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POROSITY OF ILL-POSED PROBLEMS

ROBERT DEVILLE AND JULIAN P. REVALSKI

(Communicated by Dale Alspach)

ABSTRACT. We prove that in several classes of optimization problems, includ-
ing the setting of smooth variational principles, the complement of the set of
well-posed problems is o-porous.

1. INTRODUCTION AND PRELIMINARIES

Let X be a completely regular topological space and f : X — R U {+o0} be an
extended real-valued function which is bounded from below and proper. As usual
the term proper means that the domain of f, which is the set dom f := {x €
X : f(x) < 400}, is non-empty. The problem to minimize f on X, i.e. to find
xo € X such that f(zg) = inf{f(x) : 2 € X} =: inf(X, f), will be designated in
the sequel by the pair (X, f). The problem (X, f) is called Tykhonov well-posed
(|Tyl, DoZd)) if it has a unique solution x towards which converges every minimizing
sequence for (X, f). Recall that a sequence {z,}>2,; C X is minimizing for (X, f)
if f(x,) — inf(X, f).

Since we do not intend to involve other types of well-posedness (which exist in
different settings; see the comprehensive monograph [DoZd|), from now on, we shall
simply say that a problem “(X, f) is well-posed” instead of saying that “(X, f) is
Tykhonov well-posed”. Let us mention also that the notion “(X, f) is well-posed”
is termed in Banach space theory as “the function f has a strong minimum in X”
(cf. [PLL[DGZ2]). Below often an extended real-valued function f : X — RU{+o0}
will be supposed to be lower semicontinuous. By this as usual we mean that its
epigraph epi f := {(z,t) € X xR : f(z) < t} is a closed subset of X x R considered
with the product topology.

Now let (Y,d) be a complete metric space of bounded from below real-valued
functions defined in X. The question that has been of significant interest in the
last 25 years, for different choices of Y, is the following one: given a function
f:+ X — RU{+o0} which is bounded from below, proper and lower semicontinuous,
what is the structure of the set T := {g € Y : the problem (X, f+g) is well-posed}?
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The first problem is to prove that the set T is non-empty, i.e. that there exists
at least one perturbation g € Y such that the minimization problem (X, f + g) is
well-posed (in particular the perturbed problem has a solution, a fact which might
not be true for f itself). A further step is to see how “rich” in Y is the set T of
good perturbations. The initial attempts have been to show that T is residual in
Y, which means that the complement of T in Y is of the first Baire category in Y.
Equivalently (in our setting), T is residual if it contains a dense and Gs-subset of
Y. The above line of research led to different variational principles starting with
the famous Ekeland variational principle [EkI], Borwein-Preiss smooth variational
principle [BP], Deville-Godefroy-Zizler smooth variational principle [DGZI], generic
well-posedness [LuPal [CK|, [CKRI] [CKR2], and many others, which turned out to
have a number of applications in optimization, non-linear analysis, Hamilton-Jacobi
equations, geometry of Banach spaces, topology etc.

Our aim is to go further and to show that, under general assumptions, the family
of ill-posed problems, i.e. the problems that are not well-posed, forms a o-porous
set in Y.

Definition 1.1. Let (Z, p) be a metric space and A be a subset of Z. The set A is
said to be porous in Z if there exist A\g € (0, 1] and ry > 0 such that for any z € Z
and r € (0,79] there exists y € Z such that B(y, Aor) C B(z,r) N (Z \ A). The set
A is called o-porous in Z if it can be represented as a countable union of porous
sets in Z.

Here B(z,t) stands for the open ball in Z centered at z and with radius ¢ > 0. Let
us mention that in the above definition the part “for any x € Z” can be equivalently
replaced by “for any x € A”.

The definition of a porous set given above is stronger than the concept with the
same name introduced by Zajicek in metric spaces (cf. e.g. [Za]; the notion from
Definition 2.4 is called there “uniformly very porous”). For the following facts one
can consult the survey [Zal.

