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CONTINUED FRACTIONS
WITH BOUNDED PARTIAL QUOTIENTS

PIERRE STAMBUL

(Communicated by David E. Rohrlich)

Abstract. This paper gives the exact bound of the continued fraction ex-
pansion of aθ+b

cθ+d
when θ has bounded partial quotients and h : x 7→ ax+b

cx+d
is a

Möbius transformation where all entries are integers.

1. Introduction

The article deals with the following problem: given a real number θ, it follows
from the results of Raney [Ra] that if a, b, c, d are integers with ad − bc 6= 0, then
aθ+b
cθ+d has bounded partial quotients if θ does (see also [Ha] and [Sh1]).

In [La-Sh], the following result is obtained: let θ be a real number with continued
fraction expansion θ = [a0; a1, a2, . . . ] and M = ( a bc d ) a matrix with integer entries
and nonzero determinant. Put D = | det(M)| and aθ+b

cθ+d = [a∗0; a∗1, a
∗
2, . . . ]. If θ

has bounded partial quotients with aj ≤ K for all sufficiently large j, then a∗j ≤
D(K + 2) for all sufficiently large j. The proof uses the homogeneous Diophantine
approximation constant L∞(θ) = lim supq→∞(q‖qθ‖)−1 (see also [Cu-Me]).

In this paper, the exact bound is given. Put yK = [K, 1] = K+
√
K2+4K
2 . Then

a∗j ≤ D − 1 + [DyK ](1)

for all sufficiently large j. For instance, when D = 1000 and K = 2, the bound
is 3731 instead of 4000 given in [La-Sh], and in the well-known case of the multi-
plication by 2, the bound is 2K + 2 instead of 2K + 4. The proof uses a former
result [St1] and transducers described in [Li-St] for computing the continued frac-
tion expansion of aθ+b

cθ+d . This expansion is given by a word where all letters are
nonnegative integers which is transformed into a word where all letters are positive
integers except perhaps the first one.

In Section 2, the transducer is described in detail. In Section 3, we prove that the
bound is optimal and is attained when θ = [1,K] = K+

√
K2+4K
2K and M = ( D 0

D−1 1 ).
Inequality (1) is a consequence of three lemmas: the first one gives arithmetical
properties of the transducer and the other lemmas provide information when (0) is
in the output of the transducer.
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tion, quadratic number, transducer.
The author thanks P. Liardet who pointed out this problem.

c©2000 American Mathematical Society

981



982 PIERRE STAMBUL

2. Image by a Möbius transformation

We recall basic definitions and facts given in [Li-St]: Let M2,N be the set of
all matrices M = ( a bc d ) (a, b, c, d ∈ N) such that ad − bc 6= 0. M is said to be
in D2 when a ≥ c and b ≥ d, in D′2 when a ≤ c and b ≤ d and in E2 when
(a− c)(b− d) < 0. {D2,D′2, E2} is a partition ofM2,N. Every matrix of E2 verifies
max(a, b, c, d) ≤ | detM | = D. For all matrices M ∈ D2 ∪D′2, there exists a unique
factorization

M =
(
c0 1
1 0

)(
c1 1
1 0

)
· · ·
(
cn 1
1 0

)
M ′(F )

such that c0 ∈ N, c1, . . . , cn ∈ N\{0} and M ′ ∈ E2. This factorization will be
denoted by M = Πc0c1···cnM

′. Moreover, if n ≥ 1, then pn−1
qn−1

= [c0; c1, . . . , cn−1] is
a common convergent of ac and b

d . Now all computations for the continued fraction
expansion of aθ+b

cθ+d can be reduced to the case where M = ( a bc d ) ∈ E2 and θ > 1.
Put θ = [a0; a1, a2, . . . ] and D = | det(M)|. The continued fraction expansion of
aθ+b
cθ+d is given by the finite state transducer TD = (C,B,A,Φ,Ψ) where:

− The input alphabet is C = N\{0}.
− The space of states B is the finite set of all matrices B ∈ E2 such that
| det(B)| = D and the initial state is B0 = M .

− The output alphabet is A = N and the monoid generated by A is denoted by
A∗.

