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ABSTRACT. In 1992, Méricz, Schipp and Wade proved the a.e. convergence of
the double (C, 1) means of the Walsh-Fourier series oy, f — f (min(ni,n2) —
0o,n = (n1,n2) € N?) for functions in Llog™ L(I?) (I2 is the unit square). This
paper aims to demonstrate the sharpness of this result. Namely, we prove that
for all measurable function ¢ : [0,+00) — [0, +00), lim¢— o0 §(t) = 0 we have
a function f such as f € Llogt L&(L) and oy, f does not converge to f a.e. (in
the Pringsheim sense).

INTRODUCTION

This paper is devoted to the problem of a.e. divergence of the (C,1) means of
integrable functions with respect to the two-dimensional Walsh-Paley system. The
problem of a.e. Cesaro summability is “quite delicate” in any local field setting
(Taibleson, [6l p.114]). The dyadic case is no exception (see Fine [I], [2]). For
double Walsh-Fourier series, Méricz, Schipp and Wade proved [4] that o, ,,)f
converges to f a.e. in the Pringsheim sense (that is, no restriction on the indices
n1,ne other than min(ny,ny) — oo) for all function f in LlogtL. Since for the
compact set I? (the unit square) the space Llog™ L is a proper subset of L!(1?), then
it is interesting to ask whether this theorem holds for L*(I?) functions also? We give
a negative answer. More precisely, we prove that the theorem of Méricz, Schipp and
Wade cannot be sharpened. Namely, let § : [0, +00) — [0, +00) be a measurable
function with property lim; o, 6(¢t) = 0. We prove the existence of a function
f € LY(I?) such as f € Llog*La(L) (i.e., |f(x)|log™ (f() (I (z)]) € L!(I?)) and
O(ni1,nz).f does not converge to f a.e. as min(ng,ng) — oo.

Let P denote the set of positive integers, N := P U {0}, and [ :=[0,1). For any
set E let E? be the cartesian product E x E. Thus N? is the set of integral lattice
points in the first quadrant and I? is the unit square. Let E' = F and fix j = 1
or 2. Denote the j -dimensional Lebesgue measure (u) of any set E C I by u(FE).
Denote the LP(I7) norm of any function f by ||f]l, (1 <p < o0).

Denote the dyadic expansion of n € N and x € I by n = E;io n;27 and

K

5w k,m € N choose the expansion which

x =3 2202777 (in the case of x =
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terminates in zeros). mn;, x; are the i-th coordinates of n, z, respectively. Set
e; == 1/2F1 € I, the i th coordinate of e; is 1 , the rest are zeros (i € N). Define
the dyadic addition + as
T4y = Z(mj +y; mod 2)2777 1.
§=0

The sets I,(z) :={y € : yo = 0, ..., Yn—1 = Tp_1} forax € I | I,, := [,(0) forn €
P and Ip(z) := I are the dyadic intervals of I. Denote 7 := {I,,(z) : x € I,n € N};
the elements of Z are called the dyadic intervals on I. Denote by A,, the o algebra
generated by the sets I,,(z) (x € I) and E, the conditional expectation operator
with respect to A, (n € N) (f € L'). For t = (t!,#?) € I, b = (b1, b2) € N? set the
two-dimensional dyadic interval

IZ(t) := I, (t') x I, (7).

If b € N, then IZ(t) := I, (t') x I,(t?). For n = (n1,n2) € N denote by E,, = E(, n,)
the two-dimensional expectation operator with respect to A, = A(,, n,) = An, X
A,,. For n € N denote |n| := max(j € N : n; # 0), that is, 2"l <n < 2/71+1 The
Rademacher functions are defined as:

rp(z) = (=1)"" (ze€l,neN).

The Walsh-Paley system is defined as the set of Walsh-Paley functions:
o0
Inl

wn(z) = H(rk(a:))"’“ = (=1)=k=0" T (x e ] n eN).
k=0

That is, w := (wy,,n € N). Let us consider the Dirichlet and Fejér kernel functions:

n—1 n
1
D, = E wg, K, = -~ E Dy, Dy, Ky := 0.
k=0 k=1

The Fourier coefficients, the n-th partial sum of the Fourier series, the n-th (C,1)
mean of f € L'(I):

f(n) = / f(@)om(@)dp(z) (n € N),

Suf(w) =3 F(k)wnly) = / F(& + 9)Du(@)du(z) (n € B, Sof =0),

3

Sk(y) :/f(x +y) K (x)du(z) (n € Pyogf =0,y € I).
k=1 I

Define the two-dimensional Dirichlet and Fejér kernel functions as

Dy (z) = > wjy (@1)wjy (2%) = D, (21) Dy (%),

0<j1<n1,0<2<n2

1
Kn(2) 1= — > Dp(x) = Ky, (2") K, (2°),
T2 4 <ji<ng 1<ja<n,
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where z = (z!,22) € I?, n = (n1,n2) € P? (for nyny = 0 set D, = K,, = 0). Also
define the Fourier coefﬁments, the n € N2-th partial sum of the Fourier series, the
n € N2-th (C,1) mean of f € L*(I?):

f((nlvnQ)) = = f(xla x2)wn1 (xl)wnz (xz)dﬂ(xlva) (TL € N2)7

S(nl,ng)f(y) = Z f((kla k2))wk1 (yl)wkz (y2)

k1<ni,k2<nz
= | 1+ nDu@inta)