Evidently, if A is porous, then so is its closure and any of its subsets. It is easily
seen that every porous set in Z is nowhere dense in Z. Hence every o-porous set
is of the first Baire category in Z. In the case Z = RX, every o-porous set of Z
is also of Lebesgue measure zero. Since it is possible to decompose R¥ into two
disjoint subsets, one of which of Lebesgue measure zero and the other one of the first
Baire category, the notion of o-porosity is a strict refinement of both the notions
of measure zero and of the first Baire category. In infinite dimensions, especially
in Banach spaces (which is the setting of our main result below), the notion of
o-porosity is still a strict refinement of the notion of the first Baire category ([Zal,
Proposition 2.30).

We now list below three situations where the family of ill-posed problems is
o-porous. These three results are consequences of our main result from the next
section. In what follows, given a bounded real-valued function g in a completely
regular topological space X, by ||g||c We denote its sup-norm ||g||cc = sup{|g(z)| :
x € X}, and in the case when X is a metric space with metric p and g is Lipschitzian,

we use ||gllLip = |lgllec + sup{lg(z) — g(y)/p(z,y) : z,y € X,z # y} for its
Lipschitzian norm.

Proposition 1.2. Let X be a complete metric space with a metric p, and let f :
X — R U {400} be a proper bounded from below lower semicontinuous function.
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Let us define:
Y :={g: X —R; g is bounded and Lipschitzian }.

Then the space Y, endowed with the norm ||g|ly := sup{||g||co, ||9||Lip}, is @ Banach
space, and the set T = {g € Y : the minimization problem (X, f + g) is well-posed}
has a complement in'Y which is o-porous in'Y .

In particular, we could derive from here the weak form of the Ekeland variational
principle. Indeed let £ > 0. Then there exists g € Y, ||g|ly < €, such that the
minimization problem (X, f + g) is well-posed. Let x; € X be the point where
f + g attains its minimum. For every y € X,

f) +eply,x1) > fy) +9(y) — g(@1) > f(z1) = f(21) +ep(ar, x1).

But the existence of 1 such that “f(y)+ep(y,x1) > f(x1)” is the (weak form of the)
Ekeland variational principle (see [Ek2]). Moreover, if f(yn) + €p(yn, z1) — f(x1),
the above inequalities show that f(y,)+g(yn) — f(z1)+9g(z1), and since (X, f+g)
is well-posed, {yn }52; converges to 1. Therefore, the problem (X, fO)+ep(, xl))
is well posed (for similar results see [Ge]). Let us notice here that, in general, the
set of points x1 € X such that the problem (X, F) +epl, acl)) is well posed has
a complement in X which is not o-porous in X (in fact, in general, this set is not
residual).

Proposition 1.3. Let X be a completely regular topological space which contains a
dense completely metrizable subspace X1. This means that there exists a complete
metric p in X1 such that the topology generated by this metric in X, coincides with
the topology inherited from X. Let Y := C(X), the Banach space of all bounded
and continuous real-valued functions in X equipped with the uniform norm ||g||co,
and let f: X — RU{+o0} be a proper bounded from below lower semicontinuous
function which is continuous at the points of its domain. Then the set T = {g €
C(X) : the minimization problem (X, f + g) is well-posed} has a complement in
C(X) which is o-porous in C(X).

In particular, the set T is residual. In the case f = 0, the fact that T is residual
when X = X; (i.e. the space X is itself a complete metric space) was proved by
Lucchetti and Patrone [LuPal, when X is a compact Hausdorff topological space by
Coban and Kenderov [CK] and when X is as in the above proposition by Coban,
Kenderov and Revalski in [CKRI|. In fact, when f = 0, the property that T
contains a dense and Gs-subset of C'(X) characterizes the existence of a dense
completely metrizable subspace of X ([CK], [CKRI]). These results are of interest
not only in optimization but also in geometry of Banach spaces, because of the fact
that the well-posedness of (X, |g]), g € C(X), g # 0, is equivalent to the Gateaux
differentiability of the sup-norm ||-||s at g, and also in topology in connection with
topological games ([KRI), [CKR2]). For a survey on other generic properties related
to well-posedness, see [KR2].

