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ABSTRACT. Extending the results of a previous paper under the same title we
show that, under S(Ro), ind cvp3 = 2.

1. INTRODUCTION

In this paper we continue the study of the small inductive dimension, ind, of
completions of esoteric spaces (= metric spaces with ind # dim) initiated in a pre-
vious paper under the same title [M2]. In [M2] we have described the metric space
vug such that ind vy = 0, but, under the following condition every completion of
v contains an interval and therefore ind . vug = 1, where, for a metric space M,
ind . M stands for min{ind M : M is a completion of M}:

S(No): If A is a set of cardinality 28, then the product A®° cannot be written as
AR = Py UF,U..., where each F, is an F,-set in the product topology of AR (A
— discrete) and it is countable on all lines parallel to the n-th axis

S(Rp) disagrees very strongly with the continuum hypothesis, but fortunately its
consistency with ZFC has been recently shown by Dougherty [Doul, who, in this
way, terminated a long and unenviable period during which I was at the mercy of
the logicians. In this paper we give a very natural continuation of [M2]; our main
result is

1.1. Main Theorem. Under S(Xg), every completion of vui contains the square
[0,1]2 and therefore ind . vug = dimvud = 2.

The result concerning ind . vu3 appears to be very natural. The problem of the
equality ind . = ind (which, for spaces with ind = 0, can be stated without any
reference to dimension theory: does every metric space having a base consisting of
clopen sets have a completion with such a base?) is one of the simplest and most
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Hf @ is an element of the product HneH Ay and € € H, then the line passing through a and
parallel to the &-th axis, L%, is the set of all elements of Hn Ay which differ from @ only in the &-th
coordinate. We say that a subset F' of Hn Ay has a property P on all lines parallel to the &-th
axis provided that, for every a € Hn Ay, N L? has P. More generally, if = C H, then we can
define hyperplanes parallel to the Z-th hyperaxis and speak about a set having a given property
on all such hyperplanes.
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basic questions concerning concepts that were in existence for over 75 years. Before
[IM2], nothing was known about the answer to this question (for non-separable
spaces). Now the first step has been made; but only partial — not validity, only
consistency. This is not unusual; it happens quite often that consistency results are
obtained first because they are easier — or much easier — than validity or because
validity cannot be attained at all and the final solution is the independence. But
once the first step has been made, the next is following very quickly. In fact, as
far as consistency is concerned, all the main questions concerning ind . (or even
ind* (M) = min{ind(M \ M) : M is a completion of M}; see part b) of 4.3) are
now answered. However, the matters become more unusual if we look at dim. This
definitely is mot the first step in this direction; indeed, the first step, existence of
metric spaces with d-spread = dim —ind = 1, had been made about 35 years ago
[R]. So far all the efforts to raise the value of d-spread from 1 to 2 have failed. Now,
in a way, this has been done but not as well as for d-spread = 1. The reason why
there is such a chasm between the first two values of d-spread is not yet understood.

A further consequence of Theorem 1.1 is the existence, in ZFC, of metric spaces
for which dim cannot be determined in ZFC; indeed, under the continuum hypoth-
esis, dim vu2 = 1 (the proof from [M3] applies). Concerning ind .., this was already
achieved in [M2]: ind . vpp cannot be determined in ZFC (but note that, in ZFC,
dim v = 1). Since the existence of spaces with undeterminable dim and/or ind .
is an entirely new phenomenon, worthy of further development, an additional dis-
cussion of these matters is given in the problem section of this paper (sect. 5); here
we will summarize what is known at the present moment:

1.2. The values of ind, ind ., and dim of vug and vu3 are as follows:

(i) in ZFC: ind vpo = ind v = 0; dimvpy = 1;
(ii)  under CH: ind.vpp =ind .vpd =0;  dimvpd = 1;
(i)  wnder SNo) :  ind.vpg = 1; ind . vpg = dimwvpg = 2.

