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REPRESENTATION OF FEEDBACK OPERATORS
FOR PARABOLIC CONTROL PROBLEMS

BELINDA B. KING

(Communicated by John A. Burns)

Abstract. In this paper we present results on existence and regularity of
integral representations of feedback operators arising from parabolic control
problems. The existence of such representations is important for the design of
low order compensators and in the placement of sensors. This paper extends
earlier results of J. A. Burns and B. B. King to problems with N spatial
dimensions.

1. Introduction and motivation

In this paper we consider the problems of existence and smoothness of functional
gains for LQR feedback control systems governed by parabolic partial differential
equations. It is well known that under suitable stabilizability conditions, a solution
to this infinite dimensional LQR problem exists in the form of a bounded linear
feedback operator K. The corresponding optimal control is given in feedback form

u(t) = −Kx(t).

Here, K : X → U maps the state space X into the control space U where X is an
infinite dimensional Hilbert space and, often, U is the finite dimensional space Rm
for some m. In this case the Riesz Representation Theorem provides an explicit
representation of K which is useful in the design and location of sensors (see [5]). If
the control space U is also an infinite dimensional Hilbert space, then the problem
becomes much more difficult. However, provided that the algebraic Riccati equation
has sufficiently smooth solutions, the corresponding feedback gain operator will
have an explicit integral representation. The kernels of these integral operators are
called functional gains and play a fundamental role in designing practical control
laws (see [10, 14]).

This analysis is motivated by the need for specific representations for Riccati
operators that can be used in designing sensors and actuators and in developing
computational schemes for problems where the input and output operators are not
Hilbert-Schmidt. This situation occurs in many boundary control problems and
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in certain distributed control problems associated with optimal sensor/actuator
placement.

In [12], Lupi, Chun, and Turner considered a distributed parameter LQR prob-
lem for an Euler-Bernoulli beam model. Their approach is interesting in that they
make no prior assumptions regarding the form of the controls/actuators in an effort
to make decisions about where actuators and sensors are best placed. In this vein,
they assumed that the input operator was the identity. Miller and Van Schoor
[14] considered the problem of constructing kernels for integral representations of
feedback control laws obtained by solving LQR control problems for various beam
models. They used these kernels to shape and design area averaging polyvinylidene
fluoride sensors (a type of piezoelectric film). These sensors enable the real-time
implementation of full state feedback for the infinite dimensional system governed
by the Euler-Bernoulli beam equation (also, see [14]). However, as in [12], Miller
and Van Schoor assumed the existence of an integral representation for the feed-
back control law and then proceeded to “approximate” these kernels by using finite
element models. In both papers, fundamental mathematical questions concerning
the existence of integral representations and the smoothness of the corresponding
integral kernels are not considered. These issues are also important in the develop-
ment and analysis of rigorous numerical approximations. Moreover, the ability to
accurately compute these kernels is an essential component in the study of actua-
tor/sensor placement.

In earlier papers by Rosen [15, 16] it was shown that, under suitable assump-
tions on the system input, output and weighting operators, the Riccati operator
is Hilbert-Schmidt. This observation made it possible to develop an approxima-
tion theory in the space of Hilbert-Schmidt operators that can be used to analyze
the convergence of numerical approximations. De Santis, Germani and Jetto in
[7] consider general dynamical systems (not necessarily analytic semigroups), and
then require that certain system operators (input, weighting, etc.) be nuclear. The
problem we consider here lies between these two approaches, although it is more like
that of Rosen [15]. Our results herein apply to control problems with unbounded
input operators.

Except for obvious cases with bounded input operators and a finite number of
controllers, the problem of obtaining explicit representations of feedback laws is
more complex than one might first imagine. In the most general case, this problem
is equivalent to that which led Grothendieck to develop the theory of topologi-
cal tensor products and nuclear spaces which led to the famous Schwartz Kernel
Theorem. However, the fact that the operators of interest often arise as solutions
to Riccati equations can be exploited to yield desired results. The representation
problem for a one-dimensional parabolic problem with unbounded control operator
was first considered in [4] and [9]. Therein, it was shown that as long as the input
operator is bounded relative to the open loop dynamic operator, the solution to
the algebraic Riccati equation is Hilbert-Schmidt. This fact was then exploited to
show that the resulting feedback operator had an integral representation.

