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ABSTRACT. We study the completeness properties of the set of wavelets in
L2(R). Tt is well-known that this set is not closed in the unit ball of L2(R).
However, if one considers the metric inherited as a subspace (in the Fourier
transform side) of L2(R,d¢) N L?(R., %), we do obtain a complete metric
space.

1. INTRODUCTION

An orthonormal wavelet is a function ¢ € L?(R) such that the system
(1.1) Vik(e) =229(2e — k), jkeL,

forms an orthonormal basis for L2(R). We shall denote the set of all wavelets by
W. Note that, by definition, W is a subset of the unit sphere of L?(R).

Many important properties of wavelets can be seen by looking at their Fourier
transforms. In this paper, we shall denote the Fourier transform of a function
fe LY(R) by

(1.2) fio)= [ i, cer

If f € L2(R), f will denote the extension of the densely defined operator in (1.2)
from LY(R)N L2(R) to L%(R). Note that, in this case, the inverse Fourier transform
of a function f € L'(R) N L%(R) is given by

(1.3) @) = %/Rf(g)emﬁ dé, zeR

The set of all the Fourier transforms of functions in W will be denoted by W.
That is,
(1.4) W = {{ € L*(R) : 1) is a wavelet}.

It is well-known that, by means of their Fourier transforms, wavelets can be

characterized as the functions 1[) in the sphere of radius v/2m of L?(R, d¢) satisfying
the equations

(1.5) 556 =) [P =1, ae E€R,
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(1.6) t,o(&) = V(7€) (29 (€ +2qm)) =0, ae. E€R, Vge2Z+1.
7=0
(See Theorem 1.1 in Chapter 7 of [HW].)
In addition, every function 1 generating an orthonormal system as in (1.1) must
satisfy the equations:

(1.7) 75(8) = Z (€ +27k)> =1, ae. £ €R,

kEZ

(1.8) 706 =D (2 (€ +2mk) (€ +2km) =0, ae (R, j>1.
keZ
(See (1.1) and (1.2) in Chapter 3 of [HW].)

The characterizations above suggest that the set w might be a closed topological
subspace of the /2m-sphere of L%(R, d¢). However, the situation is a little more
subtle.

To describe better some of the problems arising, we introduce a particularly
simple class of wavelets: W,. These are the wavelets whose Fourier transform is
the characteristic function of a measurable subset of R; that is,

(1.9) W, = {x, : K is measurable and x € 17\/\}

The terms: “s-elementary” [SPEE], unimodular [HKLS|] or MSF ([EW]|,[HW]) are
used in the literature to refer to these wavelets. The characterization theorem
for elements in W, has a simpler form than in the general case: a function ) =
X, € L?(R) belongs to W, if and only if satisfies the equations (1.5) and (1.7);
equivalently, if there is a partition {K,}sez of K such that {K, + 2¢r}, {2°K,},
¢ € Z, are each a partition of R (see Theorem 2.3 and Corollary 2.4 in Chapter 7
of [HW]). One simple example of a wavelet in Wj is the Shannon wavelet, whose
Fourier transform is given by ¢ = X[ 2, —m)0pr,2m)’

Gomg back to our original question, Example 1 below, taken from [HKLS] shows
that W is not closed when considered as a subspace of L2(R, d¢). Smce W is closed
in W (with the topology induced by L?(R)), this implies that W is not closed in

L?(R, d€), either. In particular, W, with the metric inherited from L2(R, d¢),

/2
(110) du(£.9) = If = alloaey = ([ 116 - s©) d€) ", 1.9 € 2R.a0)
is not a complete metric space.

Example 1. A collection of MSF wavelets which converges (in L?(R)) to a function
which is not a wavelet.

Consider the family of functions 1[)(1 = for 0 <a<m It

X[72a,7a)u[27r7a747r72a)’ o
is straightforward to check that 1), satisfies (1.5) and (1.7), and therefore, g € W,.
However, if (a,)%2 ; is any sequence in (0, 7] converging to 0, then by the dominated
convergence theorem,

190,06 = Xy 1y (OF dE =0, a7 o0,
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But, the limit function ¢) = y does not satisfy (1.5). Therefore, Iy )//V\S, and

W, is not closed in L2 (R, d¢§).
We may consider another “natural” metric on W); the metric dy inherited as a

[27,4m)

subspace of L?(R,, |(?|) namely,
! ds
(111) )= ([ e -a@r )" foe e

Here, we are regarding (R, E) as the measure space (R \ {0}, £, u), where £ are
the Lebesgue measurable sets in R, = R\ {0} and

1
@%iéﬁﬁé EeL.

