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ABSTRACT. We generalize Efimov’s Theorem for graphs in Euclidean space
using the scalar curvature, with an additional hypothesis on the second fun-
damental form.

1. INTRODUCTION

The celebrated Efimov’s Theorem says that there is no complete surface with
negative Gaussian curvature K bounded away from zero in the Euclidean 3-space
R3. This theorem has been drawing the attention of many mathematicians over
the years. A generalization for higher dimensions is still being pursued and there
are several possible choices of objects that can be used to replace K (cf., for in-
stance, [SX] and the references therein). Here, we choose the scalar curvature as
a substitute for K and we generalize Efimov’s Theorem for graphs in R™*!, under
an additional hypothesis on the second fundamental form of the graph. Let |A|
denote the norm of the second fundamental form. We prove:

Theorem 1.1. There is no complete graph in R™ ™ with | A| bounded and negative
scalar curvature bounded away from zero.

We remark that the conclusion of the theorem may not hold if the hypersurface
is not a graph. Indeed, there is an example due to T.Okayasu [O] of an O(2) x
O(2)-invariant complete hypersurface of constant negative scalar curvature in R*.
Clearly, this example is not a graph.

On the other hand, we do not know whether the theorem holds without the
boundedness of | A].

We prove Theorem [Tl not only for the scalar curvature but also for all r-mean
curvatures (see definitions in the preliminaries). We will actually prove a stronger
version of it, namely

Theorem 1.2. There is no complete graph in R with | P.| bounded and negative
r + 1-mean curvature H,11 bounded away from zero, r + 1 even.

Here, P, is the rtt Newton Tensor defined in Section 2. If |A| is bounded, then
| P.| is also bounded. So we could change the hypothesis that | P.| is bounded by
boundedness of |A|. In the case r = 1 these hypotheses are, in fact, equivalent.
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The proof of this theorem depends essentially on the fact, well known for the
mean curvature, that the r-mean curvature of a graph is a divergence (see the Main
Lemma [31]).

In this context we could quote a result due to S.S.Chern (corollary of Theorem
(4) of [Che]) that asserts the following.

Theorem. There is no complete graph in R* 1 satisfying

(i) Hy < —k, k = constant > 0;

(ii) (PrAv,v) < —in(n— Dk[v|?, for allv € R™
Here, Hy is the scalar curvature of the graph and Py is the first Newton Tensor of
the graph.

2. PRELIMINARIES

Let  : M™ — M™*! be an isometric immersion of an orientable connected
Riemannian n-manifold into an oriented Riemannian n + 1-manifold, and let A, :
TyM — T,M be the linear operator associated to the second fundamental form
of z. Denote by ki, ko, ..., k, its eigenvalues, namely the principal curvatures of x.
We consider the elementary symmetric functions of k1, ks, ..., ky,:

SO = 17
Sp= > ik, (1<r<n),
11 <. <4y
S, =0 (r>n)
and define the r-mean curvature H, of x by

Sr = (:}) H..
The study of the r-mean curvatures is related to the study of the classical Newton
transformations P, defined inductively by
Py=1,
P.=S5.1—-AP,_;.

Each P, is a self-adjoint operator that has the same eigenvectors of A.

Let ey, ea, ..., €, be orthonormal eigenvectors of A corresponding, respectively, to
the eigenvalues k1, k2, ..., k. We denote by A; the restriction of the transformation
A to the subspace normal to e;, and by S,.(4;) the r-symmetric function associated
to A;. The proof of the following lemma can be found in [BC], Lemma (2.1).

Lemma 2.1. For each 1 <r <n —1, we have
(i) Pr(ei) = Sr(Ai)e; for each 1 < i <mn.
(ii) trace(AP.) =>"" | kiSr(A;) = (r 4+ 1)Sp41.

3. THE MAIN LEMMA

Let (M™, g) be a connected orientable Riemannian n-manifold with Riemannian
metric g, and let f: M — R be a differentiable function. We denote the graph of
f by T'y, namely, I'y = {(p, f(p));p € M}, and consider its natural embedding in
M x R, that is, (M) =Ty, where x is given by

r: M — MxR
(1)

p — (p,f(p))
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In M x R, we consider the product metric to be denoted by h. We consider in
M the pull-back metric denoted by z*h. Accordingly we write (M, g) or (M, z*h)
depending on which metric we are considering. We denote by V the connection of
(M x R, h) and by V1, respectively Vs, the connection of (M, g), respectively the
connection of R. We use V¢, V1¢ or V¢ to indicate the gradient of a function ¢
in the corresponding metric.