Here we consider a specific problem governed by the heat equation in RN and
allow rather general input operators. In particular, we do not require that the
input operator be Hilbert-Schmidt (or even bounded) and we allow for non-compact
weighting operators. We show that it is the specific structure of the parabolic
problem that provides the smoothness needed to prove the existence of functional
gains. Although the one-dimensional results are established in [4, 9], the extension
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of those results to more than one space dimension is not trivial and is the goal of
this note.

To provide a framework for analysis, the general control problem for a parabolic
partial differential equation can be written in abstract form as

ẋ(t) = Ax(t) +Bu(t), x(0) = x0(1.1)

where at time t, the state x(t) lies in a Hilbert space X (i.e., the state space). The
control input, u(t), lies in the input space U . A standard approach to computing a
control is the linear quadratic regulator (LQR) problem; the LQR problem consists
of finding a uopt which minimizes the cost functional

J(x, u) =
∫ ∞

0

[〈Qx(t), x(t)〉X + 〈Ru(t), u(t)〉U ] dt(1.2)

subject to satisfying the dynamics of (1.1). Under certain conditions on the opera-
tors A,B,Q,R and initial condition, x0 (see [3]), it follows that uopt exists and has
the form

uopt(t) = −Kx(t)(1.3)

where the feedback gain operator K : X → U is given by

K = R−1B∗Π(1.4)

and Π satisfies the algebraic Riccati equation (ARE) in X

〈Πx,Ay〉X + 〈Ax,Πy〉X − 〈R−1B∗Πx,B∗Πy〉U + 〈Qx, y〉X = 0,
(1.5)

for all x, y in D(A). Here Q = Q∗ ≥ 0, R = R∗ > 0 and equation (1.5) holds in the
weak sense (see [11]).

We limit our discussion to control systems satisfying the following hypothesis:
(H) The spaces X and U are separable Hilbert spaces and

(i) the linear operator A is the generator of a C0-semigroup S(t) on X and
there exist M > 0, ω > 0 such that ||S(t)|| ≤Me−ωt,

(ii) the operator Q : X → X is bounded, R = IU ,
(iii) the (possibly unbounded) linear operator B maps U into [D(A∗)]′. More-

over, there exists γ with 0 ≤ γ < 1, such that A−γB ∈ L(U,X).
In [7, 15, 16] it is assumed that Q and B are bounded linear operators. Rosen (in

[15]) assumes that A is strongly coercive, ΠBR−1B∗Π is Hilbert-Schmidt whenever
Π is Hilbert-Schmidt and that Q is Hilbert-Schmidt. On the other hand, De Santis,
Germani and Jetto (in [7]) make no additional assumptions on A, but require that
Q be nuclear and B be bounded from U to X . Hence, the assumption on Q in
[7] is stronger than the corresponding condition in [15]. The two problems are not
mutually exclusive and, as one might expect, there is no unified theory.

In this paper we consider problems with B unbounded and Q not Hilbert-
Schmidt. Unbounded B operators allow us to treat certain boundary control prob-
lems and problems involving piezoelectric actuators/sensors. Also, the case where
Q = B = IX (the identity on X) arises naturally in the solution of optimal sen-
sor/actuator location problems (see [4, 6, 10, 12]). In addition, note that for the
parabolic control problem above, A satisfies (H) and generates an analytic semi-
group, a fact which is important in the proof of our main result. This property and
the following theorem may be found in [11].
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Theorem 1. Assume that hypothesis (H) holds. If A generates an analytic semi-
group, then there exists a self-adjoint, bounded, non-negative definite linear operator
Π = Π∗ that solves the ARE (1.5). Moreover,

(a) For each ε > 0, the operator [A∗]1−εΠ belongs to L(X,X).
(b) If A is self-adjoint, normal or has a Riesz basis of eigenvectors, then ε can be

taken to be 0.
(c) The operator B∗Π belongs to L(X,U).

Observe that if A has a compact resolvent, then Π is compact. In general it is
not possible to conclude that Π has additional smoothing properties unless more is
known about the operators A,B, Q and R. Consider the following example:

Example 1. Let X = U = L2(0, 1) and set A = Q = R = IL2 . If B =
√

3I, then
Π = I is the unique positive-definite solution to the ARE (1.5). Hypothesis (H)
holds and A generates an analytic semigroup. However, Π is not compact.