Now, it is easy to check that if = 17\/\, then 4 lies in a sphere of radius In(4)
dg
in L2(R,, [£]). Indeed,

n 2L = ~oev2 d€
[ o Z/m PO

oieyy %
/<§<2 ZW} 5 |§|

JEL

2 de

1 €
where the third equality follows from (1.5).

=2 = In(4),

dg
We will denote by d the metric in L*(R, d¢) N L?(R., |§|) given by dy +ds. That

is,
dg
(1.12) d(f,9) = di(f,9) + da(f,9), f.g € L*(R,d&) N L*(R., [¢]).
The main result in this paper is the following:

Theorem 1.13. The metrics di,ds and d are topologically equivalent on the set
W. Moreover, (W,d) is a complete metric space.

We saw in Example 1 above that ()7\/\, dq) is not complete. However, this state-

ment does not contradict Theorem 1.13 because the sequence {1}, is not
do-Cauchy. Indeed, if 0 < 2b < a < 7, then

dé¢ dg§
/ [9u() = hlOP T > / X s =X OF

2a g¢ 2b q¢
:/ e+ [ E=m@)

b

Before proving Theorem 1.13, we give an example which shows that ()7\/\, ds) is
not a complete metric space either.

Example 2. ()7\/\, d3) is not complete.

1 Since {0} is a null set in (R, £, d¢), we may identify the spaces L?(R,d¢) = L?(R,d¢). Then,
d.

3
the intersection L?(R,d¢) N L?(R.,|¢|) may be regarded as the space L2 (R, (1 + %)d&).
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=87 27— =27 ™ 2"
3 3
DIAGRAM 1.

We will exhibit a ds-Cauchy sequence in V/\Z; whose dz-limit point does not belong
to Ws. This is a particular example of the wavelets constructed by Fang and Wang
(see Example 5 of [FW]). Let, for n > 1,

8 2, 2" n_ on 2™
Kn = [—?7 —271') U [—71', —?) U [m,ﬂ') U [2 ™, 2" + m)
(see Diagram 1). Then, ) = Xy € )7\/\ for every n > 1. Indeed, this can be easily
verified by checking that equatlons (1.5) and (1.7) hold.
We claim that lim,, dg(d)n,w) = 0, where ¢ = Xy and K = [—— —2m) U

[—m,—2%) U (%, ). Note that 1} & W, because it does not satisfy equation (1.7).

To show our claim,

o) oo dg
da(x, x )= Ix |2€+ b% €
2 K,”“K 0 (Z’W 0 (2" 7T2ﬂ7"+2n+1 )
2nt! 1
_hl(m)—‘-ln(l—'-m)—)(), as n — oQ.

In particular, this implies that {QZJn}%O:l is do-Cauchy, but it does not converge
to a function in W. Therefore, (W, ds) is not complete. Note that, in view of
Theorem 1.13, the sequence {1, }22 ; cannot be d;-Cauchy.

2. THE PROOF OF THE THEOREM
In this section, we prove a slightly more general version of Theorem 1.13. We

d
consider a set F C L*(R,d¢) N L%(R., |§£|) which contains W as a proper closed
subset. We then show that (F,d) is complete and that, in F, the metrics d, d; and
ds are equivalent.
Define

(2.1) F={fe LQ(R,dﬁ)ﬁLQ(R*,I(?I) 0p(§) = 7(§) =1, ae. L €RY,

where ¢, 74 are given by (1.5) and (1.7). Note that, if f € F and g is any (measur-
able) function on R with |f| = |g| a.e., then g € F. Note also that WCF (because
of (1.5) and (1.7)), but W # F. One way of seeing this is to note that if ¢) € W,
then not every other function # with |7j| = |¢}| is the Fourier transform of a wavelet.
In fact, [¢| € W if and only if 1] is the characteristic function of a set; that is, if
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|z/1| € W A proof of this property is presented in the appendix, together with a
less trivial example of a function ¢) € F \ W.
Our main result in this section is the following:

Theorem 2.2. In the set F, defined in (2.1), the metrics d,d; and ds are all
topologically equivalent. Moreover, (F,d) is a complete metric space.

Before embarking on the proof of Theorem 2.2, we show how to obtain Theo-
rem 1.13 from Theorem 2.2:
Corollary 2.3. The space ()7\/\, d) is a closed subspace of (F,d). In particular,
(W, d) is a complete metric space.

