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ON THE DIVERGENCE OF THE (C, 1) MEANS
OF DOUBLE WALSH-FOURIER SERIES

G. GÁT

(Communicated by Christopher D. Sogge)

Abstract. In 1992, Móricz, Schipp and Wade proved the a.e. convergence of
the double (C, 1) means of the Walsh-Fourier series σnf → f (min(n1, n2)→
∞, n = (n1, n2) ∈ N2) for functions in Llog+L(I2) (I2 is the unit square). This
paper aims to demonstrate the sharpness of this result. Namely, we prove that
for all measurable function δ : [0,+∞) → [0,+∞), limt→∞ δ(t) = 0 we have
a function f such as f ∈ Llog+Lδ(L) and σnf does not converge to f a.e. (in
the Pringsheim sense).

Introduction

This paper is devoted to the problem of a.e. divergence of the (C, 1) means of
integrable functions with respect to the two-dimensional Walsh-Paley system. The
problem of a.e. Cesàro summability is “quite delicate” in any local field setting
(Taibleson, [6, p.114]). The dyadic case is no exception (see Fine [1], [2]). For
double Walsh-Fourier series, Móricz, Schipp and Wade proved [4] that σ(n1,n2)f
converges to f a.e. in the Pringsheim sense (that is, no restriction on the indices
n1, n2 other than min(n1, n2) → ∞) for all function f in Llog+L. Since for the
compact set I2 (the unit square) the space Llog+L is a proper subset of L1(I2), then
it is interesting to ask whether this theorem holds for L1(I2) functions also? We give
a negative answer. More precisely, we prove that the theorem of Móricz, Schipp and
Wade cannot be sharpened. Namely, let δ : [0,+∞) → [0,+∞) be a measurable
function with property limt→∞ δ(t) = 0. We prove the existence of a function
f ∈ L1(I2) such as f ∈ Llog+Lδ(L) (i.e., |f(x)| log+(|f(x)|)δ(|f(x)|) ∈ L1(I2)) and
σ(n1,n2)f does not converge to f a.e. as min(n2, n2)→∞.

Let P denote the set of positive integers, N := P ∪ {0}, and I := [0, 1). For any
set E let E2 be the cartesian product E ×E. Thus N2 is the set of integral lattice
points in the first quadrant and I2 is the unit square. Let E1 = E and fix j = 1
or 2. Denote the j -dimensional Lebesgue measure (µ) of any set E ⊂ Ij by µ(E).
Denote the Lp(Ij) norm of any function f by ‖f‖p (1 ≤ p ≤ ∞).

Denote the dyadic expansion of n ∈ N and x ∈ I by n =
∑∞

j=0 nj2
j and

x =
∑∞

j=0 xj2
−j−1 (in the case of x = k

2m k,m ∈ N choose the expansion which
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terminates in zeros). ni, xi are the i-th coordinates of n, x, respectively. Set
ei := 1/2i+1 ∈ I, the i th coordinate of ei is 1 , the rest are zeros (i ∈ N). Define
the dyadic addition + as

x+ y =
∞∑
j=0

(xj + yj mod 2)2−j−1.

The sets In(x) := {y ∈ I : y0 = x0, ..., yn−1 = xn−1} for x ∈ I , In := In(0) for n ∈
P and I0(x) := I are the dyadic intervals of I. Denote I := {In(x) : x ∈ I, n ∈ N};
the elements of I are called the dyadic intervals on I. Denote by An the σ algebra
generated by the sets In(x) (x ∈ I) and En the conditional expectation operator
with respect to An (n ∈ N) (f ∈ L1). For t = (t1, t2) ∈ I2, b = (b1, b2) ∈ N2 set the
two-dimensional dyadic interval

I2
b (t) := Ib1(t1)× Ib2 (t2).

If b ∈ N, then I2
b (t) := Ib(t1)×Ib(t2). For n = (n1, n2) ∈ N2 denote by En = E(n1,n2)

the two-dimensional expectation operator with respect to An = A(n1,n2) = An1 ×
An2 . For n ∈ N denote |n| := max(j ∈ N : nj 6= 0), that is, 2|n| ≤ n < 2|n|+1. The
Rademacher functions are defined as:

rn(x) := (−1)xn (x ∈ I, n ∈ N).