To keep the paper short we just show what is new rather than try to get the
strongest version of the results; e.g., we work only with vu? although it is reasonably
certain that better results could be obtained through the use of higher powers of
vig.

Note. The author is pleased to report substantial progress in the area of esoteric
spaces due to Kulesza [Kul], [Ku2] and also to Ostaszewski [Ost]. Kulesza has
produced numerous modifications of A and pg and in this way he was able to vary
proprieties of esoteric spaces to a large degree. In particular, he has a complete
N-compact esoteric space. He also studies irreducible esoteric spaces — in the sense
that they do not contain esoteric subspaces of weight smaller than that of the space
itself. This seems to be a promising direction of investigations; indeed, the concept
of irreducibility can modified in many ways and this leads to a number of very
natural but probably very difficult problems. Again, further comments on this
matter are in sect. 5.

Notation. Let ¢ be a number from [0,1]. If ¢ can be written in the form ¢t =
(2k + 1)27™, where k is an integer and n is a non-negative integer, then (¢ is called
a dyadic rational and) we let ord ¢ = n; if ¢ is a dyadic irrational, then, obviously,
we let ord t =oo. The letters R, N, J, P, € will stand, respectively, for the space
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of the reals, the positive integers, the closed interval [0, 1], the dyadic irrationals in
[0,1] and the Cantor set.

Concluding this introduction I wish to express my sincere gratitude to the referee
for suggesting several changes, correcting several errors and for completing the
report in a remarkably short time.

2. TooLs

The only item of substance in this section is 2.5. In addition, a variation of the
concept of Bernstein sets (2.4 and above) is of interest.

A. o-non-archimedean bases. A o-non-archimedean base B in a space X is a se-
quence BW B guch that each BX covers X, U € BH vV e BU) and
UNV #0imply V C U for every k,j =1,2,... ,k < j and Uk‘B(’”) is a base for
X. We shall frequently identify B with |J, B®) (i.e., we will write B = J, B®).
Note that the members B*) are mutually disjoint, hence B*) is a discrete col-
lection of clopen sets. B is called complete provided that for every descending
sequence U, with ) # U, € B») where i,, — 0o, we have N, Un # 0.
The following can be regarded as known.

2.1. A space X has a o-non-archimedean base iff it is strongly 0-dimensional and
metrizable. A space X has a complete o-non-archimedean base iff it is strongly
0-dimensional and metrizable in a complete way.

Historical note. The second sentence of 2.1 follows from a strongly 0-dimensional
version of a result of Kuratowski:

2.2. If X is a metric space with dim X = 0, then for every Gs-subset G of X we
have G C1 X x N¥o,
C

The original Kuratowski result asserts: for every Ggs-subset G of a metric space
X we have G - X x R, Both versions are particular cases of 2.1 in [MI] (the

C
Embedding Theorem) or — vice versa — the Embedding Theorem can be viewed as
a natural continuation of the Kuratowski result. In turn, the Kuratowski result is a
natural continuation of a very early result of Kuratowski and Sierpinski: if a subset
L of a metric space X is the difference of two closed sets, then L C X x R. As far

cl
as I know, the above is the first result on closed embedding into products. If the
reader knows earlier results, I would appreciate a note to this effect.

B. Bernstein sets. A Bernstein subset of a space X is a set S C X which intersects
every non-empty perfect subset of X. It is known that Bernstein subsets of J2 are
connected.

It is possible that the following is well-known.

2.3. If S is a subset of J% so that S and J*\ S are both Bernstein, then for every Gs
set G wz't~h S C G CJ? G\S is also Bernstein. Consequently, for every completion
S of S, S\ S is connected.