Proposition 1.4. Let X be a real Banach space and (Y,||-||y) be a Banach space
of bounded continuous functions in X with the following properties:

(1) llglly = llgllo for any g € Y;
(ii) for any v € X the function g,(z) = g(u + x),x € X, belongs to Y and

lgully = llgllv;
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(iii) for every a > 0 and g € Y the function h(z) := g(azx),x € X, is again from
Y;

(iv) there exists a bump function inY, i.e. a bounded continuous functionb: X —
R such that the support of b, supp b := {x € X : b(x) # 0}, is non-empty and
bounded.

Now let f : X — R U {400} be a proper bounded from below lower semicon-
tinuous function. Then, under the above assumptions, the set T = {g € Y : the
minimization problem (X, f + g) is well-posed} has a complement in'Y which is
o-porous in 'Y .

In particular, the set T contains a dense and G-subset of Y : this is the Deville-
Godefroy-Zizler variational principle (see [DGZIl DGZ2]). If we apply the above
result to the Banach space Y of bounded Lipschitzian and C'-smooth functions,
endowed with the norm ||g|ly := sup{||¢/co, [|g||Lip}, We obtain:

Corollary 1.5. Let X be a real Banach space such that there exists a Lipschitz
and C'-smooth function b: X — R which is not identically equal to zero and with
bounded support. Let f : X — R U {+oo} be a proper bounded from below lower
semicontinuous function. Then the set T = {g € Y : the minimization problem
(X, f+g) is well-posed} has a complement in'Y which is o-porous in'Y.

In particular, the set T contains a dense and Ggs-subset of Y. As shown in
IDGZ2], this gives a number of applications, for example in Hamilton-Jacobi equa-~
tions.

Let us mention that in all the above results, the complement of T in Y is o-porous
in Y, but is not porous in general.

Let us mention that results on porosity are obtained for Fréchet differentiation of
convex functions in [PZ] and for a class of best approximation problems in uniformly
convex Banach spaces in [DBMP]. The above three propositions will follow easily
from a general theorem which will be stated and proved in the next section.

2. MAIN RESULT

Before proving the main theorem we recall two characterizations of well-posedness
which will be needed later.

Let X be a completely regular topological space and h : X — R U {+o0} be a
proper bounded from below function. For a given & > 0 let us denote by Levx p(¢)
the sublevel set of h of height inf(X, h) +¢, i.e. the set {x € X : h(x) < inf(X,h)+
e}. Obviously Levx j(¢) is non-empty for any e > 0. The sets Levx 5 (¢) are closed
provided h is lower semicontinuous, and have non-empty interior if h is continuous
at the points of dom h. Finally, if 1 < €9, then Levy (1) C Levx p(e2). Observe
that ({Levx,x(e) : € > 0} is exactly the set (possibly empty) of the minimizers of
hin X.

The following proposition is taken from [CKRI].

Proposition 2.1 ([CKRI], Proposition 1.5, Corollary 1.6). Leth : X — RU{+4oc0}
be a proper, bounded from below and lower semicontinuous function. Then the min-
imization problem (X, h) is well-posed if and only if it has unique solution x¢ € X
such that for every open set U C X containing xo there exists ¢ > 0 such that
Levx,p(e) C U. In particular, if h is continuous at each point of domh, then
(X, h) is well-posed if and only if there exists a unique solution xo € X for which
the (countable) family {Levx ;(1/n)}0%, is a local base of neighborhoods.
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The above proposition is a topological counterpart of the following characteriza-
tion of well-posedness in complete metric spaces due to Furi and Vignoli [EV].

Proposition 2.2 ([EV]). Let X be a complete metric space and h : X — R U
{+o0} be a proper bounded from below lower semicontinuous function. Then the
manimization problem (X, h) is well-posed if and only if

inf{diam(Levx ,(¢)) : € > 0} = 0.

Here the symbol diam(A) denotes the diameter of the set A in the metric space X.
Below we shall consider a topological space X which contains a dense completely
metrizable subspace X;. In such a situation, when A is a subset of X which
intersects X1, and we write diam(A N X1), we have in mind the diameter of the set
AN X, with respect to the metric in Xj.