The Walsh-Paley system is defined as the set of Walsh-Paley functions:

ωn(x) :=
∞∏
k=0

(rk(x))nk = (−1)
∑|n|
k=0 nkxk (x ∈ I, n ∈ N).

That is, ω := (ωn, n ∈ N). Let us consider the Dirichlet and Fejér kernel functions:

Dn :=
n−1∑
k=0

ωk, Kn :=
1
n

n∑
k=1

Dk, D0,K0 := 0.

The Fourier coefficients, the n-th partial sum of the Fourier series, the n-th (C, 1)
mean of f ∈ L1(I):

f̂(n) :=
∫
I

f(x)ωn(x)dµ(x) (n ∈ N),

Snf(y) :=
n−1∑
k=0

f̂(k)ωk(y) =
∫
I

f(x+ y)Dn(x)dµ(x) (n ∈ P, S0f = 0),

σn(y) :=
1
n

n∑
k=1

Sk(y) =
∫
I

f(x+ y)Kn(x)dµ(x) (n ∈ P, σ0f = 0, y ∈ I).

Define the two-dimensional Dirichlet and Fejér kernel functions as

Dn(x) :=
∑

0≤j1<n1,0≤j2<n2

ωj1(x1)ωj2(x2) = Dn1(x1)Dn2(x2),

Kn(x) :=
1

n1n2

∑
1≤j1≤n1,1≤j2≤n2

Dn(x) = Kn1(x1)Kn2(x2),
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where x = (x1, x2) ∈ I2, n = (n1, n2) ∈ P2 (for n1n2 = 0 set Dn = Kn = 0). Also
define the Fourier coefficients, the n ∈ N2-th partial sum of the Fourier series, the
n ∈ N2-th (C, 1) mean of f ∈ L1(I2):

f̂((n1, n2)) :=
∫
I2
f(x1, x2)ωn1(x1)ωn2(x2)dµ(x1, x2) (n ∈ N2),

S(n1,n2)f(y) :=
∑

k1<n1,k2<n2

f̂((k1, k2))ωk1(y1)ωk2(y2)

=
∫
I2
f(x+ y)Dn(x)dµ(x)

(n ∈ P2, Snf = 0 for n1n2 = 0),

σ(n1,n2)(y) :=
1

n1n2

∑
1≤k1≤n1,1≤k2≤n2

Sk(y) =
∫
I2
f(x+ y)Kn(x)dµ(x)

(n ∈ P2, σnf = 0 for n1n2 = 0, y ∈ I2).

The construction

Define a subset of the set of the two-dimensional intervalls I × I:

In,a(x) := {In+j(x1)× In+a−j(x2) : j = 0, 1, ..., a} (x ∈ I2, a, n ∈ N).

It is easy to have⋂
In,a(x) = In+a(x1)× In+a(x2), µ(

⋂
In,a(x)) = 2−2n−2a;

F ∈ In,a(x) implies µ(F ) = 2−2n−a. Next we prove

Lemma 1. µ(
⋃
In,a(x)) = (1 + a/2)2−2n−a.

Proof. Denote (for the sake of this proof, only)

µk := µ(
k⋃
j=0

(
In+j(x1)× In+a−j(x2)

)
)

for k = 0, 1, ..., a. Then, µ0 = 2−2n−a and for k > 0 we have

µk = µk−1 + µ(In+k(x1)× In+a−k(x2))

− µ(
k−1⋃
j=0

(
In+j(x1)× In+a−j(x2)

)
∩ (In+k(x1)× In+a−k(x2)))

= µk−1 +
1

22n+a
− µ(

k−1⋃
j=0

(
In+k(x1)× In+a−j(x2)

)
)

= µk−1 +
1

22n+a
− µ(In+k(x1)× In+a−k+1(x2))

= µk−1 +
1

22n+a
− 1

22n+a+1
= µk−1 +

1
22n+a+1

.
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This gives

µ(
⋃
In,a(x)) = µ(

a⋃
j=0

(
In+j(x1)× In+a−j(x2)

)
) = µa

= µ0 + a
1

22n+a+1
=

1
22n+a

+ a
1

22n+a+1
=

1 + a/2
22n+a

.

This completes the proof of Lemma 1.

