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(Communicated by Ronald M. Solomon)

Abstract. The pure symmetric automorphism group of the free group on n
generators, PΣn, consists of those automorphisms which take each generator
to a conjugate of itself. We describe the Bieri-Neumann-Strebel invariant of
PΣn, which determines, among other things, which subgroups containing the
commutator are finitely generated.

Introduction

Let Fn be the group freely generated by the set Xn = {x1, . . . , xn}. The pure
symmetric automorphisms of Fn are those automorphisms α such that α(xi) is
conjugate to xi, for i = 1, . . . , n [3]. They form the group PΣn, a subgroup of
Aut(Fn) which can also be described as the group of motions of n unknotted,
unlinked circles in R3 [5]. McCool found a finite presentation for PΣn [8], whose
generators are the automorphisms αij (for i 6= j), where αij(xi) = x−1

j xixj and
αij(xk) = xk if k 6= i. The defining relations come in three types:

1. [αij , αkl] = 1 where i, j, k, l are distinct,
2. [αij , αkj ] = 1 where i, j, k are distinct,
3. [αijαkj , αik] = 1 where i, j, k are distinct.

Normal forms for these basis-conjugating automorphism groups were recently pre-
sented by Gutiérrez and Krstić [6].

In this paper, we use group actions on R-trees to determine the Bieri-Neumann-
Strebel invariant of PΣn. The BNS-invariant of a finitely generated group G tells,
among other things, which subgroups of G with abelian quotient are finitely gen-
erated. Its introduction in a 1987 issue of Inventiones [1] was accompanied by an
alternative characterization by Brown [2] using group actions on R-trees. Mein-
ert used this R-tree approach to compute the Bieri-Neumann-Strebel invariants of
graph products of groups [9].

Group actions on R-trees

and the Bieri-Neumann-Strebel invariant

For detailed background information about group actions on R-trees, consult
[4]. See [7] for additional material relating the actions to BNS-invariants. Suppose
that G is a finitely generated group which acts by isometries on an R-tree, T , with
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metric d. Then the length function l : G→ R+ is defined by l(g) = infx∈T d(x, gx).
For every element g, this length is achieved on the characteristic subtree of g,
Cg = {x ∈ T | d(x, gx) = l(g)}. If l(g) = 0, then g is elliptic and Cg is its fixed
set. If l(g) > 0, then g is hyperbolic and Cg is its axis, isometric to R, upon which
it acts by translation. Two basic observations about characteristic subtrees will be
extremely useful:

Fact A. If g, h commute, and h is hyperbolic, then Cg ⊇ Ch.

Fact B. If g, h commute, then Cgh ⊇ Cg ∩ Ch.

Assume further that the action of G on T is non-trivial and abelian; that is, l
is zero on [G,G], but not on the whole group G. A non-trivial abelian action must
fix an end e, so there exists a ray R such that Cg ∩ R is unbounded for all g ∈ G.
We can associate a homomorphism χ : G→ R to the action, defined as follows:

χ(g) =

{
l(g) if Cg ∩R ⊆ g(Cg ∩R),
−l(g) if g(Cg ∩R) ⊆ Cg ∩R.

In other words, χ(g) is positive if g translates its axis away from e, negative if
it translates toward e. If the action fixes two ends, then it has an invariant line
which every element either translates or fixes pointwise. Such an action has two
associated homomorphisms: χ and −χ. If the action fixes only one end, then it has
no invariant line and only one associated homomorphism; such an action is called
exceptional.

If two G-actions on R-trees differ only by metric dilation, then their associated
homomorphisms are positive scalar multiples of one another. We will consider any
two such homomorphisms equivalent. The resulting equivalence classes comprise
the character sphere S(G); thus when we discuss a character χ : G→ R, we will be
referring to an equivalence class in Hom(G,R)\{0}. We can now use Brown’s char-
acterization to describe the Bieri-Neumann-Strebel invariant Σ(G) (often denoted
by Σ1(G)):

Definition. A character χ in S(G) is in the Bieri-Neumann-Strebel invariant Σ(G)
if and only if there is no exceptional abelian action associated to χ.