− Φ = {φc : c ∈ C} and Ψ = {ψc : c ∈ C} are two families of maps (φc : B → B
and ψc : B → A∗) defined as follows: for all B in B and for all c in C, if
B( c 1

1 0 ) = B′ ∈ E2, then φc(B) = B′ and ψc(B) = ∧ (the empty word).
Otherwise, by (F ), B( c 1

1 0 ) = Πc0c1···cnB
′; then φc(B) = B′ and ψc(B) =

c0c1 · · · cn.
Now, with any input word a0a1 · · · ak ∈ Ck+1, we associate a sequence of states

B1 = φa0(M) and Bi+1 = φai(Bi), i = 1, . . . , k, and we define

[Ψ,Φ]a0a1···ak = ψa0(M)ψa1(B1) · · ·ψak(Bk)

which is a word in A∗. Moreover (00) is never a factor of this word.
Finally, let µ be the contraction map which transforms a word in A∗ into a word

where all letters are positive integers (except perhaps the first one), replacing from
left to right factors a(0)b by the letter a+ b. If

µ ◦ [Ψ,Φ]a0a1···an = c0c1 · · · ck,
then aθ+b

cθ+d = [c0; c1, . . . , ck−1, . . . ] and the partial quotient following ck−1 is ≥ ck.

3. Real numbers with bounded partial quotients

In Lemma 1, we prove that the bound given in (1) can be attained.

Lemma 1. Let K be a positive integer and xK the quadratic number defined by
xK = [1,K] = K+

√
K2+4K
2K . Put M = ( D 0

D−1 1 ) and let h be the Möbius transforma-
tion associated with M . Then

h(x) = [1;D − 1 + [DyK ], . . . ].

Proof. By applying the transducer TD, φ1(M) = ( 0 1
D 0 ) and ψ1(M) = 1(D − 1).

Let (pnqn ) be the convergents of yK = [K, 1] = K+
√
K2+4K
2 . Then [(K 1

1 0 )( 1 1
1 0 )]n =
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( p2n−1 p2n−2
q2n−1 q2n−2 ) for all integers n ≥ 1. When n tends to infinity D p2n−1

q2n−1
and D p2n−2

q2n−2

have the same limit DyK . Hence, there exists an integer n such that

φ1(M)
(
p2n−1 p2n−2

q2n−1 q2n−2

)
=
(

0 1
1 0

)(
[DyK ] 1

1 0

)
N, N ∈ D2.

Finally µ ◦ [Ψ,Φ]1Kn = 1(D − 1 + [DyK ]) · · · .
Our main result is the following:

Theorem. Let θ = [a0; a1, a2, . . . ] be a positive real number such that aj ≤ K
for all integers j, and M = ( a bc d ) a matrix in E2 such that | det(M)| = D. Then
aθ+b
cθ+d = [a∗0; a∗1, a∗2, . . . ] has bounded partial quotients and a∗j ≤ D − 1 + [DyK ] for
all integers j.

The proof requires three technical lemmas. Lemma 2 gives more information
about the transducer.

Lemma 2. Let k be a positive integer and M = ( α β
γ δ ) a matrix in E2. Let [M ] =

[c0; c1, . . . , cr, 1] be the continued fraction expansion of δ−β
α−γ which contains at least

two partial quotients and whose last partial quotient is 1. Then
(i) If k > c0 and α > γ, the first letter of ψk(M) is ≥ 1.
(ii) If k > c0 and α < γ, the first letter of ψk(M) is 0.
(iii) If k = c0, ψk(M) = ∧ and [φk(M)] = [c1; . . . , cr, 1].
(iv) If k < c0, ψk(M) = ∧ and [φk(M)] = [0; c0 − k, c1, . . . , cr, 1].

Proof. Suppose k > c0 and α > γ. MΠk = ( αk+β α
γk+δ γ ). Since c0 < δ−β

α−γ ≤ c0 +1 ≤ k,
then (αk + β) − (γk + δ) ≥ 0, MΠk ∈ D2 and (i) is verified. Similarly, MΠk ∈ D′2
when k > c0 and α < γ and (ii) is verified. Now if k ≤ c0, then k < δ−β

α−γ
and [(αk + β) − (γk + δ)](α − γ) < 0. Hence [MΠk] ∈ E2. Moreover [MΠk] is
the continued fraction expansion of α−γ

(δ−β)−k(α−γ) which is the image of [M ] by
the Möbius transformation associated with the matrix ( 0 1

1 −k ). Then we obtain
[MΠk] = [c1; . . . , cr, 1] when k = c0 and since(

0 1
1 −k

)(
c0 1
1 0

)
=
(

0 1
1 0

)(
c0 − k 1

1 0

)
, [MΠk] = [0; c0 − k, c1, . . . , cr, 1]

when k < c0.

The next lemmas give more information when we get (0) in the output of the
transducer.

Lemma 3. Let θ and M be defined as in the Theorem. Put [Ψ,Φ]a0a1···ar =
c0c1 · · · cp and µ ◦ [Ψ,Φ]a0a1···ar = c′0c

′
1 · · · c′n. Then ci ≤ DK (i = 1, 2, . . . , p),

c′0 ≤ [DyK ] and c′1 ≤ [DyK ] when c′0 = 0.