For t ∈ I2, a, b, k ∈ N define the sets Jka,b(t), Ωka,b(t) recursively:

J0
a,b(t) := {t}, Ω0

a,b(t) :=
⋃
Ib,a(t).

Suppose that the sets Jja,b(t), Ωja,b(t) are defined for j < k. Then decompose

I2
b (t) \

k−1⋃
j=0

Ωja,b(t)

as the disjoint union of dyadic squares of the form I2
b+ka(x). Take from each dyadic

rectangle an element to represent. The set of x’s corresponding to these squares is
Jka,b(t). That is,

I2
b (t) \

k−1⋃
j=0

Ωja,b(t) =
⋃

x∈Jka,b(t)

I2
b+ka(x).

Then, set

Ωka,b(t) :=
⋃

x∈Jka,b(t)

⋃
Ib+ka,a(x).

This gives the a.e. equality I2
b (t) =

⋃∞
j=0 Ωja,b(t). By this we get

I2 =
⋃

t1i ,t
2
i∈{0,1}

i=0,1,...,b−1

∞⋃
j=0

Ωja,b(t),

where t = (t1, t2) = (t10e0 + ... + t1b−1eb−1, t
2
0e0 + ... + t2b−1eb−1) ∈ I2. Set for

a, b, d ∈ N (b ≥ 2) the functions (b◦ := [b/2]− 1 ([x] denotes the integer part of x))
fda,b : I2 → R as follows:

fda,b(x) :=


(−1)x

1
b◦+x2

b◦2a, if there exists t ∈ I2, k ≤ d, y ∈ Jka,b(t)
for which x ∈

⋂
Ib+ka,a(y),

0, otherwise .

Denoting by 1B the characteristic set of any set B ⊂ I2 we have

fda,b(x) = (−1)x
1
b◦+x2

b◦2a
∑

t1i ,t
2
i∈{0,1}

i=0,1,...,b−1

d∑
k=0

∑
y∈Jka,b(t)

1I2
b+k(a+1)(y)(x).

Lemma 2. For all a, b, d ∈ N we have
∫
I2 |fda,b| log+ |fda,b| ≤ 2.
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Proof. ∫
I2
|fda,b(x)| log+(|fda,b(x)|)dµ(x)

= 2a log(2a)
∑

t1i ,t
2
i∈{0,1}

i=0,1,...,b−1

d∑
k=0

∑
y∈Jka,b(t)

µ(1I2
b+k(a+1)(y)(x) = 1)

= 2a log(2a)
∑

t1i ,t
2
i∈{0,1}

i=0,1,...,b−1

d∑
k=0

∑
y∈Jka,b(t)

µ(
⋂
Ib+ka,a(y))

= 2a log(2a)
∑

t1i ,t
2
i∈{0,1}

i=0,1,...,b−1

d∑
k=0

∑
y∈Jka,b(t)

µ(
⋃
Ib+ka,a(y))

2a(1 + a/2)

≤ log(2a)
1 + a/2

µ(I2) ≤ 2.

By the definition of the functions fda,b we have that

fda,b(.+ eb◦ , .) = fda,b(., .+ eb◦) = −fda,b(., .).

It is known [5, p. 46] that for all n ∈ P, f ∈ L1(I)

σ2nf(x) = (2n + 1/2)
∫
In(x)

f +
n−1∑
j=0

2j−1

∫
In(x)

f(.+ ej),

by which we have for n = (n1, n2) ∈ P2, x = (x1, x2) ∈ I2, (I2
n(x) = In1(x1) ×

In2(x2)), f ∈ L1(I2)

σ(2n1 ,2n2)f(x) = (2n1 + 1/2)(2n2 + 1/2)
∫
I2
n(x)

f(.)

+ (2n1 + 1/2)
n2−1∑
j2=0

2j2−1

∫
I2
n(x)

f(., .+ ej2)

+ (2n2 + 1/2)
n1−1∑
j1=0

2j1−1

∫
I2
n(x)

f(.+ ej1 , .)