It is worth noting that the action of Aut(G) on S(G) given by χ 7→ χ ◦ φ leaves
Σ(G) invariant. Thus, we can use a subgroup of Aut(PΣn) to simplify our analysis
of Σ(PΣn). Every permutation σ of {1, . . . , n} induces an automorphism of PΣn
defined by αij 7→ ασ(i)σ(j). Denote by P the subgroup of Aut(PΣn) consisting of
these permutation-induced automorphisms. Then the action of P on S(PΣn) will
leave Σ(PΣn) invariant, allowing us to permute the generators’ indices on occasion.

Theorem. The complement of Σ(PΣn) in S(PΣn) consists of the following:
(1) for each pair of integers {i, j} such that 1 ≤ i < j ≤ n, those characters which

map to 0 all generators except possibly αij and αji, and
(2) for each triple of integers {i, j, k} such that 1 ≤ i < j < k ≤ n, those

characters χ such that

χ(αji) = −χ(αki),

χ(αij) = −χ(αkj),

χ(αik) = −χ(αjk),

and χ maps all other generators to 0.
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For example, S(PΣ4) is an 11-sphere; Σ(PΣ4) is S(PΣ4) minus six dimension-1
subspheres coming from (1), and four dimension-2 subspheres coming from (2).

Corollary. Σ(PΣn) is dense in S(PΣn) for n ≥ 3.

Proof of the Theorem

It will be convenient for us to think of the generators {αij} of PΣn as entries in
an n×n matrix, M . The diagonal entries are thus undefined (since αii is undefined
for i = 1, . . . , n), but we use the matrix only for organizational purposes. If PΣn
acts on an R-tree, then the hyperbolic generators in any column of M must share
an axis, by Fact A. Lemmas 1 and 2 show that if PΣn has an exceptional abelian
action on an R-tree, and if two hyperbolic generators share a column of M , then
the two generators translate their common axis by the same distance, in opposite
directions.

Lemma 1. Let χ be a character associated to an abelian action of PΣn on an
R-tree. Suppose χ(α21) 6= 0 and χ(α31) 6= 0, and let A be the common axis of α21

and α31. Then Cαij ⊇ A if i ≥ 4 or j ≥ 4.

Proof. We use Facts A and B to show the containment.
If i ≥ 4, then αij commutes with α21 or α31, so Cαij ⊇ A.
If j ≥ 4 and i 6= 1, then αij commutes with α21 or α31, so Cαij ⊇ A.
If j ≥ 4 and i = 1, then consider the product α2jαij = α2jα1j . Since it commutes

with α21, Cα2jαij ⊇ A. We know by the case above that Cα2j ⊇ A, so Cαij ⊇
Cα2j ∩ Cα2jαij ⊇ A.

Lemma 2. Let χ ∈ Σ(PΣn)c. Suppose i, j, k are distinct such that χ(αij) 6= 0
and χ(αkj) 6= 0. Then χ(αij) = −χ(αkj).

Proof. We assume that χ(αij) 6= −χ(αkj), and show that χ ∈ Σ(PΣn), contra-
dicting our hypothesis. By permutation of indices, we may assume without loss of
generality that i = 2, j = 1, k = 3.

Consider an abelian action associated to χ; we must show that it is not excep-
tional. We know that α21 and α31 are hyperbolic, and since χ(α21) 6= −χ(α31),
α21α31 must be hyperbolic as well. Therefore the three commuting elements must
share an axis; call it A.

By Lemma 1, Cαij ⊇ A if i ≥ 4 or j ≥ 4. Further, we can use Facts A and B
to show that for all i, j ∈ {1, 2, 3}, Cαij ⊇ A. Since α23 and α32 commute with
α21α31, Cα23 ⊇ A and Cα32 ⊇ A. Since α23α13 and α32α12 commute with α21 and
α31, respectively, Cα23α13 ⊇ A and Cα32α12 ⊇ A. Thus, Cα13 ⊇ Cα23 ∩Cα23α13 ⊇ A
and Cα12 ⊇ Cα32 ∩ Cα32α12 ⊇ A.

