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A PERTURBED ERGODIC THEOREM

RADU-NICOLAE GOLOGAN

(Communicated by David R. Larson)

ABSTRACT. Using a version of an ergodic lemma due to Cuculescu and Foias,
we prove a pointwise ergodic theorem for L!-contractions which can be viewed
as a perturbed version of the celebrated ergodic theorem of Chacon and Orn-
stein. Surprisingly, to some extent, the complex part of the iterates involved
have no effect on the ergodic convergence.

We shall recall some notations and results from [2] and [3]. Let L' = L*(X, X, i)
be the usual complex L! space over a o-finite measure space (X, X, u). By T we
shall denote a contraction acting in L'. T is called positive if the cone of positive
functions, denoted by Li_, is T- invariant. For T an arbitrary contraction, we shall
denote by |T'| the linear modulus of T', that is, the positive contraction satisfying
|Tf| < |T|f for every f € L% (see [A]). A sequence of positive measurable functions
(pn)nen will be called T-adapted if for every f € L' the inequalities |f| < p, for
all n € N imply |Tf| < pny1 for every n € N.

Let T* denote the adjoint of T" acting on L*°. For T a positive contraction and
A a measurable set, the equillibrium potential of T, denoted by e, is by definition
the L>°-positive minimal function that satisfies T*es < e4 and e4 > x4, where x4
is the characteristic function of A (see [3]). Rf will stand for the real part of the
function f and f* (resp. f~) for the positive part (resp. the negative part) of Rf.

An easy consequence of the Maximal Ergodic Lemma of Cuculescu and Foias
([A]) is the following result (see [4]):

Maximal Ergodic Lemma. Suppose that T is a positive contraction in L',
(gn)nen a sequence of real L' functions and A a measurable set such that:

n
AcC{z| sungi(m) > 0, for everyk > 0}.
nzk; g,

Then:
/[906,4 +> (g — Tgiz1) Teal dp > /[Z(gi —Tgi—1) ea]dp.
i=1 1=1

The proof of the following result is essentially based on the preceding lemma.
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Theorem. Suppose that T is an arbitrary contraction in L', (pp)nen a T-adapted
sequence and (qn)nen a sequence of positive L'-functions that satisfy:

/Z —Tqi—1) d,u<oo.

Then:

I Go+q1+-+aqn
1m
n—=oopot+p1L+ o+ Pn

exists and is finite pi-a.e. on the set {x|> >, pi(x) > 0}.

Proof. A simple known trick easily reduces the proof to the case when (py,)nen is
a sequence of L functions such that pn41 > |T|pn, for n € N (see [3]), so that in
what follows we shall assume the latter condition fulfilled.

Observe also that (¢; — T'qi— 1)+ = (¢ — %Tqi,l)Jr > (¢ — |T|qi,1)+, for every
1 > 1, the latter being a consequence of the inequality RT'q;—1 < |T'q;i—1| < |T|gi—1-
Thus it will be sufficient to give the proof in the case that T is a positive contraction.

It is also easily seen that in order to prove the convergence of the given ergodic
ratio on the set {z| > 2 p; > 0} it will be suficient to prove it on the set Ey =
{z|po > 0}.

For the reason of simplicity the following notation will be used:

_Qotqa A+t an
Po+tpLt

where, as it was precised, T is a positive contraction, (p,)nen satisfies Tp,, < ppi1
and we shall concentrate on the set Ejy.

We shall first prove that lim sup,,_,., 7 is finite a.e. on the set Ey where pg > 0.
For if not, there will be a measurable set A C Ey, u(A) > 0 such that for all & > 0
the following will hold for any k € N:

Denoting by ¢g; = ¢; — ap;, the Maximal Ergodic Lemma will imply:

/[906A+Z( —Tgi—1)Tealdu > /Z —Tgi—1) eadp.
i=1

As (gz — Tgi—1)+ = [qz' - qu'_l - Oé(pi - Tpi—l)]+ < (qi — Tqi—1)+ by the condition
imposed in the hypothesis, both integrals are finite. Observing that go = qo — apg
and making « tend to co, we obtain [espodu = 0. As eq > xa and A C Ey, the
last equality simply implies u(A) = 0.

The proof that the limit exists goes now in a standard way. It will be sufficient
to show that for any a,b € RT, say a > b , the set A C Ey where

liminfr, <a <b < limsupr,

n—o0o N— 00

is a null set.
The last inequalities have as consequences that for any k € N one has:

supz (api — 0

n>k



A PERTURBED ERGODIC THEOREM 1379

and
sup Z( gi — bp;) > 0.

Denote by g; = ap; — ¢; and h; = ¢; — bp; for any i > 0. By the Maximal Ergodic
Lemma:

/hOeA—i—Zh —Thi_1)"ea du>/2h —Thi_1) " eadp,
i=1

/[906A+Z( —Tgi-1)"ea dﬂ>/z —Tgi—1) eadp.
i=1

As (hi —Th;—1)* < (g — T'q;—1)", both integrals in the first inequality are finite.
Thus:

(1) /(O_bp0€A+Z —Thi_1)eadu >0,

the integral being finite. As p; > Tp;—1 and h; — Thi—1 = (¢; — Tqi—1)" —
(¢ — Tqi—1)~ — b(p; — Tpi—1) we infer that the functions:

o0

> (g —Tqi1) ea

i=1

and

> (pi = Tpi1)ea

i=1

are integrable, implying that > - (¢; — T'g;—1)ea is integrable. As a consequence
the integrals in the second maximal inequality are finite and one can write:

(2) /(apo —qo)ea+ Z(gi —Tgi—1)eadp >0

i=1

where the left quantity is finite. Adding the relations ({l) and () we infer:

(a—b/poeA—l—Z —Tpi—1)ea]du > 0.

Asa—b< 0and p;,—Tp;—1 > 0, we must have eq4 = 0 p-a.e. on Ey and aseq > x4,
we obtain u(A) = 0. O

Example. Consider a measure theoretical dynamical system on X, given by a
measure preserving map ¢ : X — X. The classical ergodic theorem of Birkhoff
asserts that for any measurable set A C X the frequency that an orbit (¢"x),en
enters A exists p-a.e. and is p(A) iff ¢ is ergodic.

Suppose now that at each stage we perturb A, say to A,, such that

> (An\ Any) < 0.
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Our result asserts that in this case the frequency of the relation ¢z € A,, exists
also a.e. For, considering p; = 1,q; = X4-14,, and T the isometry induced by ¢, we
have that

/(qi —Tqi )" dp= /(XAi —Xa_) T dp = p(Ai\ Aiq).

Remarks. It will be interesting to identify the limit in the theorem in terms of some
measures defined using the sequences (pn)nen, (gn)nen in analogy with that in [4].

At this time we were not able to find similar conditions that imply the a.e.-
convergence if (¢, )nen is a sequence of complex functions.
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