We can see I'y as the inverse image of the regular value 0 for the differentiable

function
F:-MxR — R

(pa Z) L f(p) - %
that is, ['y = F~1(0). In this way, we can choose the unit vector field normal to Ty
to be
N=YE
IVE|

Let us fix p € M and let {e;}}_; be an orthonormal frame of (M, g) in a neighbor-
hood U of p. Then, {(e1,0),...,(en,0),(0,1)} is an orthonormal frame of M x R
in the neighborhood U x R. We write E; = (e;,0), i = 1,....,n, and E,11 = (0,1).
Clearly,

VF = (V1f,0) = Ent1

and, if we set w = |VF| = /1 + |V1f|?, we can write

(2) N:E:(V_lﬁo)_%
w w w

All entities associated to a given isometric immersion (e.g. 4, P,, S,, H,) will refer,
in this section, to the immersion = given in (Il) with the chosen orientation N.

Main Lemma 3.1. If any of the following conditions
(i) =1 and Ric(p,g) = 0;
(i) r is arbitrary and (M, g) is flat

holds, then
—(r+1)Sr41 = div, (P,« (%)) ,

where divy is the divergence operator in the metric g.
Proof. First of all we recall that
(r+1)Sp41 = trace(AP,)

(cf. Lemma 2.T]).

Let {e;}?_; be as above. Then
dx(e;) = E; + df (e;) Enq1.

We notice that if 7 : M x R — M denotes the projection of M x R into M,
then z~1 = 7r|pf. By the definition of A we have

Ale;) = da ' (=Vap(enN) = dz™ ' (=Vg,N — df (¢;)VE, ., N),
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but

Ve N =V (L 0) - 9, (Bt

= LS B BB =0
Therefore,
Ale)) = —de (Vg N) = —dz~ (Vg (2,0) + Vi, ($ Enir))

= —de (Vi (5),0) + Ei(£) Ens)

= —de N (Vi (L), Ei(L))

= —dn(Vi, (L), Ei(L))

= —Vi, (%
Thus
3) Aly) = _vly(%lf), for all y € T(M).

Hence, we have

(T + 1)ST+1 = tT'aC@(APT) = _trace(y s Prvly(v,l:f))7

where we used that P, and A commute (both have the same eigenvectors).
Proceeding with the proof of Lemma 3.1, we now claim that

trace(y — PrV1,(2D)) = trace(y — w1, (P2 ).

Lemma 3.2. If any of the following conditions
(i) =1 and Ric(p,g) = 0;
(i) r is arbitrary and (M, g) is flat

holds, then

4) trace(y — P.V1,(v)) = trace(y — V1,(P-(v))), for all v e T(M).

Proof of Lemmal3.2l First, we notice that using the definition of the curvature R
of M and (3]) we can see that

vlf)

)

Suppose that (i) holds. Let us fix p € M and let {v;}}"_; be an orthonormal frame
in a neighborhood of p such that {v;}?_; is geodesic at p, that is, V,,v,(p) = 0 for
i,7 € {1,...,n}. It suffices to prove the lemma for v =v;, 1 < j < n.

Since trace(y — P1Vyv;)(p) = Z (vs, PV, v5) (p) = 0, we have to show that

(2

(6) trace(y — Vi,Piv;)(p) = 0.
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But

NE

trace(y — Vi, Piv;)(p) = (vi, Vi, (S10; — Avj))

1

-
Il

n

(vs, v;(S1)vy) E (vi, Viy, Avj)

1 i=1
n

= Uj(Sl) _Z<Ui;v1vjAvi>

i=1

+ Z<U“ (vj,v5) ij>

= ’U](Sl) —trace(y — Vi,,(A)y)

Il

(2

+ Riciar,g) (vy, VTlf)
= v;(81) —trace(y — Vi,,(A)y),
where in the third equality we used (@). Now, we claim that
(7) v;(Sy) = trace(y — Pr—1V1,, (A)y).

We will prove (IZ) by making the computations in a basis {u;}" , that diagonalizes
A. In such a basis, we have

A = diagonal(ka, ..., ky)
and
P._1 = diagonal(S,—1(A1), ..., Sr—1(4n))
(see Lemma [ZT]). Then, we have for e € T'(M),

n

trace(y — Pr—1Vi(A)y) = Z (wi, Pr—1V1o(A)ui)
i=1
= ) Se1(A) (ui, Vi (Au;) — AVyus)

i=1
n

= ZST_l(Ai)e(ki) = Grze(ki) = e(S,),

thus proving (@).
Now, suppose that (ii) holds. Then equation (&) becomes

(8) vlyAZ - vley = A[ya Z]v

that is, the tensor A is a “Codazzi tensor” in the metric g. Similarly to (i) and
with the same notation, we have to prove that

(9) trace(y — Vi,Pv;)(p) =0

and this we do by induction.
Since P, = S,.I — P,_1 A, equation () holds provided that

(10) trace(y — Vi, Pr—1Av;)(p) = trace(y — V1,(S-v;))(p).
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Assuming that () holds for » — 1 and using (@) and (8) we obtain

n n n

Z<’U¢,V1WPT71A’UJ'> = Z<Uivpr71v1v,;Avj> = Z<vi7Pr71v1UjAvi>
i=1 i=1 i=1

= trace(y — P 1V, (A)y) = v;(Sr)

= trace(y — Vi,(Srv;))(p),

which concludes the proof of Lemma 3.2. |

Thus the claim is proved and by the definition of divg, so is the Main Lemma.
For the case of graphs in R™, the above lemma was proved by R. Reilly in [Re].

