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ABSTRACT. In this paper we prove that the set of positive odd integers which
have no representation of the form 2" +p®¢?, where p, ¢ are distinct odd primes
and n, o, 8 are nonnegative integers, has positive lower asymptotic density in
the set of all positive odd integers.

1. INTRODUCTION

The problem of expressing an odd integer m > 1 in the form 2™ + p, where p is a
prime and n is a nonnegative integer, is an old one. Romanoff [§] showed that the
set of positive odd numbers which can be expressed in the form 2™ + p has positive
asymptotic density in the set of all positive odd numbers. P. Erdés [6] exhibited a
residue class of odd integers each of which has no representation of the form 2" + p.
Cohen and Selfridge [5] proved that there exist (infinitely many ) odd numbers
which are neither the sum nor the difference of a power of two and a prime power.

For a positive integer n and an integer a let

a(n) ={a+nk:keZ}.

We call {a;(n;)}!_; a covering system if every integer y satisfies y = a; (modn;)
for at least one value of i. For the construction of covering systems one may refer
to S. L. G. Choi []. For further related information one may see Guy [7], A19, B21
and F13.

For convenience we give the following definitions.

Definition 1. A positive integer d is called a (a,b)-primitive divisor of order n if
dla™ —b" and d fa™ — b™ for all 1 < m < n.

Definition 2. {a;(n;)}!_; is called an m-covering system if every integer belongs
to at least m of a1(ny1), az(nz2), -, ar(ng).

Definition 3. {a;(n;)}!_, is called a (2,1)-primitive m-covering system if
{ai(n;)}!_, is an m-covering system and there exist distinct primes py, pa, -+, p;
such that, for each 4, p; is a (2, 1)-primitive divisor of order n; (1 <i <t).

For example 0(2),3(4),5(8),9(16),17(32),33(64),1(64) is a (2,1)-primitive 1-
covering system (corresponding primes are 3, 5, 17, 257, 65537, 641, 6700417 re-
spectively).
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From the form 42" 4 p® to +2" 4 p®¢? there are some essential difficulties. The
first is to construct a (2, 1)-primitive 2-covering system. We employ Choi’s method
to complete such a construction. From this we need only consider p,q in a finite
set for our purpose. The second difficulty is to give additional conditions as in
the proof of Theorem 2 of [2] or to do a similar thing. To avoid this we employ a
result of Baker to show that for p,q in a finite set, the set of integers of the form
42" + p®¢? is very thin in the set of all positive odd integers. For later use we give
the argument in a general form.

In this paper the following results are proved.

Theorem. Suppose that there exists a (2, 1)-primitive r-covering system. Then
the set of odd positive integers which have neither the form 2™ + ¢{* ---¢%" nor
the form 2™ — ¢ - - ¢ | where q1,qa, -+ , ¢y are distinct positive odd primes and
n,a, -, Q. are nonnegative integers, has positive lower asymptotic density.

Corollary. The set of odd positive integers which have neither the form 2™ 4+ p®q®
nor the form 2™ — p®q® , where p,q are distinct positive odd primes and n,a, 3 are
nonnegative integers, has positive lower asymptotic density.

Remark 1. For given integers a, b with ab prime to corresponding primes pi,--- , pr
in Definition 3, the same conclusion is true when one replaces odd integers by the
integers prime to 2ab and one replaces 2" 4 ¢ - - - ¢2* by a2™ £ bg" - - - g2

Remark 2. 1 believe that for every r > 1 there exists a (2, 1)-primitive r-covering
system.

2. PROOFS OF THE THEOREM AND THE COROLLARY

For the case with minus we need a result of A. Baker.

Let a1, -+ , ayy be non-zero algebraic numbers. Let K be their splitting field over
Q, and let D = [K : Q]. We denote Ay,---, A, upper bounds for the heights of
aiq,-- -, oy respectively, and assume that A; > 2 for 1 < j < n. Let

n—1
W= H logAj, w=uw'logA,.
j=1

Lemma 1 (Baker [1]). There exist effectively computable absolute constants ¢; > 0
and cg > 0 such that the inequalities

0<|abr - abr — 1] < exp (= (c1nD)**"wlogw’ log B)
have no solutions in rational integers by, - - - , by, with absolute values at most B > 2.