The following corollary will be needed later as well.

Corollary 2.3. Let X be a completely regular topological space and h : X — R U
{+o0} be a proper bounded from below lower semicontinuous function which is
continuous at the points of domh. Let X contain a dense completely metrizable
subspace X7. Suppose that

inf{diam(Levx n(e) N X1) : £ > 0} = 0.
Then the minimization problem (X, h) is well-posed.

Proof. Observe that by the continuity of h at the points of dom h, the set Lev x 1 (¢)
has non-empty interior for every e > 0. Hence, Levx () N X7 # (0 for each € > 0.

Moreover, again by the fact that A is continuous at the points of domh we have
inf(X, h) = inf(Xy, h). Hence, for every € > 0

(21) LeVX’h(é)ﬂXl :LeVXl,MXl(é),

where h|X; means the restriction of h to Xj.
Then, by Proposition 2.2, the minimization problem (X1, h|X7) is well-posed
with unique solution xy € X;. Moreover, by Proposition 2.1 the sets

{Levx, nix, (1/n) 02

form a local base for zg in X;. Now using (2.1), the density of X; in X and the
regularity of X, it is a routine matter to check that the sets {Levx n(1/n)}>,
form a local base for zg in X. Therefore, by Proposition 2.1, the problem (X, h) is
well-posed. O

Now we are ready to formulate and prove our main result. Below, for a function
h:X — R and X; C X, the symbol supp #|X; means the support of h in X7, i.e.
the set {z € X; : h(x) # 0}.

Theorem 2.4. Let X be a completely regular topological space which contains a
dense completely metrizable subspace X1. Suppose that (Y,||-||ly) is a real Banach
space of bounded continuous functions in X such that:

(@) llglly = lgllo for every g € Y;

(b) for every natural number n, there exists a positive constant My, such that for
any point x € X1 there exists a function h, : X — [0,1], such that h, € Y,
[|hnlly < My, hn(z) =1 and diam(supp h|X1) < 1/n.
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Let f : X — R U{+o0} be a proper bounded from below lower semicontinuous
function and suppose that either X = X1 (i.e. X itself is a complete metric space),
or that f is continuous at the points of dom f. Then the set T = {g € Y : the
minimization problem (X, f + g) is well-posed} has a complement in'Y which is
o-porous in Y .

Remark 2.5. Let us immediately mention that the results from Propositions 1.2,
1.3 and 1.4 are particular cases from the above scheme. Indeed for Proposition
1.3 when Y = (C(X),|] - |ls), (a) is clear and (b) follows by the fact that X is
completely regular (hence M,, =1 for every n = 1,2, ...).

For Proposition 1.2 we have X = X; and again (a) is clear. To verify (b) let
the metric in X be p and n be a fixed natural number. Then given z € X we take
hn(y) == sup{0,1 — 2np(z,y)},y € X. It is easily seen that h, satisfies (b) above
and is Lipschitzian with constant 2n. Hence we have just to put M,, = 1 4 2n.

As to Proposition 1.4, we are again in the situation X = X;. The condition (a)
above is exactly (i), while (b) can be easily checked to be a consequence of (ii), (iii)
and (iv) from the formulation of this proposition. Indeed, for the latter, let b be
the bump function guaranteed by condition (iv) of Proposition 1.4. We may think
that b(0) = 1, b takes its values in [0, 1] and that suppb C B(0,1). Then, given a
natural n, put My, := ||bn||y, where b, (y) := b(2ny),y € X. By (iii) b, belongs to
Y. Now given x € X1 = X, just take hy,(-) = by (- — z). The last functions is from
Y and has the same norm as b,, because of (ii).

Proof of Theorem 2.4. Let n be an arbitrary natural number and consider the set:
1
T, = {g €Y :inf{diam(Levx ry4(e) N X1) : e >0} < —} :
n

By the assumptions of the theorem (namely, either X = X or, if this is not the
case, that f (and hence f+ g, g € Y) is continuous at the points of dom f) and by
Proposition 2.2 and Corollary 2.3 it is seen that (),—, T3, C T. Hence, the proof
will be completed if we show that each Y \ T;, is porous in Y.