Proof. Suppose {@n};’f’:l cWisa d-Cauchy sequence. Then, it follows from The-
orem 2.2 that there is a ¥ € F such that d(?ﬁn, 1&) — 0, and in particular, Vn —
in the norm of L2(R,d¢). On the other hand, the fact that v eF 1mphes that
(1.5) holds and (from (1.7)) that Hd)HLQ(R d¢) = 2m. Hence, to show that deW, it
suffices to check that (1.6) holds; that is, t, ; = 0 for all ¢ € 2Z + 1.

Now, since QZJn € )7\7, we have that o, =0 for all ¢ € 2Z + 1, and therefore,

/R I, 5(6)] de = / It (€)1, 5 (©)] de

< [ 316 = @Ol € + 2m) de
R

+ / S a6 |6 — ) @ (€ + 2qm) | de
RS20

1/2

SZ(/RW—WW‘@F& ([ 1606+ 24 )

+Z( / [ (2762 de) 2 ( / (6 — ) (29 (€ + 2gm))|? d) 2

<Z2 j”w wn”L (]R df ||’l/}|| Rd§)+z2 ]”wn” ]Rdg) ||’l/} wn“L (]R df

7=0
- 4V H’ll) ,ll)n”L (Rdf

which goes to 0 as n — oo. Thus, ¢, ; =0 (a.e.) and (1.6) holds. This establishes
the corollary. [l

The following corollary is an even simpler consequence of Theorem 2.2.

—~ dg
Corollary 2.4. The set Wy is d-closed in L*(R, d¢) N L%(R., [£]).

Proof. Since the elements of )7\/\5 are all characteristic functions of sets, the limit
point of any d-Cauchy sequence in V/\Z must be a characteristic function of a set as
well (by the a.e. convergence of a subsequence). On the other hand, by Theorem 2.2,
this limit point must also belong to F, and therefore, in view of (1.5) and (1.7),
it must be the Fourier transform of a wavelet. Thus, it belongs to V/\Z and 17\/\8 is
closed. O
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We conclude this section by proving Theorem 2.2:

Proof of Theorem 2.2. Part 1. We show that in F', d and d;y are equivalent metrics.
It is enough to see that any sequence (f,,)52; C F which converges to a function
f € F in the metric d; also converges to f in the metric do. Indeed, this would
show that the identity map I : (F,d;) — (F,d) is a homeomorphism.

Suppose then that f,,f € F, n = 1,2,..., and that lim, o d1(fn, f) = 0.

Then,
zdf
i)’ = [ 0= DO G
dg§

- / (= DX =16

= [ e P IR 'QH‘Z/ RAOT O g

Now, since f,, f € F, we have that

[ e ig = [ 1m0 g =m.
i 17 =2( ] 1e '2|5| /% )

e it
— 2 Re( /f ))|§|)

We want to show that the last term above goes to 0 as n — co. Let € > 0, and
choose § = §(¢) > 0 such that fl§|<5 |£(6)]2 % < €2. Choose ng = no(d,€) € N such

Thus,

Tel
that, for n > ng, we have

di(f, fn)? /If (€)* de < 5.

Then, we have

dg§ dg
it $) <2 15OUFO — i@l i+ [ 5@ ~ £ )

2(/5<5 |€| /'f f)¢ '2|§|

2 B , dEN1/2
2 f1sorg) ([ o - norg)

Ve

< 2e + 1 +2 —_—
A oy ¥ 1l e )+ 21 e i, 75

IN

=6+/In(4)e.

Thus, lim,, oo do(fn, f) = 0, and part 1 is established.
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Part 2. We show that d and dy are equivalent metrics in F'. As in part 1, it
suffices to show that, if f,,f € F for n = 1,2,... and lim,, oo do(fn, f) = 0,
then lim, o d1(fn, f) = 0. Indeed, this implies that I : (F,d2) — (F,d) is a

homeomorphism, and therefore, that the metrics dy and d are equivalent on F.
Let € > 0 and choose M = M(e) > 0 such that || F(6))? dé < €. Choose

|§|>M
ng = no(e, M) such that

da(f, fu)? /|f £ |2|§| <

for n > ng. Then, for any such n, we have

d(f fu)? = / (F = fu) (€)? de

_ 2 2 g0 . ING)
—/le(ﬁ)l d£+/R|fn(£)l ¢ 2/R§R O T @) de

—oRe| /}R 1O T~ I @ de,

where in the last equality we have used that, for f, f, € F,

[1r@pde= [ 15 de =2n
R R

Now, separating the last integral into |{] < M and || > M and using Cauchy-
Schwarz’s inequality in each new integral, we obtain

2B ([ - i)

[3
+ 2€(||f||L2(JR,d5) + an||L2(JR,d5)>
< 6V 2me.

