the conditions of Proposition 3.2.
Let the overbars denote mod(x) in the following. By Lemma 2.4, it is easy to check
that R̄, ȳ and z̄ satisfy all the assumptions of Lemma 3.4. Let l = min{n | T̄N,n 6=
0}, where T̄N,n is defined as the above; then there are a0, . . . , al ∈ IN not all in

IN−1J such that
∑

āiȳ
l−iz̄i ∈ ĪN−1J̄ l+1. Let u =

l∑
i=0

aiy
l−izi; then u has the

following property.

Lemma 3.5. If
n∑
i=0

biy
n−izi ∈ (x) + IN−1Jn+1 for some bi ∈ IN , then

(1) mbi ⊆ IN−1J ∀i.

(2) There is an f ∈ Rn−l such that
n∑
i=0

biy
n−izi − fu ∈ IN−1Jn+1.

Proof. By Lemma 3.4, māi ∈ ĪN−1J̄ ; hence mai ⊆ IN−1J + (x) ∩ IN ⊆ IN−1J .

Moreover, there are λ0, . . . , λn−l ∈ R0 such that b̄j −
j∑
i=0

āiλj−i ∈ ĪN−1J̄ ; then

bj −
j∑
i=0

ajλj−i ∈ IN−1J + (x) ∩ IN ⊆ IN−1J . Therefore mbi ⊆ IN−1J ∀i. Let

f =
n−l∑
i=0

λiy
n−l−izi ∈ Rn−l. Then

n∑
i=0

biy
n−izi − fu =

∑
(bj −

j∑
i=0

ajλj−i)yn−jzj ∈ IN−1Jn+1.

Remark 3.6. If, in Lemma 3.5, at least one of the bi is not in IN−1J , then n ≥ l
and we can choose f to be a nonzero element of Rn−l.

Since depth G(I) = 0, In : J 6= In−1 for some n. Let N ′ = min{n | In : J 6=
In−1}. Since In : x = In−1 ∀n ≤ N , N ′ > N . Let s /∈ IN ′−1 such that sJ ⊆ IN ′ .
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Lemma 3.7. There exists an element s′ with s − s′ ∈ IN
′−1 such that s′y ∈

INJN
′−N , s′z ∈ INJN ′−N and s′x ∈ IN (y, z)N

′−N .

Proof. Suppose we have shown for some k > N that there is an element s′ with
s − s′ ∈ IN ′−1 such that s′y ∈ IkJN ′−k, s′z ∈ IkJN ′−k and s′x ∈ Ik(y, z)N

′−k.
Then there are ai, bijk ∈ Ik such that s′x =

∑
aiy

t−izi and s′y =
∑

bijkx
iyjzk,

where t = N ′ − k. Therefore,∑
aiy

t−i+1zi −
∑

bijkx
i+1yjzk = 0 ∈ Ik−1J t+2.

Since k 6= N , Tk,t+1 = 0; therefore, ai, bijk are in Ik−1J . It follows that s′x ∈
Ik−1J t+1 and s′y ∈ Ik−1J t+1. Similarily, we can get s′z ∈ Ik−1J t+1.

Finally, from the expression s′x ∈ Ik−1J t+1, we see that there is a w ∈ Ik−1J t ⊆
IN
′−1 such that (s′−w)x ∈ Ik−1(y, z)t+1 and (s′−w)J ⊆ Ik−1J t+1. This completes

the proof.

By Lemma 3.7 we may assume that s satisfies the conditions sJ ∈ INJ t and
sx ∈ IN (y, z)t, where t = N ′−N . Since s /∈ IN ′−1, sx /∈ IN−1J t+1 by Lemma 2.4.
Therefore, by Remark 3.6 and the condition sx ∈ IN (y, z)t, we obtain that t ≥ l.
Hence by Lemma 3.5, there is a nonzero element f0 ∈ Rt−l such that

sx− f0u ∈ IN−1J t+1.(3)

In what follows, let k be the residue field of R. If f =
n∑
i=0

λiy
n−izi ∈ Rn, then

we associate to f a homogeneous polynomial T (f) = F =
n∑
i=0

λ̄iY
n−iZi in k[Y, Z].