Proof. Let C C J? be a perfect set. Then SN C is dense in C; thus G N C is dense
in C. Consequently, G N C contains a perfect set C;. Now, J%\ S intersects Cf;
thus G intersects J2 \ S, and hence G \ S intersects Cj. O
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A subset K of a product X x Ywill be called obligue provided that for every
(x1,91), (22,92) € K, (21,91) # (22,92) imply 1 # z2 and y1 # yo; ie., both
projection maps of K are one-to-one. A 2-Bernstein subset of a space X is a set
S C X such that S? intersects every non-empty oblique perfect subset of X2. The
standard construction of disjoint Bernstein sets (in perfect metric spaces) can be
easily adapted to yield that the Cantor set € contains two disjoint 2-Bernstein sets.

For one of the results in sect. 4 we need a further refinement. Let D be a
collection of subsets of Y. A subset S of X is called D-Bernstein provided that for
every D € D, S x D intersects every non-empty oblique perfect subset of X x Y.
We have

2.4. If X and Y are complete dense-in-itself separable metric spaces and D is a
collection of Bernstein subsets of Y with cardD < 280, then X contains two disjoint
D-2-Bernstein sets BV and B3,

A D-2-Bernstein set is, obviously, a set which is 2-Bernstein and D-Bernstein.
The above is not the best result: the number of D-2-Bernstein sets can be increased
and the result can be extended to D-n-Bernstein sets. But we need even less than
2.4.

C. Scattered sets. Let Q be downward monotone property of closed sets (i.e.,
F has Q and F/ C F imply F has Q). We say that F is Q-scattered provided
that for every non-empty closed F’ C F there is an open U so that UNF” is closed,
non-empty and has Q.

2.5. Let X be a space with a o-non-archimedean base B = B UBR U ... . Let
Q1,...,Q; be downward monotone properties of closed sets. If a closed set F is
Qi1 V-V Qq-scattered, then there are closed sets Fy; and classes §r,i C ‘B(k),
k=1,2,....i=1,...,1, such that (i) F' =, ; Fi,i, (i) F,i C U3k, and (iii) for
every U € §r,i, UNFy; has Q;.
Proof. Let A be an ordinal with X\ > card F. We shall show that there exists
a & with 0 < & < X and such that for every n < & we can define F(" and
S,(an) c B®) so0 that (a) F form a strictly decreasing sequence of closed sets, (b)
F) ﬁU{US,(JZ;) ' <nk=1,2,...,i= 1,...,[} =0, (c) for every U € 3,(;’72,
UNF® has Q;, and (d) Ny<eo F = .

Let FO = F and 3,&02 = (). Assume that for some &, 0 < € < A, F and
S,(an) are already defined for every n < & so that (a), (b) and (c) are satisfied (this
was so for £ =1). If (), _, FM = (), then we terminate the induction. Otherwise,

we continue letting F'(€) :ﬂan(")\U{US,@ n<&k=1,2,...,1= 1,...,l}

and S,(fz = {U eB® . UNFO £, UNF® has Qi} (if there are several i’s so

that U N F® has Q;, then use just one of them). Since A > card F, the induction
must terminate before reaching A; i.e., the £y < X exists. Observe that for £ < £’ <

&, %’,(fz and Sl(fl) are disjoint, indeed, U € S,(f;) implies U N F€) £ () and F©&")
is disjoint from U&,(fz It follows that letting §r; = U {S,(an) < §0}, we have,

fora U € §ki, UNFEF = U N F" for the unique n with U € 3,(;72 Thus, letting
Fr; = F NSk, we complete the proof. O
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3. PROOF OF THE MAIN THEOREM

The proof of 1.1 will come after a sequence of intermediate results. We start
with the description of objects used in the proof.

Recall that the construction of vy and vug involved the Cantor set € and its
subset A. As in [M2] we need that card A = 2% but this time we also need that
B = C\ A is 2-Bernstein. In addition, for 4.1 (the case concerning Bernstein set)
we will need B to be D-2-Bernstein, where D will be specified in the proof of
4.1. Infinite sequences of elements of C (i.e., members of C¥°) will be denoted as
Z,9,Z,..., possibly with subscripts, and furthermore Z(n) (and not ,,) will denote
the n-th term of #. The letter a will be reserved for members of A®0; it will be used
mainly in the case when such a member is built up by extracting terms from an
T € CY (see the definition of the maps ®™1:™2 and ® below). In the set (AX0)?
of all pairs (a1, a2), a; € A®; a;(m) will be called the (m, i)-coordinate of (a1, az).