This concludes part 2.

Part 3. To conclude the proof of the theorem, we show that (F,d) is complete.
Suppose that (fn)22, C F is a d- Cauchy sequence. Then, by completeness of

the Hilbert spaces L?(R,d¢) and L?(R,, |§|), there is a function f € L?(R,d¢) N

dg
L?(R., [£]) such that lim,— oo d(fn, f) = 0. We shall show that f € F. Indeed, let
us first verify that f satisfies equation (1.7); that is, 74(£) = 1, a.e.
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Given ¢ € Z, we have

| (S iste+2mipyetede = [ e persae

T keZ

= i [ [fu(O)" ag

(2.5) n=00
= lim (Z | fn (€ + 2km)[*) €8 dg
n—oo —r kEZ
2271'507@.

Here, the pass to the limit in the second equality can be justified by using Cauchy-
Schwarz’s inequality. Indeed, for ¢ € Z,

/(If(é”)lQ—Ifn(£)|2)6i55d£</ F O = 1@ (F )] + [ fa(E)]) de
R

<([ 17 = 2R )} ([ (O] +11(0)ae)
R R
<di(fn, f) (I fllL2®,ae) + I frllL2r,ae)) — 0

as n — oo. Clearly, (2.5) implies that Y, o, [f(£ 4+ 2k7)|? = 1 a.e., and (1.7) holds
for f.
Similarly, we prove that (1.5) holds by finding the “Fourier coefficients” of

. dg
5r(&) = Zg‘ez |£(27€)]? in L?([1,2], £). To be more precise, let A¢(&) := §¢(2%) =
Zjez |f(2918) |2, if € € R. Clearly, Ay is 1-periodic.
To prove 07(£) = 1, a.e. on RT, it is enough to see that, for ¢ € Z,

1 .
(2.6) / Af(€)e*™ e de = 64.

0

Indeed, by changing variables 7 = 2¢, we have

1A 2mil ge _ 25 (n) 2mitind dﬂ

d
_ 2; 2 2mil i 1
Z/ IAZn) (In2)n

JEL "
-
-z [ irep e
_ /0 FQ)P e2mifind (lr:lg)f
= lim. OOO |fn ()7 €2if55 (hfl—g)g

1
= lim [ Ay (£)e*™ " d¢

n—oo 0

= 50,@)
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where the second to last equality is justified by repeating the first four steps in
reverse, and the equality which allows us to pass to the limit above can be justified
using Cauchy-Schwarz in the same way as before. This establishes (2.6).

In a similar way, one can show that d7(¢) = 1 holds for (a.e.) £ < 0 by replacing
f, fn with f, fn, where f(&) = f(—€). This would establish (1.5), which together
with (1.7) implies that f € F and F is d-complete. O

3. APPENDIX

We claimed in section 2 that the only wavelets with positive Fourier transform are
those in W;. Indeed, suppose v is a wavelet such that 1[) > 0. Then, for every fixed
¢ € R, such that 1[)(5) # 0, the equations in (1.8) imply that 1[)(275) =0,V >1
Then, if ¢)(€) < 1, there must be a jo < 0 such that ¢(270¢) # 0 (by (1.5)) but,
again, the equations in (1.8) would imply that 1[)(270”“5) =0, Yk > 1, which is a
contradiction. Thus, 1/3(5) =1 and 1[) is the characteristic function of a set.

Finally, we give a particularly interesting example of a function 1& e F\W.
More precisely, we construct a non-negative Q/AJ € F so that there is no real-valued
function « : R — R that makes e"%ZAJ into the Fourier transform of a wavelet. In a
sense, this example shows the independence of (1.5) and (1.7), from the equations
in (1.6), at least when the measure of the support of 1[) is large enough.

i

1 1
T 7r2r 3w 4m bm 6w 7w
4

iy

DIAGRAM 2.

Example 3. Define 1@ as follows (see Diagram 2):

2=, if £ € (—m, ZFE]U (7, T U (27, 37) U (6m, 7],

R V2’
w(f) =451 if §€ (%aQW]a
0, elsewhere.

It is easy to check that 1) satisfies (1.5) and (1.7). However, (e/*1))" can never be
a wavelet because

1 3
t1() = 5 @@€2 20, if g e (m, ).
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