As a result of Lemma 1 we have

Lemma 2. Let py,---,pyr be given positive primes. Then the Diophantine inequal-
ity

2" —pit P <
has at most (2logx)"t! nonnegative integral solutions n,aq,--- . for x > e,
where ¢ is a constant depending only on p1,--+ , Pr.
Proof. Suppose that n, oy, -+, «, are not all zero. Let

i K
6= (er(r+ 1)) TTlogpi - log2 - log ] [ log ps.

i=1 i=1
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By Lemma 1 we have
|27 — PO par| = 271 — 27 0|
271

>
~ (2max{n,ay, - ,q,})°
and
|2n _pflll .. .p?’r| — pflll .. ,pgr|2np;a1 . _pr—ar _ 1|
pflll .. p?7
~ (2max{n,a, -+ ,a.})°
Thus
2" —pi* - prr| =201 =27 p -
2max{n,a1,~~~ ,op b
~ (2max{n,ay, -, . })0"
Then Lemma 2 follows immediately. O

Proof of the Theorem. Suppose that {a;(n;)}i_; is a (2, 1)-primitive r-covering sys-

tem and pq,---,p; are corresponding primes in Definition 3. Take an integer M

satisfying

(1) M=2% (modp;), i=1,---,t.

For any positive integer n there exist i1, ,4, with 1 <4 <ig <--- <1, <t and
ne€a;(ng), j=1,2,---,r

Then by (1) and

2" =1 (modp;;), j=1,---,r
we have

M=2" (modp;), j=1,---,r
Thus

M=2"+p; " plb, a;; >0(j=1,2,---1),b€Z
Hence , if M has the form
M=2"%q" g,

where ¢q1,- -+, g, are primes, then ¢; € {p1,--- ,pt} (i =1,2,---r). It is clear that
the number of integers M with

M:2n+Q1ﬁIQE7 Sxa Qie{plv"' ﬂpt}ai:]-an"' , Ty
is less than ¢} (2logz)"*! for # > X;. By Lemma 2 the number of positive integers
M with

Mzzn_(ﬁl(fr SJ), QzE{ph apt}ai:1527"' 3Ty

is less than ¢} (2logz)" ™! for x > X,. It is well known that the number of positive
odd integers M with (1) and M < z is more than
x

1
2p1-pe

s .T?ZXg
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Therefore , for z > max{Xy, X2, X3} , there exist at least 5.—2——1-2¢](2logz)" ™!

positive odd numbers M < x which have neither the form 2” —|— ¢t - g% nor the
form 2™ — qﬁ '...¢% where qq,--- ,q, are primes. This completes the proof of the

Theorem. O

Proof of the Corollary. Since
A =1{0(2),3(4),5(8),9(16),17(32),33(64),1(64)}
and
B ={0(3),4(9),2(12),10(18),8(24), 16(36), 34(36), 20(48), 44(48),
1(5),5(10),3(15), 7(20), 4(25), 14(25), 13(30), 17(40), 9(50),
19(50), 23(60), 53(60), 37(80), 49(100), 77(120), 99(150), 157(160),
199(200), 199(300), 237(480), 157(240), 299(600) }

are both 1-covering systems, AUB is a 2-covering system. By Birkhoff and Vandiver
[3] (or Bang [2], Zsigmondy [9]), for n > 2,n # 6, there exist (2, 1)-primitive prime
divisors of order n. Again, 641, 6700417 are (2, 1)-primitive prime divisors of
order 64; write this as 64 < 641,6700417. Similarly, 36 < 37,109; 48 < 97,673;
25 < 601,1801; 50 < 251,4051; 60 < 61,1321. Thus AU B is a (2, 1)-primitive
2-covering system. Now the corollary follows from the theorem. [l
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