Now we have shown that A is invariant under the group action, so the action is
not exceptional. Hence, χ ∈ Σ(PΣn).

Corollary. If χ ∈ Σ(PΣn)c, then each column of M contains at most two genera-
tors with non-zero χ-values.

Through the next lemma, we limit even further the number of generators with
non-zero χ-values, if χ ∈ Σ(PΣn)c.

Lemma 3. Let χ ∈ Σ(PΣn)c. If i, j, k, and l are distinct, then χ(αij) = 0 or
χ(αkl) = 0.
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Proof. Assume the contrary, letting i, j, k, l be distinct such that χ(αij) 6= 0 and
χ(αkl) 6= 0. Again, we consider an abelian action associated to χ, and show that
it is not exceptional, thereby contradicting our hypothesis that χ 6∈ Σ(PΣn). Since
αij and αkl are hyperbolic and commute with each other, they share an axis; call
it A.

Every generator which commutes with αij or αkl has a characteristic subtree
which contains A. The only generators remaining have one index in common with
each, but share the second index with neither: αik, αjk, αki, αli.

Since αikαjk commutes with αij , and αkiαli commutes with αkl, we know that
Cαikαjk ⊇ A and Cαkiαli ⊇ A. Hence, we get two equivalences from Fact B:

Cαik ⊇ A ⇐⇒ Cαjk ⊇ A,
Cαki ⊇ A ⇐⇒ Cαli ⊇ A.

We now consider the products αijαkj and αilαkl.
If either is hyperbolic, then it has axis A because it commutes with αij or αkl.

In this case, Cαik ⊇ A and Cαki ⊇ A, by Fact A.
If both are elliptic, then χ(αkj) = −χ(αij) 6= 0 and χ(αil) = −χ(αkl) 6= 0, so by

the Corollary to Lemma 2, χ(αlj) = 0 and χ(αjl) = 0. In this case, χ(αijαlj) 6= 0
and χ(αklαjl) 6= 0, so both αijαlj and αklαjl are hyperbolic with axis A. Hence,
by Fact A, Cαli ⊇ A and Cαjk ⊇ A.

In either case, the characteristic subtrees of αik, αjk, αki, and αli contain A.
ThereforeA is invariant under the group action, so the action is not exceptional.

Now we can prove that the characters in Σ(PΣn)c are exactly those of types (1)
and (2), described in the statement of the Theorem.

Proof (⊆). Let χ : PΣn → R be a character in Σ(PΣn)c. We will show that χ
must be of type (1) or (2). The subsets of each type are invariant under the action
of P on S(PΣn), so we may permute the indices of generators. Since χ /∈ Σ(PΣn),
we consider an exceptional abelian action of PΣn on an R-tree, associated to χ.

Case 1. Each column of M contains at most one hyperbolic generator.

Permute indices, if necessary, so that χ(α21) 6= 0. Let A be the axis of α21.
We begin by showing that A is contained in the characteristic subtrees of all the
generators except α12.

For all i, j ≥ 3, αij commutes with α21, so Cαij ⊇ A. For the same reason,
Cαi1 ⊇ A and Cα21αi1 ⊇ A for all i ≥ 3. Further, since χ(αi1) = 0, α21αi1 is
hyperbolic. This product commutes with α2i and αi2, so Cα2i ⊇ A and Cαi2 ⊇ A,
for all i ≥ 3.

The only generators remaining are those of the form α1i. If i ≥ 3, then α2iα1i

commutes with α21, so Cα2iα1i ⊇ A. We have shown that Cα2i ⊇ A, so it follows
from Fact B that Cα1i ⊇ A, as well. Our action is exceptional; therefore our only
remaining generator, α12, must not leave A invariant. Thus Cα12 6⊇ A.