To this end fix some arbitrary natural number n and let

1

(2.2) An 1= 20+ 2M,)’

where M, is the constant given by assumption (b) of the theorem. Let r, = 1. We
claim that \,, and r, satisfy the requirements of Definition 1.1.

Indeed, fix arbitrary g € Y and r € (0,7,]. In order to complete the proof, it is
sufficient to find g, € Y such that

(2.3) B(g + gn, Anr) C B(g,r) NT,.
Take €, > 0 and €, < r/(2M,,) and let x,, € X be such that
(2.4) (f + 9)(xn) <inf(X, f + g) + en.

Due to the assumptions of the theorem we may assume that x, € X;. Indeed,
if X = Xi, this is clear. If not, then f must be continuous at the points of its
domain. Hence f + ¢ is continuous at the points of its domain and consequently
inf(X, f + ¢g) = inf(X1, f + g). Hence, x,, can be taken from Xj.

Further, by assumption (b) of the theorem, there exists a function h, : X —
[0,1], so that h,(z,) = 1, diam(supp h,|X1) < 1/n, h, belongs to Y and ||hy]|y <
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M,,. We define the function g, € Y, as
r(1—Ap)
Y
We claim that (2.3) is satisfied. Indeed, let h € B(g+gn, Anr). Then h = g+gn,+h'

for some b’ € Y with ||h/|]y < Anr. Hence we have the following chain of inequalities
and equalities having in mind (2.5):

(2.5) gn(x) := —anhy (), € X, where a,, :=

llg=nlly  =1lg—9—90 =Wy <|lgnlly + |I1|ly
r(1— )
< anMy, + \yr = TMn + Apr =T

This shows that h € B(g,r). Therefore, it remains to show that such an h belongs
also to T},. For this it is enough to show that

(2.6) Levx, f+n(e) N X1 C supp hy| X for some € > 0.

Obviously for the last inclusion it is enough to verify that

(2.7)
(f+h)(z) > inf(X, f + h) + € for some € > 0 and every z € X; \ supp h,|X1.

Let h = g+ gn + 1/, where b’ € Y and ||//||y < Anr. In the following chain of
equalities and inequalities we will use several times the fact that ||A/||ec < ||F/]]y-
Fix an arbitrary = € X \ supp h,|X;. Having in mind also the choice of h,,, g,
(see (2.5)) and z,, (see (2.4)) we obtain:

(f+h) (@) =(f+g+gn+th) ()= (f+g+H)(z)
2 (f+9)(@) = Apr 2 inf(X, f 4 g) = Anr
> (f+9)(@n) —en — Anr
= (f+g+gn)(xn)+an_5n — At
> (f+g+gn+h,)(xn)+an —€p — 2A,T
>inf(X, f+g+gn+h)+an—en—2\7

inf(X, f+h) + a, —en — 2,7
Hence (2.7) will be proved if we show that o, — &, — 2\, > 0. By the choice of
oy, in (2.5) and the fact that e, < r/(2M,,), we have :

1-A, 1
n—En — 2An — —2X\, .
Qp — € r>r( M, S0, )

By the choice of A, in (2.2), the expression in the brackets above is zero. This
completes the proof of the porosity of T;,. O

Remark 2.6. It is seen from Proposition 2.2 and the proof of the above theorem,
that when X = X; (i.e. when X is itself a complete metric space) the set of well-
posed perturbations T is exactly the intersection of all T,,. Using condition (a) of
Theorem 2.4, it can be seen that each T, is open in Y. Therefore, it follows that,
when X = X7, the set T is a Gs-subset of Y whose complement Y\ T" is o-porous
inY.

Remark 2.7. A close look at the proof that each Y \ T, is porous shows that we
never used that r, was chosen to be equal to 1. The result is true for an arbitrary
rn, > 0. In this way we have shown that the set Y\ T, has a property stronger than
the notion of porosity from Definition 1.1. This stronger property is called “global
very porosity” in [Za].
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