2. Representation of linear operators with range in Hα(Ω)

In our treatment of the one-dimensional parabolic problem in [9], we made use
of a classical theorem due to Fullerton (see [8], Theorem 6). This theorem gives
representations of operators on L2[0, 1] with range in Cm. We now extend this
theorem to hold for operators on L2(Ω), Ω ∈ RN , with range in the Sobolev space
Hα(Ω), which, using the Sobolev embedding theorems (see [1]), are embedded in
C for α > N

2 .
We assume that Ω ⊂ RN is a bounded set having the strong local Lipschitz

property (see [1]). Maurin in [13] proved that if m and k are non-negative integers
with k > N

2 , then the Sobolev imbedding Hm+k(Ω)→ Hm(Ω) is Hilbert-Schmidt.
The extension to fractional order Sobolev spaces was given by Wloka in [19] as the
following result.

Proposition 1. If 0 ≤ α < β are real numbers, then the Sobolev imbeddings

Hβ+N
2 (Ω)→ Hα(Ω)

are Hilbert-Schmidt. In particular, the imbedding

Λβ : Hβ+N
2 (Ω)→ H0(Ω) = L2(Ω)

is Hilbert-Schmidt for all β > 0.

We apply Proposition 1 to obtain the representation theorem.

Theorem 2. If β > 0 and T : L2(Ω) → Hβ+N
2 (Ω) is a bounded linear operator,

then there exists a kernel k(·, ·) defined on Ω× Ω such that
(i) k(·, ·) ∈ L2(Ω× Ω),

(ii) [Tφ](ξ) =
∫

Ω

k(ξ, y)φ(y)dy,

(iii) ||T ||22 =
∫

Ω×Ω

|k(ξ, y)|2dξdy.

Proof. It follows from Proposition 1 that the Sobolev imbedding Λβ : Hβ+N
2 (Ω)→

L2(Ω) is Hilbert-Schmidt. Let T̂ = Λβ ◦ T be the operator T as an operator from
L2(Ω) to L2(Ω). Since T̂ is the composition of a bounded operator with a Hilbert-
Schmidt operator, T̂ is also Hilbert-Schmidt.
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It now follows from Theorem VI.23 in [17] that there is a k(·, ·) ∈ L2(Ω × Ω)
such that for all φ ∈ L2(Ω)

[Tφ](ξ) = [T̂ φ](ξ) =
∫

Ω

k(ξ, y)φ(y)dy.

Moreover, it is clear that

||T ||22 = ||T̂ ||22 =
∫

Ω×Ω

|k(ξ, y)|2dξdy

and this completes the proof.

3. Control of parabolic systems

Here we assume that N = 1, 2 or 3 and that Ω ⊆ RN is a smooth bounded set
with boundary Γ. Let X = L2(Ω) and define the operator A on the domain

D(A) = H2(Ω) ∩H1
0 (Ω),(3.1)

by

Ax = ∆ξx+ c2x =
N∑
i=1

∂2x

∂ξ2
i

+ c2x.(3.2)

The controlled heat equation can be written as

ẋ(t) = Ax(t) +Bu(t)(3.3)

where B is assumed to satisfy condition (H)-(iii). The constant c2 is selected such
that 0 ∈ ρ(A).

We note that this framework includes certain boundary and point control prob-
lems of Dirichlet type (see [3, 11]). It is shown in [11] that A is self-adjoint and
generates an analytic semigroup on L2(Ω).

Let Q = IL2(Ω) and R = IU be the identity operators on X and U respectively.
The extension to more general operators is straightforward. We observe that Q is
not compact and hence the results in [7, 15] do not apply. The LQR problem is to
minimize

J(u) =
∫ ∞

0

[∫
Ω

|x(t, ξ)|2dξ + |u(t)|2U
]
dt(3.4)

over all controls u ∈ L2([0,∞];U).
Since hypothesis (H) holds and A is a self-adjoint generator of an analytic semi-

group on L2(Ω), Theorem 1 applies with ε = 0. Moreover, one has the following
result.

Theorem 3. If Π = Π∗ is the unique non-negative solution of the (ARE), (1.5), for
the parabolic control problem (3.1)-(3.4), then Π is Hilbert-Schmidt. In particular,
there exists a kernel function k(·, ·) such that

(a) k(·, ·) ∈ L2(Ω× Ω),
(b) k(ξ, y) = k(y, ξ) for ξ, y ∈ Ω,

(c)
∫

Ω×Ω

φ(ξ)k(ξ, y)φ(y)dξdy for all φ ∈ L(Ω),

(d) [Πφ](ξ) =
∫

Ω

k(ξ, y)φ(y)dy for all φ ∈ L2(Ω).
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Proof. By Theorem 1, it follows that AΠ ∈ L(L2(Ω), L2(Ω)). Let W = D(A) with
norm ||φ||W = ||Aφ||L2(Ω). Since A is positive, W is norm equivalent to H2(Ω) so
there exists a constant c1 such that for each φ ∈ D(A) = W

||φ||H2(Ω) ≤ c1||φ||W = c1||Aφ||L2(Ω)