We need some maps. The map ®™12 : (AN0)2 — ANo x @ x € carries (%1, 72)
onto the triple (a,cy,c2), where a € AR is a sequence built out of terms of Z;
and %o, omitting the terms Z1(m) and Z2(m2) and ¢; = &;(m;). The map P :
(AR0)2 — ARo x € carries an (¥1,79) € (A®0)? onto the pair (a,c), where a is the
sequence build out of terms of #; and Z3, omitting the term #;(m) and ¢ is Z;(m).
®™mum2 and @ are continuous and one-to-one.

Recall that the set of points of vu is the set of all pairs (Z,¢) where t € J
and Z(n) € A for every n # ordt. The topology is defined by the neighborhoods
Un(Z,1):

Un(3,t) = {(§,5) : 5 € L, (t) and §(i) = &(i) for i < n},

ifn <ordt,and

Un(z,t) ={(9,s) : s € I,(t) and
g(1) = 2(i) for i <n+1,i # ordt; g(i)|n = z(i)|n for i = ord t},

if n > ord t.

In the above, I,,(t) is an open interval (a, ) containing ¢ and so that a and b are
the dyadic rationals of the smallest possible orders with b — a = 27", vug consists
of all those (Z,t) € vu for which (n) € B for n = ordt.

For 7,7 € € the Zj-plank (or a horizontal plank) of vu? is the set Hz 5 of all
the ((Z,t), (9,s)) € vu? with the fixed Z,§. For a subspace k of vy, the Zg-plank
of k is the set Hz 3 N K. Let h = h x h where h : vy — I is defined by h(&,t) =t
(i.e., h is the function from 2.3 in [M2]). By 2.3 in [M2], h is a homeomorphism on
each of the horizontal planks.

Let t,t1,t2 be dyadic rationals of orders m,m;,ms, respectively; we let P} =
{t} x P, P, = P x {t} (P is the set of all dyadic irrationals in J), Ptttz = h=1 (11, t5),
P} = h™'[P{].

The map

(i)tht2 ((‘%17 tl)v (j% t2)) = Qe (‘%la ‘%2)
is a homeomorphism of P*+*2 onto AR x € x €. Similarly, the map
é)g((i.lv t)a (‘%2a u)) = ((I):n(‘%la ‘%2% u)

is a homeomorphism of P! onto A x € x P,
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We are ready to start the argument. Since every completion of vu2 contains a
Gs-subset f of vu? with vud C F, it suffices to show that f contains a copy of
J2. Let such an F be given and let vu?\ F = J, F,, where F,, are closed in vu?.

Select complete o-non-archimedean bases B; = (‘Bl(l),‘Bl(z), ), 1=1,2,3,in
the spaces AN0, @ and P, respectively. %B; and B, are countable; we let B; =
{Ji,Jo,...}, By = {I1,I5,...}. Letting B®) = {UxJxI:U e B¥ Je
%ék),f € ‘Bék)}, we obtain a (complete) o-non-archimedean base in AN x € x P.

Let K!vt2 = ®tut2[F, N Pi2]. Let @; be the property of closed subsets T' of
AN x € x € “all (a,c!, c?) € T have the same c'”.