(n€P? S, f =0 for nyng = 0),

T @)= = 3 Sul) = et K@)

nin
02 <ky <ng 1<ka<ng,

(n €P? o,f =0for niny =0, y € I?).

THE CONSTRUCTION

Define a subset of the set of the two-dimensional intervalls Z x Z:
Tpo(®) = {Lhpj(2") X Inya—j(z®) : 5 =0,1,...a} (z €% a,neN).
It is easy to have
NZna(@) = na(@") X Ina(@®),  p(()Znalz)) = 272072
F € I, o(x) implies pu(F) = 272"~ Next we prove
Lemma 1. pu(JZ,4(z)) = (1 4+ a/2)27 "2,

Proof. Denote (for the sake of this proof, only)

k
U n+j ><InJra ]( 2)))

for k=0,1,...,a. Then, po = 272"~ and for k > 0 we have

Mk = Mk—1 + ,U(InJrk(xl) X InJrafk(xQ))

k—1
— 11( U (In+j($1) x In+a—j(x2)) N (L (2') X Inta—k(2?)))
§=0
1 k—1
= =1+ g — i U (nsr(@") X Tntaj(@*)))
j=0

1
= Pk—1+ 50 penta p(Tngr(21) X Inga—kir (2?))

1
= Hk—1 + 22n+a - 22n+a+1 = Hk-1 + 22n+a+1 .
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This gives

ﬂ(UIn,a( U n+] ) X Inya—j(z 2))) = Ha

1 1 1 1+a/2
= Ho + a22n+a+1 = 22n+a + a22n+a+1 = 22n+a .
This completes the proof of Lemma 1. O

For t € I?, a,b,k € N define the sets ijb(t), Q’; »(t) recursively:

Jg,b(t) = {t}, Q UIb o

Suppose that the sets Jg’b(t), Q{l’b(t) are defined for j < k. Then decompose

h—1
p()\ U Q)
=0

as the disjoint union of dyadic squares of the form I? '+ ko (7). Take from each dyadic
rectangle an element to represent. The set of x’s corresponding to these squares is
Jf7b(t). That is,

k-1
) (t \ U Qi,b(f’) = U Ib2+ka(x)
j=0

zeJk  (t)
Then, set

st(t) = U UIbJrka,a(x)

zeJk  (t)

This gives the a.e. equality I2(t) = U;io Qi_b(t). By this we get

I = U U Qib(t)

t},t2€{0,1} J=0
i= 71,...,b—1

where t = (t1,t?) = (theo + ... + tb Leb—1,tdeg + ... + 17 _jep—1) € I2. Set for
a,b,d € N (b > 2) the functlons (b° :=[b/2] — 1 ([z] denotes the integer part of x))
fib : I? = R as follows:
(—1)=e+oo20  if there exists t € 2,k < d,y € Jib(t)
gb( )= for which z € (N Zptka,a(y),

0, otherwise .

Denoting by 1p the characteristic set of any set B C I? we have

4y () = (~1)metoiege 3 Z Z 122, ey ) (@):

t1,t7€{0,1} k=0yeJk (
7,=0,1,...,b—1

Lemma 2. For all a,b,d € N we have [, |fib| log™ |fib| <2.
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Proof.

| 1fa@ios (7@ (o)

= 2%log(2) Z Z Z b+k(a+1)(y)($) =1)

t1,t7€{0,1} k=0yeJk (1)
i=0,1,...,b—1

d
= 2%log(2%) Z Z Z (ﬂ To+ka,a(y))

t1,t7€{0,1} k=0yeJk (1)
i=0,1,...,b—1

I a,a
= 2%]og(2%) Z Z > uglb:ka/g)j))

1t2e{0,1} k= =0yeJk , (t)
i= 0,1, Lb—1

< log(2%)

%) < 2.
< 1+a/2u( ) <

By the definition of the functions f(‘ib we have that
fio(Hepe, ) = flols +ewe) = —flul).
It is known [B] p. 46] that for alln € P, f € LI(I)

f+z2] 1/ +ej)7

In(z)

oo f(z) = (2" +1/2) /I(

by which we have for n = (nq1,n2) € P? 2z = (2%,22) € 1%, (I2(z) = I, (z!) x
I, (2?)), f € L'(I?)