(see [18], p. 53). Since AΠ is bounded on L2(Ω), there is a constant c2 such that
if φ ∈ L2(Ω), then Πφ ∈ D(A) ⊆ H2(Ω) and

||A(Πφ)||L2(Ω) ≤ c2||φ||L2(Ω).

It follows that if φ ∈ L2(Ω), then Πφ ∈ H2(Ω) and

||Πφ||H2(Ω) ≤ c1||A(Πφ)||L2(Ω) ≤ c1c2||φ||L2(Ω).

Therefore, the operator Π : L2(Ω)→ H2(Ω) is bounded.
Let β = (2− N

2 ) > 0. Theorem 2 yields the existence of a kernel k(·, ·) satisfying
(a) and (d). Moreover, since Π = Π∗ it follows that k(ξ, y) = k(y, ξ) and (b) holds.
Condition (c) is a direct consequence of the inequality

〈φ,Πφ〉 ≥ 0,

which holds because Π is non-negative.
In order to obtain an integral representation of the feedback operator k = B∗Π,

additional assumptions are needed on B.

Corollary 1. Assume that A is defined by (3.1)-(3.2), and Q and R are the identity
operators on L2(Ω) and U , respectively. If B : U → L2(Ω) is bounded, then k =
−B∗Π is Hilbert-Schmidt. In particular, if U = L2(Ω′), then there exists a kernel
h(·, ·) ∈ L2(Ω′ × Ω) such that for φ ∈ L2(Ω)

[kφ](ξ) =
∫

Ω

h(ξ, y)φ(y)dy.(3.5)

Proof. This result follows from the observation that B∗ ◦Π is Hilbert-Schmidt and
results regarding representation of Hilbert-Schmidt operators from L2(Ω) to L2(Ω′)
(see [2], Theorem 2, p. 277).

Observe that this is similar to the results in [15]; however, it is not required that
we assume anything about the operator Q. In certain cases one can obtain explicit
representations for unbounded B operators. In the one-dimensional case, the kernel
k(·, ·) in the representation for Π for the heat equation belongs to C1([a, b]× [a, b]).
Thus, the kernel is smooth and symmetric (see [4, 9]).

Example 2. Let Ω = [a, b] and let ∂m be the maximal differential operator defined
by D(∂m) = H1(a, b) and [∂mφ](ξ) = − d

dξφ(ξ). The adjoint operator, ∂∗m, is the
minimal operator ∂∗m = ∂0 defined on the domain H1

0 (a, b) by [∂0φ](ξ) = d
dξφ(ξ).

The extension of ∂m from L2(a, b) to H−1(a, b) ⊆ (D(∂m))′ is the input operator
B and hypothesis (H) holds. Moreover, since

[Πφ](ξ) =
∫ b

a

k(ξ, y)φ(y)dy

where k(·, ·) ∈ C1([a, b]× [a, b]), it follows that the feedback operator K = B∗Π has
the representation

[B∗Πφ](ξ) =
∫ b

a

∂

∂ξ
k(ξ, y)φ(y)dy.
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Clearly, if B = [−A]γ with γ ≤ 1
2 , then one has a similar representation

[B∗Πφ](ξ) =
∫ b

a

h(ξ, y)φ(y)dy(3.6)

with h(ξ, y) ∈ L2([a, b] × [a, b]). The numerical results in [4, 9] suggest a much
stronger result. Namely, that (3.6) holds for B = [−A]γ with γ < 1. We leave this
as a conjecture.

4. Conclusions

In this paper, we have extended results for existence and regularity of integral
representations of Ricatti operators to N -dimensional parabolic problems. We ob-
tained the desired results by making use of the analytic semigroup arising from the
openloop dynamics of the problem, rather than restricting allowable types of input
operators as in previous work [15, 16]. Results of this type for one-dimensional
hyperbolic control problems were given in [5]. For that problem, these types of
results are more intricate, highly dependent on the type of damping, and are not
yet complete. Moreover, they do not easily extend to results for problems in higher
spatial dimensions as do the results presented here. This problem will be addressed
in a future paper.
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