(Here, the overbars denote mod(m).)

Remark 3.8. From (3) and Lemma 3.5, we obtain msx ⊆ IN−1J t+1, and therefore
ms ⊆ IN−1J t. Moreover, if f and g are two elements of Rn such that F = G, then
f − g ∈ mRn; it follows that sf − sg ∈ IN−1Jn+t.

From (3), Lemma 3.5 and Remark 3.6 we have the following corollary.

Corollary 3.9. Let B0 =
∑

biy
n−izi with bi ∈ IN not all in IN−1J and Bj ∈

(y, z)n−jIN . Suppose that Bo + B1x + · · · ∈ IN−1Jn+1. Then there is a nonzero
element h ∈ Rn−l such that B0 + hu ∈ IN−1Jn+1 and sh− f0(B1 + B2x + · · · ) ∈
IN−1Jn+t−l.

Proof. By Lemma 3.5 and Remark 3.6, there is a nonzero element h ∈ Rn−l such
that B0 + hu ∈ IN−1Jn+1. By (3), shx − f0x(B1 + B2x + · · · ) ∈ IN−1Jn+t−l+1.
It follows by Lemma 2.4 that sh− f0(B1 + B2x+ · · · ) ∈ IN−1Jn+t−l.

Let Qj (j ≥ 0) be the set of all integers n such that there exists a nonzero

element f ∈ Rn with sf ∈
j∑
i=0

xi(y, z)t+n−1−iIN + IN−1J t+n. (For example, since

sy ∈ INJ t, 1 ∈ Qt.)
Let m = min{j | Qj 6= ∅}. Let k be the smallest integer in Qm; then there is

a nonzero element f ∈ Rk with sf ∈
m∑
i=0

xi(y, z)t+k−1−iIN + IN−1J t+k, so that
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there are Ai ∈ (y, z)t+k−1−iIN such that

sf −
m∑
i=0

Aix
i ∈ IN−1J t+k.(4)

Lemma 3.10. Let Ci ∈ (y, z)n−iIN such that
m∑
i=0

Cix
i ∈ IN−1Jn+1. Then Ci ∈

IN−1Jn+1−i and all the coefficients of Ci are all in IN−1J .

Proof. If m = 0, then C0 ∈ IN−1Jn+1. If the coefficients of C0 are not all in
IN−1J , then by Corollary 3.9 there is a nonzero element h ∈ Rn−l such that
sh ∈ IN−1Jn+t−l. This gives the contradiction s ∈ IN−1J t by Lemma 2.4.

Assume that m ≥ 1 and the assertion is false. Let j be the least integer such

that the coefficients of Cj are not all in IN−1J . Then, by Lemma 2.4,
m∑
i=j

Cix
i−j ∈

IN−1Jn+1−j ; hence by Corollary 3.9 there is a nonzero element h ∈ Rn−j−l such

that sh− f0(
m∑

i=j+1

Cix
i−j−1) ∈ IN−1Jn+t−j−l, which contradicts the choice of m.

The assertion now follows.

Let p be the maximal integer such that Zp|F . Let F ′ = F/Zp.

Lemma 3.11. If g is a nonzero element of Rn such that sg ∈
m∑
i=0

xi(y, z)t+n−1−iIN

+ IN−1J t+n, then F |G.

Proof. Let Bi ∈ (y, z)t+n−1−iIN such that

sg −
m∑
i=0

Bix
i ∈ IN−1J t+n.(5)

Write G = G′Zq with (G′, Z) = 1. Let g′ ∈ Rn−q and f ′ ∈ Rk−p such that
T (g′) = G′ and T (f ′) = F ′. By Remark 3.8, we may assume that f = f ′zp and
g = g′zq.