+
n2−1∑
j2=0

n1−1∑
j1=0

2j1+j2−2

∫
I2
n(x)

f(.+ ej1 , .+ ej2).(1)

Lemma 3. Let a, b, d ∈ P, a− b◦ < 0 (b◦ = [b/2]− 1), b ≥ 4,

x ∈
⋃

t1i ,t
2
i∈{0,1}

i=0,1,...,b−1

d⋃
k=0

Ωka,b(t);
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then there exists a unique k ≤ d for which

x ∈ Ib+ka+j(y1)× Ib+(k+1)a−j(y2),(2)

y ∈ Jka,b(t). Setting n := (b+ ka+ j, b + (k + 1)a− j) ∈ P2 we have

|σ(2n1 ,2n2)f
d
a,b(x)| ≥ 1

4
.(3)

Proof. (2) is a straightforward consequence of the definition of Ωka,b(t). Next, verify
(3). Define f̃da,b by fda,b = (−1)x

1
b◦+x2

b◦2af̃da,b. Then f̃da,b is either 0 or 1. Recall that

fda,b(x
1, x2 + ej2) = (−1)x

1
b◦+x2

b◦2af̃da,b(x
1, x2 + ej2),

fda,b(x
1 + ej1 , x

2) = (−1)x
1
b◦+x2

b◦2af̃da,b(x
1 + ej1 , x

2)

for j1, j2 6= eb◦ and

fda,b(.+ eb◦ , .) = fda,b(., .+ eb◦) = −fda,b(., .).

By (1) we have

σ(2n1 ,2n2)f
d
a,b(x) = 2a(−1)x

1
b◦+x2

b◦
(

(2n1 + 1/2)(2n2 + 1/2)
∫
I2
n(x)

f̃da,b(.)

+ (2n1 + 1/2)
n2−1∑

j2=0,j2 6=b◦
2j2−1

∫
I2
n(x)

f̃da,b(., .+ ej2)

+ (2n2 + 1/2)
n1−1∑

j1=0,j1 6=b◦
2j1−1

∫
I2
n(x)

f̃da,b(.+ ej1,.)

+
n2−1∑

j2=0,j2 6=b◦

n1−1∑
j1=0,j1 6=b◦

2j1+j2−2

∫
I2
n(x)

f̃da,b(.+ ej1 , .+ ej2)
)

− 2a(−1)x
1
b◦+x2

b◦
(

(2n1 + 1/2)(2b
◦−1)

∫
I2
n(x)

f̃da,b(.)

+ (2n2 + 1/2)(2b
◦−1)

∫
I2
n(x)

f̃da,b(.)
)

− 2a(−1)x
1
b◦+x2

b◦
( n2−1∑
j2=0,j2 6=b◦

2j2+b◦−2

∫
I2
n(x)

f̃da,b(., .+ ej2)

+
n1−1∑

j1=0,j1 6=b◦
2j1+b◦−2

∫
I2
n(x)

f̃da,b(.+ ej1 , .)
)

+ 2a(−1)x
1
b◦+x2

b◦
(

2b
◦+b◦−2

∫
I2
n(x)

f̃da,b(., .)
)
.
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From the above it follows that

|σ(2n1 ,2n2)f
d
a,b(x)|

≥ 2a+n1+n2

∫
I2
n(x)

f̃da,b(.)− 2a(2n1 + 1/2)(2b
◦−1)

∫
I2
n(x)

f̃da,b(.)

− 2a(2n2 + 1/2)(2b
◦−1)

∫
I2
n(x)

f̃da,b(.)− 2a
n2−1∑

j2=0,j2 6=b◦
2j2+b◦−2

∫
I2
n(x)

f̃da,b(., .+ ej2)

− 2a
n1−1∑

j1=0,j1 6=b◦
2j1+b◦−2

∫
I2
n(x)

f̃da,b(.+ ej1 , .)

≥ 2a
(

2n1+n2µ(Ib+(k+1)a(y1)× Ib+(k+1)a(y2))

− ((2n1 + 1/2)(2b
◦−1) + (2n2 + 1/2)(2b

◦−1))µ(Ib+(k+1)a(y1)× Ib+(k+1)a(y2))

− (
n2−1∑

j2=0,j2 6=b◦
2j2+b◦−2 +

n1−1∑
j1=0,j1 6=b◦

2j1+b◦−2)µ(I2
n(x))

)
≥ 2a

(
2b+ka+j+b+(k+1)a−j2−2b−2(k+1)a − 2b+(k+1)a+b◦+12−2b−2(k+1)a

− 2b
◦−22−2b−ka−(k+1)a

(n1−1∑
j1=0

2j1 +
n2−1∑
j2=0

2j2
))
≥ 1

2
.