3.1. K2 4s Q1 V Qa-scattered.

K!-t2 is a closed subset of AM x € x € and since F), are disjoint from vu2, Kt
is disjoint from A% x B x B. The rest of the proof is the standard procedure
of producing the homeomorph of the Cantor set in complete dense-in-itself metric
spaces. If 3.1 fails, then there is a closed subset M of K!**2 such that for every
U € B with UN M # 0 there are points p,q € U N M for which both c!’s and
c?’s are distinct. (Strictly speaking, we get the existence of points p1,p2,q1, g2 —
not necessarily distinct — so that p;,ps have distinct c¢!’s and ¢, g2 have distinct
c¥’s. Patiently examining possible cases we get the stated conclusion.) Starting
with an arbitrary U € B with UN M # (J, we denote the above-mentioned points
by po and p;. Now we select Uy, U; € B such that p; € U; C U and so that,
writing U; = U; x J; x I;, we have JoNJy = 0 = Iy N I;. Now we select points
pi0,pi,1 € U; N M for which both ¢!'’s and ¢’s are distinct. Repeating the above
—in a standard way — infinitely many times we obtain a system of members of B
and of points of M indexed by all finite sequences of 0’s and 1’s. Passing to the
limit, we obtain the set of points (ai,c{, c?), — the index i runs through all infinite
sequences of 0’s and 1’s — such that ¢! # ¢} and ¢ # ¢ for every two distinct
i and i’ and the set C = {(c},c?)}; is closed in € x €. Since M is closed, all the
(ai,cl,c?) belong to M. But C is an oblique perfect set, therefore there is an ip
with (¢f ,c ) € B2. But then (a;,,¢f,,c}) € A% x B x B. Contradiction.

Now apply 2.5 to get the classes Sfjfz and the sets Kf;ztz Let K’f;ztz =
(fbml’m'é’)_l[Kfigf;], where m; = ordt;. Kf;zt; is closed subset of (A%?)2 and since
all (a,c!,c?) € K f;ztz have the same ¢, K f;zt,i has at most one element on each line
parallel to the (m;,)-axis.

Let K, = ®{[F,, NP!]; the handling of these sets is more intricate than that of
K!it2. Let Q be the property of closed subsets T' of A¥ x € x P: “all (a,c,u) € T
have the same ¢”.

3.2. K is Q-scattered.

The proof is similar to that of 3.1 but now, assuming that 3.2 fails, we can
produce a set of points (ai, ci, u;) € K;’;tz in which ¢; form a perfect set and u; are
dyadic irrational but not necessarily distinct. Taking iy with ¢, € B, we have
(@iy, Cig, Uiy) € Vo and we have the contradiction.

Now apply 2.5 to get the classes §, , ; and the sets K"

n,i,k*

Siw-,k,ll,b == {U X J X IGS"t . J: JllaI:Ilz}v

n,i,k °

*t _ *t t
Ktk = Kl Uikt

Further, let
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Let K*t be the closure of K*?

nzklllQ ’nlklllz
embedding of P in J). Since §, ;. ;, is discrete,

in AN x € x J (under the natural

= KL 0 (U x Jyy x Iy) U x iy, x L, € §075 0%

YL’L k l1712

be

1, onto AR x @. Since this is a projection along a compact

therefore all (a,c,u) € K}, ;. still have the same c. Finally, let K}

n, ’L k ll,lz

the projection of K*!

n,i,k,l1,
t N T .
axis, KJ, ; 1., 1, 1S closed in A% x € and all (a,¢) € K7, ,,; ;, still have the same

c. Now, letting Kt

n, ’L k l1712
closed subset of (ANO) which has at most one element on each line parallel to the
(m, 7)-axis.

We thus have a countable collection of closed subsets
(1) Kt and K!

n,i,k n,i,k,l1,l2

(@Z”)_l[Kfm’k,llh], where m = ordt, we obtain a

of (A®0)?2 each of which has at most one element on all lines parallel to some axis.
Grouping these sets properly we obtain F,-sets to which S(Xg) applies. Hence
there is an (Zg, 7o) € (A®°)? which does not belong to any of the sets in (1). But
then, verifying the definitions of these sets we find that ((Zo,t), (go,s)) € F for
every t1; to € J. In other words, h maps (homeomorphically) the Zogo-plank of F
onto J%; thus F has a copy of J2.