Assume that q < p. Then from (4) and (5), we obtain that
m∑
i=0

(f ′zp−qBi − g′Ai)xi ∈ IN−1J t+k+n−q,(6)

so that by Lemma 3.10 all the coefficients of f ′zp−qBi−g′Ai are all in IN−1J . Since
(G′, Z) = 1, there are A′i ∈ (y, z)t+k−2−iIN such that Ai − zA′i ∈ IN−1J t+k−i; it

follows from (4) that s(f ′zp−1) −
m∑
i=0

A′ix
i ∈ IN−1J t+k−1, which contradicts the

choice of k. Hence q ≥ p.
Write G = G′Zp. Then G′ = F ′Q + Zn−k+1G′′ for some Q and G′′. Suppose

G′′ 6= 0. Then deg G′′ = deg F ′ − 1. Let g′′ ∈ Rk−p−1 such that T (g′′) = G′′; then

sg′′zn−k+1+p −
m∑
i=0

Cix
i ∈ IN−1J t+n(7)

for some Ci ∈ (y, z)t+n−1−iIN .
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From (4) and (7), we obtain that
m∑
i=0

(g′′zn−k+1Ai − f ′Ci)xi ∈ IN−1J t+n+k−p;

therefore, by Lemma 3.10, all the coefficients of g′′zn−k+1Ai − f ′Ci are in IN−1J .
Since (F ′, Z) = 1, there are C′i ∈ (y, z)t+k−2−iIN such that Ci − zn−k+1C′i ∈

IN−1J t+n−i. Hence from (7), sg′′zp −
m∑
i=0

C′ix
i ∈ IN−1J t+k−1, which contradicts

the choice of k. Therefore, G′′ = 0 and F |G.

In fact, Lemma 3.11 can be improved as follows.

Lemma 3.12. Let m ≤ m′ ≤ t. If g is a nonzero element of Rn such that sg ∈
m′∑
i=0

xi(y, z)t+n−1−iIN + IN−1J t+n, then F |G.

Proof. We use induction on m′. If m′ = m, then this is the content of Lemma 3.11.

Assume that m′ > m. Let H0 =
F0

(F0, F )
and let n0 = deg H0. Let h0 ∈ Rn0

such that T (h0) = H0. Let Bi ∈ (y, z)t+n−1−iIN such that

sg −
m′∑
i=0

Bix
i ∈ IN−1J t+n.(8)

Let H = (F,G) and let k′ = deg H . Then F = F ′H and G = G′H for some F ′

and G′. Let f ′ ∈ Rk−k′ and g′ ∈ Rn−k′ such that T (f ′) = F ′ and T (g′) = G′.
By Remark 3.8, we may assume that f = f ′h and g = g′h. Set Ai = 0 ∀i > m.

From (4) and (8), we obtain that
m′∑
i=0

(f ′Bi− g′Ai)xi ∈ IN−1J t+n+k−k′ . Therefore,

by Lemma 3.5, there is an element h1 ∈ Rt+n+k−k′−l−1 such that f ′B0 − g′A0 +

h1u ∈ IN−1J t+n+k−k′ , and then, by (3), sh1 − f0(
m′−1∑
i=0

(f ′Bi+1 − g′Ai+1)xi) ∈

IN−1J2t+n+k−k′−l−1. Hence, by induction, F |H1. Moreover, since (F0, F ) is a
common factor of H1 and F0, there is an element g1 ∈ Rn0+n+k−k′−1 such that

sg1−h0(
m′−1∑
i=0

(f ′Bi+1−g′Ai+1)xi) ∈ IN−1J t+n0+n+k−k′−1. Therefore, by induction,

F |G1. Hence there is an element g′1 ∈ Rn0+n−k′−1 such that G1 = G′1F .
Suppose that m = 0. Since f ′B0−g′A0+h1u ∈ IN−1J t+n+k−k′ , by Lemma 3.10,

g′hAo−fA′0 ∈ IN−1J t+n+k for some A′0 ∈ (y, z)t+n−1IN . Therefore by (4), sfg′h−
fA′0 ∈ IN−1J t+n+k, and then sg′h − A′0 ∈ IN−1J t+n by Lemma 2.4, so that by
Lemma 3.11, F |G′H . But (F,G′) = 1; we obtain F |H .