s g f(@) = @+ 1D+ 12) [ f0)

IZ ()
na—1
+EM+1/2) Y 2j2‘1/ Flo-+eg)
Ga=0 12 (2)
ni—1
+ @2 +1/2) Y 2]‘11/2( )f(,+ej1,.)
71=0 Lz

no—1ni;—1

(1) FY Y P ey, e,

§2=0 j1=0 12 (@)

Lemma 3. Let a,b,d e P,a—b><0(b°=1[b/2]—1),b>4,

ze Y UQ{;b(t)

ti,t7€{0,1} k=0
i=0,1,...,b—1
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then there exists a unique k < d for which
(2) T € Intkatsi () X Tyy (ks 1)a—i (),

y € J(’f,b(t). Setting n == (b+ ka + j,b+ (k+ 1)a — j) € P? we have

A~ =

(3) |02 202 fa ()] 2

Proof. (2) is a straightforward consequence of the definition of QZ »(t). Next, verify
(3). Define fi‘ib by fg’b = (—1)””i° +aho 2“f~(‘ib. Then fg’b is either 0 or 1. Recall that

4 (x a? 4 ej,) = (—1)e e 20 fl (gl 02 yep ),

4 (@ + ey, 2?) = (1) T2 f (0 e, a?)
for ji,jo # epo and
F(teve,) = F(0 +ewe) = = F4(,0).

By (1) we have

s oy @) = 217 (@ 12+ 1/2) [ )

IZ ()
na—1 B
TCERSTE N S Ll B RIS
J2=0,527#b° L@
ni—1
+(@2m4+1/2) Y 2j1’1/ Fiy(+ e,
Jj1=0,517#b° ()
na—1 ni—1

oY e [ e re)
12 (2)

J2=0,752#b° j1=0,5j1#b°

_ Qa(_l)x})o+x§o ((2n1 + 1/2)(2b°—1)/ ]'E;i,b(.)

12 ()
rEma1E ) [ f0)
12 (z)
no—1
_ Qa(_l)x})o+x§o( Z 2j2+b°—2/ ”;lb(.’ ) +ej2)
J2=0,j27#b° L@
nlfl _
+ Z 2j1+b -2 / fg,b(' + €j15 ))
J1=0,51#b° (=)

byt (e [ ).

12 ()

n
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From the above it follows that
|0 (2m1 2m2) fi ()]

S gatniins / 4,() — 202" +1/2)(2" 1) / ()
12 (2)

I2(x)
a4 12)20 Y / AT S e / Pt en)
I3 () J2=0,j27b° I3(x)
nlfl _
S DR Ll (Y RS
Jj1=0,j17#b° (@)

> 24 (2" Iy e (8) X ot s ya(5)

— (2™ +1/2)2" 1) + (2" +1/2) 2" ) iUy (kr1)0 (¥ X Tog k170 ()

ng—1 ni—1

—(X T N ()
j2=0,7j2#b° J1=0,51#b°
> 90 <2b+ka+j+b+(k+1)a—j2—2b—2(k+1)a _ bt (k+1)a+b°+19—-2b—2(k+1)a

ni—1 no—1

. : : 1
_ o9b°—=29—2b—ka—(k+1)a ¥ J .
2v" 722 (D 2+ > 2 2)) =53

71=0 J2=0
Recall that a < b° = [b/2] — 1. This completes the proof of Lemma 3. O

THE CONSTRUCTION OF THE FUNCTION

Define the sequences (8,,), (0n), (an), (byn), (dy) recursively in the following way:
(60) = ((50) = (ao) = (bo) = (do) =4. Forn P

n—1
Br = T2max(n, Z Br29%),
k=0

O := [sup{t e R: §(¢) >

g 1 LUE{E:6(0) > 1/(2"6,)} = 0, then let 6, = 4)

an = max(2"" §,,logt(28,)),

by, := max(by_1 + (dp—1 + an—1 + 2, 2a,).

By construction it is easy to see that the union of the disjoint sets Q§7b(t) (keN)is
equal (neglecting a set of measure zero) to IZ(t); hence there exists a d,, for which

0 55 (1737 ) <n( U 9,0, < 3.

k<d,
Set

dn
G, Dnydy = U U Qin b (f,)

tHt?e{o,1} J=0
i=0,1,....bn—1

for all n € N and G := liminf Gy, b,.4, = Upen Nnsk Ganbn.d,- That is, = € I?
is an element of G if and only if x is an element of all but a finite number of
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1