4. EXTENSION OF 1.1: COMPLETIONS OF SUBSPACES vu3

Given a subset S of J2 and a subspace & of vy 2, the k-cylinder over S is the set

Kk(S) = ifl[S] Nk (explicitly «(S) = {((Z,t),(g,s)) € k: (t,s) € S}).

4.1. If S C 7?2 is either Gs-set or a Bernstein set in J2, then every completion of
vio(S) has a horizontal plank homeomorphic to a completion of S

Proof. The proof is the repetition of the arguments of the preceding section with
some changes. 3.1 is applied only to those dyadic rationals ¢, t2 for which (t1,t2) €
S. 3.2 requires more attention. P} are replaced by P(S) and K; are replaced by
K;t(S) = ®[F, NP}(S)]. Proof is again by contradiction; i.e., we assume that
K;’;fi(S) is not @Q-scattered. If S is Gs-set, then we work in the space AN x € x
(SN7JL). B3 will now stand for complete o-non-archimedean base in SNJ: (use 2.1
to get such a base) and the rest of the argument is as before.

In the case when S is a Bernstein set, we work under the assumption (recall the
remarks at the beginning of sect. 3) that B is a D-2-Bernstein, with D = {D! :
t— dyadic rational, ¢ = 1,2}, where D! is the intersection P! NS treated as a subset
of P. As before, we work in the space AN x € x P, but we distinguish two cases.
Let Q' be the property of closed subsets T' of A¥ x € x P: “all (a,c,u) € T have
the same u”. If K;‘Lfi(S) is Q’-scattered, then we select a Uy = Uy x Jy X Iy € B
so that all (a,c,u) € K}"(S) N U have the same u, say ug. We can get a set of
points (ai,ci,ug) € K};(S) so that ¢; form a perfect set — contradiction (same as

2In case S is a Bernstein set, the set A used in the definition of vuo depends on S. Thus,
strictly speaking, this part of the theorem should be phrased as: if S is a Bernstein set, then
there exists a vug so that every completion ... .
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in sect. 3). If K}*(S) is not Q'-scattered, then K (S) is not Q V Q'-scattered;
hence, working as in the proof of 3.1, we get a set of points (ai,ci, ui) € K,*Ltz(S)
so that (ci,u;) form an oblique perfect set (u; are dyadic irrationals). Since B is
D-2-Bernstein, there is a (ci,, ui,) € B X D! and the contradiction is obtained by
looking at the point (ai,, ¢y, Uiy )- O

4.2. Each H; 3 is an intersection of clopen subsets of vy . Consequently, if F is
a subspace of v, then the quasicomponents of F are contained in its horizontal
planks.

Let P;, i =0,1,...,4, stand, respectively, for ind = 0, totally disconnected (i.e.,
quasicomponents are one-point sets), hereditarily disconnected (i.e., components
are one-point sets), pointlike (or punctiform — i.e., no non-trivial subcontinua), and
“no non-trivial arcs”. It is known that for i = 0,1, 2, 3 there exists a Ggs-subset of
the square J2 having -P; and P; ;.

4.3. Theorem. a). Fori = 0,1,2,3 there exists a metric space M with ind = 0
and such that every completion of M has —P;, but there exists a completion of M
which has Piy1.

b). There exists a metric space M with ind = 0 and such that for every comple-

tion M of M, M\ M has non-trivial components and hence ind(M \ M) > 0.

Proof. In both cases we let M = vp3(S) for a suitable S C J2. For part a) we take
a Gs-subset S of J2 with —=P; and P;,,. By 4.1, every completion of M has —P;,
and, by 4.2, vu?(S) is a completion of M which has P;;1. For b) we take S so
that both S and J2 \ S are Bernstein in J2 and apply 2.3 and 4.1. O

5. PROBLEMS

This is a very casual preview of problems arising from the present stage of de-
velopment.