Recall that a < b◦ = [b/2]− 1. This completes the proof of Lemma 3.

The construction of the function

Define the sequences (βn), (δn), (an), (bn), (dn) recursively in the following way:
(β0) = (δ0) = (a0) = (b0) = (d0) := 4. For n ∈ P

βn := 72 max(n,
n−1∑
k=0

βk2ak),

δn := [sup{t ∈ R : δ(t) >
1

2nβn
}] + 1 (if {t : δ(t) > 1/(2nβn)} = ∅, then let δn = 4),

an := max(2n+1, δn, log+(2βn)),

bn := max(bn−1 + (dn−1 + 1)an−1 + 2, 2an).

By construction it is easy to see that the union of the disjoint sets Ωka,b(t) (k ∈ N) is
equal (neglecting a set of measure zero) to I2

b (t); hence there exists a dn for which

1
22b

(
1− 1

2n

)
≤ µ(

⋃
k≤dn

Ωkan,bn(t)) ≤ 1
22b

.(4)

Set

Gan,bn,dn :=
⋃

t1i ,t
2
i∈{0,1}

i=0,1,...,bn−1

dn⋃
j=0

Ωjan,bn(t)

for all n ∈ N and G := lim inf Gan,bn,dn =
⋃
k∈N

⋂
n≥kGan,bn,dn . That is, x ∈ I2

is an element of G if and only if x is an element of all but a finite number of
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Gan,bn,dn ’s. By (4) we have 1 − 1
2n ≤ µ (Gan,bn,dn) ≤ 1, which easily gives that

µ(I2 \G) = 0.
Define the function f as f =

∑∞
n=0 βnfn :=

∑∞
n=0 βnf

dn
an,bn

. At first we prove

Lemma 4.
∫
I2 |f(x)| log+(|f(x)|)δ(|f(x)|)dµ(x) <∞.

Proof. Set

Hn := {x ∈ I2 : fn(x) 6= 0, fn+j(x) = 0 (j ∈ P)} (n ∈ N)

and H−1 := {x ∈ I2 : fj(x) = 0 (j ∈ P)}. The definiton of fda,b, (an) gives

µ(Hn)

≥ 1− µ(
⋃
k>n

{x ∈ I2 : fk(x) 6= 0}) ≥ 1−
∑
k>n

µ({x ∈ I2 : fk(x) 6= 0})

≥ 1−
∑
k>n

1
2ak(ak/2 + 1)

≥ 1−
∑
k>n

1
22k

.

It follows that
⋃∞
n=−1Hn = I2 (neglecting a set of measure zero). Corresponding

to this argument if x ∈ Hn (n ∈ N), then

|f(x)| ≤
n−1∑
k=0

βk2ak + βn2an

≤ βn + βn2an ≤ 2βn2an = |βn2fdnan,bn(x)|,

|f(x)| ≥ βn2an −
n−1∑
k=0

βk2ak

≥ βn2an − 1
2
βn ≥

1
2
βn2an

=
1
2
|βnfdnan,bn(x)|.

Moreover, for x ∈ Hn we have |f(x)| ≥ 1
2βn2an ≥ 2an > δn, which gives δ(|f(x)|) ≤

1
2nβn

. Consequently, by Lemma 2∫
Hn

|f(x)| log+(|f(x)|)δ(|f(x)|)dµ(x)

≤
∫
Hn

2|βnfdnan,bn(x)| log+(2|fdnan,bn(x)|) 1
2nβn

≤
∫
Hn

2|βnfdnan,bn(x)| log+(|fdnan,bn(x)|2)
1

2nβn

≤ 4
2n

∫
I2
|fdnan,bn(x)| log+(|fdnan,bn(x)|)dµ(x) ≤ 8

2n
.

Since for x ∈ H−1 we have f(x) = 0, then we get∫
I2
|f(x)| log+(|f(x)|)δ(|f(x)|)dµ(x)

≤
∑
n∈N

∫
Hn

|f(x)| log+(|f(x)|)δ(|f(x)|)dµ(x) ≤ 16.
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Now, we are ready to prove

Theorem. For all measurable function δ : [0,+∞) → [0,+∞), limt→∞ δ(t) = 0
we have a function f such that f ∈ Llog+Lδ(L) and lim supσ(2n1 ,2n2)f(x) = +∞
(min(n2, n2) → ∞), i.e. the two-dimensional (C, 1) means does not converge to f
a.e. (in the Pringsheim sense).