Assume now that m ≥ 1. We claim: There are integers n1, . . . , nm′−m, d1, . . . ,
dm′−m and elements hj ∈ Rnj , gj ∈ Rdj and g′j ∈ Rdj−k satisfy the following
conditions:

(i) Gj = G′jF .
(ii) hj−1

0 (f ′Bj−1 − g′Aj−1) + hj−2
0 g′1Aj−2 − · · · − g′j−1A0 + hju ∈ IN−1Jnj+l+1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



972 HSIN-JU WANG

(iii) sgj −
m′−j∑
i=0

(hj0(f ′Bi+j − g′Ai+j) − hj−1
0 g′1Ai+j−1 − · · · − h0g

′
j−1Ai+1)xi ∈

IN−1Jdj+t.
Suppose that we have constructed, for some j ≥ 1, hj , gj and g′j . Then from (i),

(iii) and (4), we see that the element

hj0(f ′Bj − g′Aj)− hj−1
0 g′1Aj−1 − · · · − g′jA0

+
m′−j−1∑
i=0

(hj0(f ′Bi+j+1 − g′Ai+j+1)− hj−1
0 g′1Ai+j − · · · − g′jAi+1)xi+1

is in IN−1Jdj+t. Therefore, by Lemma 3.5, there is an element hj+1 ∈ Rnj+1 for
some nj+1 such that (ii) holds for j + 1 and F |Hj+1 (cf. the construction of h1)
by induction. Moreover, from the construction of g1, it is easy to see that there
is an element gj+1 ∈ Rdj+1 for some dj+1 such that (iii) holds for j + 1. Since by
induction F |Gj+1, there is an g′j+1 ∈ Rdj+1−k such that (i) holds. This proves the
claim.

Set j = m′ −m in (iii) of the claim and compare with (4). We obtain that the
element
m∑
i=0

(hm
′−m

0 (f ′Bi+m′−m − g′Ai+m′−m)− hm
′−m−1

0 g′1Ai+m′−m−1 − · · · − g′m′−mAi)xi

is in IN−1Jdm′−m+t. However by Lemma 3.10, ∀i ≤ m,

(9) hm
′−m

0 (f ′Bi+m′−m − g′Ai+m′−m)− hm
′−m−1

0 g′1Ai+m′−m−1 − · · · − g′m′−mAi
∈ IN−1Jdm′−m+t−i

From (ii) and (9), it is not hard to see that for 0 ≤ i ≤ m there are A′i ∈
(y, z)eiIN for some ei such that hhi0g

′i+1Ai − fA′i ∈ IN−1Jei+k+1. Therefore

by (4), shhm0 g
′m+1f − f(

m∑
i=0

hm−i0 g′m−iA′ix
i) ∈ IN−1Je for some e; it follows by

Lemma 2.4 that

shhm0 g
′m+1 −

m∑
i=0

hm−i0 g′m−iA′ix
i ∈ IN−1Je−k.

Finally, by Lemma 3.11, F |G′m+1HHm
0 . Since (F,G′) = (F,H0) = 1, we have

F |H . This completes the proof.

Now, choose a unit λ so that (Y+λZ, F ) = 1. Since s(y+λz) ∈
t∑
i=0

xi(y, z)t−iIN+

IN−1J t+1, by Lemma 3.12, F |Y +λZ, which contradicts the choice of λ. This proves
Theorem 3.1.

By Proposition 2.6 and Theorem 3.1, we have the following corollary.

Corollary 3.13. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2
with infinite residue field. Let I be an m-primary ideal of R. Suppose that there is

a minimal reduction J of I such that
∞∑
n=1

λ(In∩J/In−1J) = 2. Then depth G(I) ≥

d− 2.
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