Proof. Put M = ( α β
γ δ ). If γ = 0, then δ > γ and by Lemma 2, ψa0(M) = ∧

or ψa0(M) = c0 with c0 = [αa0+β
δ ] ≤ DK. Similarly, M = ( 0 1

1 0 )( γ δ
0 β ) when

α = 0. Then ψa0(M) = ∧ or (0)c1 with c1 ≤ DK. Suppose now that αγ 6= 0 and
ψa0(M) 6= ∧. Then all letters of ψa0(M) are partial quotients of α

γ except perhaps
the last one. Hence, all these letters are ≤ D − 1. Finally, if this last letter is a
partial quotient of αa0+β

γa0+δ and is not a partial quotient of α
γ , it is clearly < K.

Now, it is obvious that a positive number θ with bounded partial quotients ≤ K
is such that 1

yK
≤ θ ≤ yK . Let h be the Möbius transformation associated with
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M . A simple computation leads to 1
DyK

≤ h(θ) ≤ DyK . Then c′0 ≤ [DyK ] and
c′1 ≤ [DyK ] when c′0 = 0.

Lemma 4. As in Lemma 3, put [Ψ,Φ]a0a1···ar = c0c1 · · · cp. Suppose that ab(0)c is
a factor of c0c1 · · · cp such that c ≥ D. Then b ≤ D − 1 and a 6= 0.

Proof. Suppose that b ≥ D. Then, there exists a matrix M = ( α
′ β′

γ′ δ′
) ∈ E2 and a

positive integer k ≤ K such that the last letter of ψk(M ′) is b. From the proof of
Lemma 3, either α′γ′ = 0, or b is a convergent of α′k+β′

γ′k+δ′ and is not a convergent of
α′

γ′ . In both cases M ′′ = φk(M ′) is a matrix of the form ( α
′′ 0
γ′′ δ′′ ). Hence α′′ 6= 0 and

for all words k1k2 · · ·kj in C∗, the first entry of M ′′Πk1k2···kj is 6= 0. Then, from
the proof of Lemma 3, the letters following b cannot be (0)c with c ≥ D. Therefore
b ≤ D − 1.

Suppose now that ψk(M ′) = (0)b. Then the first entry of M ′′ = φk(M ′) is
α′k + β′ 6= 0. As before, (0)b cannot be followed by (0)c with c ≥ D.

Now, we are ready to give the proof of the Theorem. Put [Ψ,Φ]a0a1···ar = c0c1· · · cp.
By Lemma 3, ci ≤ DK (i = 0, 1, . . . , p). Suppose that there exists a factor
k1(0)k2(0) · · · (0)ks in the word c0c1 · · · cp. If k2 ≥ D, then by Lemma 3 one has
k1 ≤ D − 1,

∑i=s
i=2 ki ≤ [DyK ] and

∑i=s
i=1 ki ≤ D − 1 + [DyK ]. Moreover, the letter

preceding k1 is 6= 0.
Suppose now that D ≤ k1 ≤ DK. From the proof of Lemma 4, there ex-

ists a matrix M ′′ = Bm ∈ E2 of the form ( α
′′ 0
γ′′ δ′′ ) such that (0)k2 · · · (0)ks · · · =

ψam(M ′′)ψam+1(Bm+1) · · ·ψar (Br). Let h′′ be the Möbius transformation associ-
ated with M ′′. For all numbers θ > 1 with partial quotients ≤ K, it is clear that
h′′(θ) ≥ xK

D with xK = [1,K]. Then
∑i=s

i=2 ki ≤ [ DxK ]. Note that DK + [ DxK ] =
[DyK ]. From Lemma 4, if ab(0)k1 is a factor of c0c1 · · · cp, then b ≤ D − 1 and
a 6= 0. Finally, all letters of µ ◦ [Ψ,Φ]a0a1···ar are ≤ D − 1 + [DyK ].

Now, we can give a generalization of the above Theorem.

Corollary. Let M = ( a bc d ) be a matrix with entries in Z such that | det(M)| =
D ≥ 1 and θ a real number with partial quotients aj ≤ K for all sufficiently large
j. Put aθ+b

cθ+d = [a∗0; a∗1, a
∗
2, . . . ]. Then a∗j ≤ D− 1 + [DyK ] for all sufficiently large j.

Proof. It is clear that there exist two integers i and k such that:
− [a∗k; a∗k+1, a

∗
k+2, . . . ] = a′θ′+b′

c′θ′+d′ .
− θ′ = [ai; ai+1, ai+2, . . . ] with aj ≤ K for all j ≥ i.
− M ′ = ( a

′ b′

c′ d′
) ∈ E2 and | det(M ′)| = D.

Put K ′ = max0≤j≤k−1 a
∗
j . Then, by the Theorem, a∗j ≤ max(K ′, D−1+ [DyK ])

for all integers j.
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Thèse de l’Université de Provence (1994).
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