57 < (Ga, b,.d,) < 1, which easily gives that

Ga, b,.d,'s.- By (4) we have 1 —
WP\ G) =0,
Define the function f as f =Y 0" Bnfn =D ey ﬁnfa” p, - At first we prove
Lemma 4. [, |f(2)[log™ (|f())3(|f(2)))du(z) < co.
Proof. Set
Hy:={x € I*: fo(x) #0, far;(z) =0(j € P)} (n€N)
and H_y :={z € I*: fj(x) = 0(j € P)}. The definiton of fZ,, (a,) gives
p(Hy)
(e e B fu@) 20D > 1= S pl{r € P fyle) £01)

k>n k>n
21-3 w2 L
= “ 20 (ar/2+1) T =27

It follows that U ~_, H, = I’ (neglecting a set of measure zero). Corresponding
to this argument if € H,, (n € N), then

n—1

2)| <D B2 + 5,20

k=0
< B+ Bu2® < 28,2 = |B,2f, (x)],

|f (@) > Bp2° — Zﬁkzak

> 2% 2 > 302"

= 1By, )]

Moreover for z € H, we have |f(z)| > 13,29 > 2% > §,, which gives §(|f(z)]) <
. Consequently, by Lemma 2

/H |f (@) log™ (If ()8 (If (x)])dpu(x)

27L/6

1
< [ 2gln, @l CUAL, @) g

1
< / 208,12, @108 (122, (@) ) g

<o / 1, @) TogH (£, ) )de) < o

Since for x € H_; we have f(z) = 0, then we get

[ @08 (£ @35 @)dn(o)
<X [ 15@og” (@D ) hte) < 16

neN
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Now, we are ready to prove

Theorem. For all measurable function § : [0,+00) — [0,+00), lim;,oc 6(t) = 0
we have a function f such that f € Llogt L6(L) and limsup oany on2) f(x) = 400
(min(ng,ng) — o00), i.e. the two-dimensional (C,1) means does not converge to f
a.e. (in the Pringsheim sense).

It is not possible to prove more (e.g. to prove that lim o(gni ono)f(2) = 400
(min(ng,n2) — 00)), whereas Méricz, Schipp and Wade proved [4] for functions in
L'(I?) the a.e. convergence o(am gn2)f — [ as the indices ni,ng — 0o (|n1 — ng|
is bounded). The author in a different way proved [3] even more. Namely, for
functions in L' (I?) the a.e. convergence O(ny,ns)f — [ holds as the indices n1,ny —
oo restricted as 371 < ny/ny < 3 for some 3 > 1 (compare with [7], [§], [9]).

Proof. We apply Lemmas 2,3 and 4. The rest is to prove the “divergence”. Namely,
we verify that for a.e. € I? limsup o(gn1 2n2) f(x) = +00 (min(ng, ng) — oo). This
is the same as sup,,, ,,en O(2m1 2n2) f () = +00. Let 2 € G (recall that p(1?\ G) =
0). Then there is an infinite number n € N for which (even for all, but a finite
number) z € Gg, p,.4,- Then Lemma 3 gives that there exist a t € I?, k < d,, for
which x € an,bn (t), whereby, there are a y € J(’;mbn (t), a unique j € {0,1,...,a,}

for which x € Ibn+kan+j (yl) X Ib”Jr(kJrl)a”,j(y2). Set
N = (2N, 2MN2) .= (b, + kan + j,bn + (k + Da, — j) € P2

By Lemma 3 we have

1
|U(2N1,2N2)fj:,bn(x)| > 9
In [5l p. 46] one can find that || K, || < 3 for n € N which in the standard way (see

e.g. [B]) gives ||onflloo <9 flleo (f € L*(I?), n € P?). Tt follows for i € P that

d, —q d7 —1
lo@n onvay fo! oo SO foS

The definition of function f(‘ib gives that E(bo,bo)f:ib = 0 and also that for ji, jo < b°
natural numbers E(bo,bo)fib(. +ej,,.) = E(bo7bo)fg7b(., .+e;,) =0. Hence, for k € P
it follows that

N1 N. dntk
2 /12( )fa7;+k1bn+k(. +ej1")
N T

= B v famtt (e, ) (@)

ntkbntk

d7l
= E(N1,N2) (E(bi+kvbz+k)fa o ( + €5y, )) (J?) =0

ntkibntk

oo <9 20n1,

n—ibn—i n—iOn—i

and

NN dntk
2 /]2 (z) fav;k,b,,#k('; .+ ejz)
N

:E(leNz)fj7L+k ('a'+ej2)(x)

ntkbntk

d7l
= E(NlaNQ) (E(b%+kvbz+k)fa o bk (" -t ejz)) (x) =0.

n+ks

This gives that for all kK € P

dn
O (21 v2N2)fan++:,bn+k () =0.
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Consequently,

|U(2N1 ,2N2)f(x)|

v

d,
|23 282) B S

nYn

n—1
@)=Y loen 2w Bifd, (@)]
=1

Vv

oo

1 n—1
2 =92 Bilf,
=0

n—1
1 w1
> 5&—9%@-2 > P > 180,

V

This completes the proof of the theorem. O
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