Remark 3.3. The proof of Lemma was inspired by the proof of equation (4.2)
of [Rol, stating that

trace(u — P,V,v) = trace(u — V, Pv) for all v e T(M),

when the ambient space has constant sectional curvature and V is the connection
of the induced metric.

4. PROOF OF THEOREM AND FURTHER RESULTS

Following [Chal p.95] we define

Definition 4.1. Let D C (M, g) be a domain. The Cheeger constant H(D) of D
is given by

14(0D
H(D) = inf 2a0D),
D woly(D)
where D C D is a domain, voly(D) is the volume of D in the metric g and voly(9D)
is the volume of 9D in the metric induced by g in dD.

Suppose that M is complete and noncompact. Let p € M and denote by B,(R) C
M the geodesic ball of center p and radius R. We say that the volume of M has
polynomial growth if there exist positive numbers «, Ry and a such that

V (Bp(R)) < aR®, for any R > Ry,

where V( .) is the volume of the enclosed set.
The next proposition is well known and since we could not find a suitable refer-
ence we give a sketch of the proof here for completeness.

Proposition 4.2. Suppose that (M, g) is complete and that its volume has polyno-
mial growth. Then

H(M) = 0.

Proof. First, we observe that since the volume of (M, g) has polynomial growth,
A2 (M) = 0 (see [CY], Proposition (9)]). Theorem (3) of [Chal says that
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for any compact domain D C M, where A2 (D) is the first eigenvalue of the Lapla-
cian for D in the Dirichlet problem. This implies that
2
_ (M)
- 4
and then we conclude that H(M) = 0. O

AT (M)

Proposition 4.3. Suppose that M is flat, that the r + 1-mean curvature of the
graph T'y satisfies Hr1 < —k, k = constant > 0, and that |P;| is bounded. Then
we have

(r+1) (,31) k < sup | P [H(M).
M

Proof. The Main Lemma Bl says that
\Y%
—(r+1)S,41 = div, (PT (Tlf» .

By integrating this equation and by using Stokes Theorem we have, for a domain
DcCcM,

1) (Tf;l)/HmdM _ —(r—f—l)/ Sr+1dM:/divg(PrV;Jf)dM
D D D

= /aD <Prvqu,1/> ds.

Here, v is the unit exterior vector field, normal to D and ds is the element of
volume of dD. Now, we use the hypotheses to obtain

(1) () keolyD) < [ (RS v)ds <suplp] [ |5 s
oD M oD
< sup|Pr|voly(OD).
M
O

Theorem 4.4. Suppose that (M,g) is flat and compact. Then there is no graph
Ty over M (with orientation given by N ) with Hy11 < —k, k = constant > 0.

Proof. By the definition of the Cheeger constant, we can see that H(M) = 0 when
M is compact. Also, the compactness of M implies that | P, | is bounded. Suppose
that there is such a graph. Then, by Proposition [.3] we arrive at a contradiction.

([l

Remark 4.5. Definition [£1] is not the usual definition of the Cheeger constant for
compact manifolds (without boundary). The idea of using the Cheeger constant in
the present context was borrowed from [Sa].

Theorem 4.6. Suppose that (M, g) is flat and complete. Then there is no graph
Ty over M (with orientation given by N ) with |P.| bounded and with H,41 < —k,
k = constant > 0.

Proof. Since M is flat, its volume has polynomial growth. By Proposition E2]
H(M) = 0. Suppose that there is such a graph. Then, by Proposition[d3 we arrive
at a contradiction. O



1450 MARIA FERNANDA ELBERT

Theorem 1.2. There is no complete graph in R"*1 with | P,.| bounded and negative
r + 1-mean curvature H,11 bounded away from zero, r + 1 even.

Proof. We just take M = R" in Theorem [£.6] O

In Proposition 23] and in Theorems[£4] and FL6, we used condition (ii) of Lemma
Bl We can also use (i) of the same lemma to obtain the following results.

Proposition 4.7. Suppose that Ricyy = 0, that the scalar curvature of the graph
T'; satisfies Hy < —k, k = constant > 0, and that |A| is bounded. Then

2(2) k < sup [PA[H(M).

Theorem 4.8. Suppose that Ricyr = 0 and that (M, g) is compact. Then there is
no graph I'y over M with Hy < —k, k = constant > 0.

Theorem 4.9. Suppose that Ricys = 0, that (M, g) is complete and that its volume
has polynomial growth. Then there is no graph I'y with |A| bounded and with
Hy; < —k, k = constant > 0.
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