We now know that there exist, in ZFC, metric spaces for which neither dim nor
ind. can be determined in ZFCH 1t is interesting to explore the degree of inde-
terminacy of the dimension functions dim and ind. as well as relations between

3As far as I know this phenomenon has not yet been observed within non-metrizable (com-
pletely regular) spaces — of course, for non-metrizable spaces we are concerned only with dim.
This is somewhat curious inasmuch as pathology of dimension functions is far better documented
within arbitrary spaces than within the metric ones. On the other hand, it is known that it is
very easy to define spaces for which dim has not yet been determined and it is probably very
difficult to determine or perhaps cannot be determined at all. For instance, given two topologies
71 and T2 for a set X, 71 C 72, and an 72-closed set A C X, define the intermediate topology
7 = (71|72, A) by the closure operation cl+(S) = (cl SN (X \ A))Uclr, S for every S C X. The
simplest instance of this procedure is, for a given space X and an arbitrary A C X, to consider
7 = (71|72, A), where 71 is the original topology of X and 7 is the discrete one; X with this 7
is denoted by X 4. Even such a primitive operation leads to serious problems concerning dim.
Let A1, Az, ..., be subsets of the Cantor set € and consider the product space [],, €4,,. One
would expect that [[" ; €4, is hereditarily strongly O-dimensional; however, the best I can do
at the present moment is to prove that dim @124 = 0 assuming that A is not too pathological.
The possibility is that dim (??4 might depend upon set-theoretic assumptions, but at that time I
did not pursue the matters further. Now it looks more interesting; in any case, I would like to
challenge the masters of covering dimension to do better than I did. The infinite product [],, €4,
is probably strongly O-dimensional but not hereditarily. (Incidentally, the intermediate topology,
as well as o-non-archimedean bases, are discussed in the Ph.D. dissertation of my former student
H. P. Tan.)
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these functions. One would expect that this investigation would bring formula-
tion of new set-theoretic principles possibly far more intricate than S(Xg). The
most obvious (and probably hopelessly difficult) question is: does there exist a 0-
dimensional metric space X such that for every m,n = 0,1,...,00, n < M the
statement (ind . X = n) and (dim X = m) is consistent with ZFC?

vug itself raises further consistency questions. According to 1.2, both of the
systems of equalities

(1) ind.vpg =0, dimvps=1;
(2) ind.vpg =1, dimvpd = 2.
are consistent with ZFC. Are the remaining systems of equalities
(1) ind.vpg =1, dimvps = 1;
(27 ind.vpg =0, dimvpl =2

consistent with ZFC?

Irreducibility (for ease of formulation we will consider only spaces with ind = 0):
Kulesza [Kul] and Ostaszewski [Ost] produced (in ZFC) esoteric spaces of weight
Ny; such spaces are automatically irreducible. Kulesza [Ku2] has also produced (in
ZFC) an irreducible esoteric space of weight 2% and obtained consistency results
concerning spaces of higher weight. But it is not known whether for every m with
R; < m < 2% there is, in ZFC, an irreducible esoteric space of weight m.

One of the possible modifications of the irreducibility is the conditiorf] that
every closed subset F' of a space X with weight F' < weight X has a base of clopen
sets (i.e., Indg X = 0). Some of the results of Kulesza [Ku2] refer to this type
of irreducibility, and it is my understanding that he has further results in this
direction.

Irreducibility can also be applied to ind . rather than to dim (or Ind). Here an
obvious question is: does there exist a space X with ind. > ind (of weight, say,
280 ) which is irreducible relative to ind . but reducible relative to dim - i.e., for
every subspace X' of X with weight X' < weight X we have ind . X' = 0, but there
exists a subspace Xg with weight Xog < weight X and dim Xy > 07 It is possible
that the statement that vpug has this property is consistent, but this, of course,
cannot be settled overnight.
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