It is not possible to prove more (e.g. to prove that lim σ(2n1 ,2n2)f(x) = +∞
(min(n2, n2) → ∞)), whereas Móricz, Schipp and Wade proved [4] for functions in
L1(I2) the a.e. convergence σ(2n1 ,2n2)f → f as the indices n1, n2 → ∞ (|n1 − n2|
is bounded). The author in a different way proved [3] even more. Namely, for
functions in L1(I2) the a.e. convergence σ(n1,n2)f → f holds as the indices n1, n2 →
∞ restricted as β−1 ≤ n1/n2 ≤ β for some β > 1 (compare with [7], [8], [9]).

Proof. We apply Lemmas 2,3 and 4. The rest is to prove the “divergence”. Namely,
we verify that for a.e. x ∈ I2 lim supσ(2n1 ,2n2)f(x) = +∞ (min(n2, n2)→∞). This
is the same as supn1,n2∈N σ(2n1 ,2n2)f(x) = +∞. Let x ∈ G (recall that µ(I2 \G) =
0). Then there is an infinite number n ∈ N for which (even for all, but a finite
number) x ∈ Gan,bn,dn . Then Lemma 3 gives that there exist a t ∈ I2, k ≤ dn for
which x ∈ Ωkan,bn(t), whereby, there are a y ∈ Jkan,bn(t), a unique j ∈ {0, 1, ..., an}
for which x ∈ Ibn+kan+j(y1)× Ibn+(k+1)an−j(y

2). Set

N := (2N1 , 2N2) := (bn + kan + j, bn + (k + 1)an − j) ∈ P2.

By Lemma 3 we have

|σ(2N1 ,2N2)f
dn
an,bn

(x)| ≥ 1
2
.

In [5, p. 46] one can find that ‖Kn‖1 ≤ 3 for n ∈ N which in the standard way (see
e.g. [5]) gives ‖σnf‖∞ ≤ 9‖f‖∞ (f ∈ L1(I2), n ∈ P2). It follows for i ∈ P that

‖σ(2N1 ,2N2)f
dn−i
an−i,bn−i

‖∞ ≤ 9‖fdn−ian−i,bn−i
‖∞ ≤ 9 · 2an−i.

The definition of function fda,b gives that E(b◦,b◦)f
d
a,b = 0 and also that for j1, j2 < b◦

natural numbers E(b◦,b◦)f
d
a,b(.+ej1 , .) = E(b◦,b◦)f

d
a,b(., .+ej1) = 0. Hence, for k ∈ P

it follows that

2N1N2

∫
I2
N (x)

f
dn+k
an+k,bn+k

(.+ ej1 , .)

= E(N1,N2)f
dn+k
an+k,bn+k

(.+ ej1 , .)(x)

= E(N1,N2)

(
E(b◦n+k,b

◦
n+k)f

dn+k
an+k,bn+k

(.+ ej1 , .)
)

(x) = 0

and

2N1N2

∫
I2
N (x)

f
dn+k
an+k,bn+k

(., .+ ej2)

= E(N1,N2)f
dn+k
an+k,bn+k

(., .+ ej2)(x)

= E(N1,N2)

(
E(b◦n+k,b

◦
n+k)f

dn+k
an+k,bn+k

(., .+ ej2)
)

(x) = 0.

This gives that for all k ∈ P

σ(2N1 ,2N2)f
dn+k
an+k,bn+k

(x) = 0.
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Consequently,

|σ(2N1 ,2N2)f(x)|

≥ |σ(2N1 ,2N2)βnf
dn
an,bn

(x)| −
n−1∑
i=1

|σ(2N1 ,2N2)βif
di
ai,bi

(x)|

≥ 1
2
βn − 9

n−1∑
i=0

βi‖fdiai,bi‖∞

≥ 1
2
βn − 9

n−1∑
i=0

βi2ai ≥
1
4
βn ≥ 18n.

This completes the proof of the theorem.
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