We are now in a position to show that χ kills all generators, except α21 and
possibly α12. We know that χ(αi1) = 0, for all i ≥ 3. By Fact A, we also know
that χ(αi2) = 0 for all i ≥ 3; otherwise αi2 would be hyperbolic with axis A, so
Cα12 ⊇ A, which is impossible. Further, by Lemma 3, χ(αij) = 0 for all i, j ≥ 3.
The only remaining generators are of the forms α1j (j ≥ 2) and α2j (j ≥ 3). If
χ(α1j) 6= 0 or χ(α2j) 6= 0 for some j ≥ 3, then α1jα2j is hyperbolic with axis A, so
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we arrive at a contradiction: Cα12 ⊇ A. Hence, χ(α1j) = 0 and χ(α2j) = 0, for all
j ≥ 3.

We have shown that χ(αij) = 0 if i ≥ 3 or j ≥ 3, so our character χ is of type
(1).

Case 2. There exists a column of M containing two hyperbolic generators.

Permuting the indices if necessary, we may assume that χ(α21) 6= 0 and χ(α31) 6=
0. Let A be the common axis of α21 and α31. By Lemma 1, Cαij ⊇ A if i ≥ 4 or
j ≥ 4. The only remaining generators are α12, α32, α13, and α23.

The products α12α32 and α13α23 commute with α31 and α21, respectively. Hence
Cα12α32 ⊇ A and Cα13α23 ⊇ A, resulting in two equivalences from Fact B:

Cα12 ⊇ A ⇐⇒ Cα32 ⊇ A,
Cα13 ⊇ A ⇐⇒ Cα23 ⊇ A.

Further, each of the products α12α32 and α13α23 commutes with three of the four
generators α12, α32, α13, α23. Therefore if either of the products is hyperbolic,
then all four characteristic subtrees must contain A, so A is invariant under the
group action. This is impossible because the action is exceptional, so both of the
products must be elliptic. Thus, χ(α12) = −χ(α32) and χ(α13) = −χ(α23).

By Lemma 3, χ(αij) = 0 if i, j ∈ {1̂, 2̂, 3, . . . , n} or if i, j ∈ {1̂, 2, 3̂, 4, . . . , n}. By
Lemma 2 and its corollary, χ(α21) = −χ(α31) and χ(αi1) = 0 for all i ≥ 4.

If χ(α1j) 6= 0, for some j ≥ 4, then both α1jα2j and α1jα3j are hyperbolic.
In this case both have axis A, so Cα12 and Cα13 contain A, as well. Hence, A
is contained in all of the generators’ characteristic subtrees, which contradicts the
action’s exceptionality. For all j ≥ 4, then, χ(α1j) = 0.

Now we have shown that χ(αij) = 0 if i ≥ 4 or j ≥ 4, and that the following
equations hold:

χ(α21) = −χ(α31),

χ(α12) = −χ(α32),

χ(α13) = −χ(α23).

Thus, χ is of type (2).
From these cases we conclude that every character in Σ(PΣn)c is of type (1) or

(2).

Proof (⊇). Let χ : PΣn → R be a character of type (1) or (2). We must show
that χ 6∈ Σ(PΣn). If χ factors through a free group, then it must correspond to an
exceptional action on an R-tree inherited from that free group; the group has such
an action because its Bieri-Neumann-Strebel invariant is empty.

Case 1. There exist i, j such that χ kills all generators except possibly αij and αji.

If i, j are such, then consider the homomorphism f : PΣn→→F (a, b) given by:
αij 7→ a, αji 7→ b, and αkl 7→ 1 if {k, l} 6= {i, j}. Checking McCool’s presentation
of PΣn, we see that f is well-defined. Further, χ factors through F (a, b) via f .

Case 2. There exist i, j, k such that χ(αji) = −χ(αki), χ(αij) = −χ(αkj),
χ(αik) = −χ(αjk), and χ kills all other generators.
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If i, j, k are such, then consider the homomorphism f : PΣn→→F (a, b, c) given
by:

αji 7→ a αki 7→ ā

αij 7→ b αkj 7→ b̄

αik 7→ c αjk 7→ c̄

with all other generators sent to 1. Again we determine that f is well-defined and
that χ factors through F (a, b, c) via f .

In either case, χ corresponds to an exceptional abelian action of PΣn on an
R-tree. Hence, χ 6∈ Σ(PΣn).
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