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UNIQUENESS OF THE LEAST-ENERGY SOLUTION
FOR A SEMILINEAR NEUMANN PROBLEM

MASSIMO GROSSI

(Communicated by Lesley M. Sibner)

Abstract. We prove that the least-energy solution of the problem
−d∆u+ u = up in B,
u > 0 in B,
∂u
∂ν

= 0 on ∂B,

where B is a ball, d > 0 and 1 < p < N+2
N−2

if N ≥ 3, p > 1 if N = 2, is unique

(up to rotation) if d is small enough.

Introduction

In this paper we consider the following problem:
−d∆u+ u = up in Ω,
u > 0 in Ω,
∂u
∂ν = 0 on ∂Ω,

(0.1)

where Ω is a bounded smooth domain in RN , ν is the unit outer normal to ∂Ω,
d > 0 and 1 < p < N+2

N−2 if N ≥ 3, p > 1 if N = 2.
To our knowledge the first existence result to (0.1) is due to Lin, Ni and Takagi

(see [LNT]). In this paper the authors consider the functional

Jd(u) =
1
2

∫
Ω

(d|∇u|2 + u2)− 1
p+ 1

∫
Ω

(u+)p+1(0.2)

and

cd = inf
h∈Γ

max
t∈[0,1]

Jd(h(t))(0.3)

where Γ = {f ∈ C
(
[0, 1], H1(Ω)

)
|f(0) = 0, f(1) = e} and e 6= 0 is a non-negative

function of H1(Ω) such that Jd(e) = 0. From the mountain-pass theorem (see [AR])
we have that cd is a positive critical value of Jd. Moreover, it turns out that cd is
the least positive critical value for Jd (see [LNT] or [NT]).

Therefore, we define a critical point ud of Jd satisfying Jd(ud) = cd a least-energy
solution of (0.1).
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Clearly (0.1) admits the trivial solutions u ≡ 1 and u ≡ 0. In [LNT] it was
proved that cd = O(dN/2) as d→0 and from this 0 < Jd(ud) < Jd(1), i.e. ud is a
nonconstant solution provided d is small enough.

Another important result concerns the shape of the least-energy solution ud. In
[NT] it was shown that ud has only one local maximum in Ω, and it is achieved at
exactly one point which lies on the boundary of Ω, provided d is small enough.

In this paper we will prove the uniqueness of the least-energy solution if Ω is a
ball. Of course, in this case, if u(x) is a solution of (0.1), then also u(Tx) solves
(0.1) for any T belonging to the orthogonal group O(N); therefore by uniqueness
we mean that any two solutions can be obtained from each other using the action
of O(N).

Theorem 1. Let us consider the problem (0.1) when Ω is a ball. Then there exists
a d0 > 0 such that for any d < d0 the least-energy solution of (0.1) is unique.

We want to point out that uniqueness results for (0.1) cannot be obtained if we
do not restrict the class of the solutions of (0.1). Indeed, in [DY] Dancer and Yan
prove the existence of k-peak solutions to (0.1) (solutions with more than one local
maximum point). Clearly the energy of these solutions is strictly greater than cd.
We mention here the papers of [BDS], [Gu], [W1], and [W2] for the existence of
multipeak solutions in other domains.

The paper is organized as follows: in Section 1 we recall some important results
which we use in the proof of Theorem 1. In Section 2 we prove Theorem 1.

1. Known results

In this section we recall some known facts which will be useful in the proof of
Theorem 1. Here Ω is an arbitrary bounded smooth domain of RN and p is a real
number such that 1 < p < N+2

N−2 if N ≥ 3 and p > 1 if N = 2. We start by recalling
some results on the existence and the shape of the least-energy solution ud.

Theorem 1.1. Let p > 1 if N = 1 or 2 and let 1 < p < N+2
N−2 if N ≥ 3. Then there

exists a d0 > 0 such that, for any d < d0, (0.1) has a positive nonconstant solution
ud satisfying

Jd(ud) = cd,(1.1) ∫
Ω

uqd ≤ C1(q)dN/2 for any q ≥ 1,(1.2)

and

sup
Ω
ud(x) ≤ C2(1.3)

with C1(q), C2 independent of d.

Proof. See [LNT].

Theorem 1.2. Let ud be a least-energy solution to (1.3). Then ud has at most one
local maximum in Ω and it is achieved exactly at one point which must lie on the
boundary, provided d is sufficiently small.

Proof. See [NT], Theorem 2.1.
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Theorem 1.3. There is exactly one solution (up to translation) of the problem −∆u+ u = up in RN ,
u > 0 in RN ,
u(x)→0 as |x|→∞.

(1.4)

Proof. See [K].

Next let us introduce a diffeomorphism which straightens a boundary portion of
Ω as follows. We denote by BR the ball of RN centered at the origin and radius R.
Through translation and rotation of the coordinate system we may assume that P
is the origin and the inner normal to ∂Ω at P is pointing in the direction of the
positive xN -axis. Then there exists a smooth function ψ(x′), x′ = (x1, . . . , xN−1),
defined for |x| < δ0 such that ψ(0) = 0 , ∇ψ(0) = 0 and

∂Ω ∩ N = {x = (x′, xN ) | xN = ψ(x′)}
and

Ω ∩ N = {x = (x′, xN ) | xN > ψ(x′)}.
For |y| < δ′ let us define x = Φ(y), with Φ(y) = (Φ1(y), . . . ,ΦN (y)), by

Φj(y) =

{
yj − yN ∂ψ

∂xj
(y′) for j = 1, . . . , N − 1,

yN + ψ(y′) if j = N.
(1.5)

Since ∇ψ(0) = 0 the differential map DΦ of Φ satisfies DΦ(0) = I, the identity
map. Thus there exists the inverse map y = Φ−1(x) between C ⊂ RN and B(0, δ)
with δ < δ′.

Theorem 1.4. Let ud be a least-energy solution to (0.1) and let us denote by Pd
the point where the maximum of ud is achieved. Then for any ε > 0 there exist a
positive constant d0 and a subdomain Ω(i)

d ⊂ Ω such that for d ∈]0, d0[ the following
statements hold:

Pd ∈ ∂Ωd and diam(Ω(i)
d ) ≤ C

√
d,(1.6)

ud(Φ(
√
dy))→ U(y) in C2

loc(RN+ ) as d→ 0,(1.7)

|ud(x)| ≤ C1εe
−µ1δ(x)√

d for x ∈ Ω \ Ω(i)
d ,(1.8)

where δ(x) = min{dist(x, ∂Ωd), η0}, C,C1, µ1, η0 are positive constants depending
only on Ω and U(x) is the unique solution of (1.4) with maximum achieved at
P0 = lim

d→0
Pd.

Proof. See [NT], (i) and (iii) of Theorem 2.3 and (4.29).

Theorem 1.5. Let us consider the problem{
−∆z + z = pU(x)p−1z in RN ,
||z||L∞(RN ) ≤ C,

(1.9)

where U(x) is the unique solution of (1.4) symmetric with respect to the origin.
Then the only nontrivial solutions of (1.9) are given by

z =
N∑
i=1

αi
∂U

∂xi
, αi ∈ R.(1.10)

Proof. This result is contained in the proof of Proposition 1 of [D].
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2. The uniqueness result

In this section we denote by x = (x′, xN ) ∈ RN−1 × R a generic point of RN .
Let us assume that Ω = B = {x ∈ RN | |x′|2 + (xN − 1)2 < 1}. From Theorem
1.2 the maximum of a least-energy solution u of (0.1) is achieved on the boundary
of B if d is small enough. So, since the problem (0.1) is invariant with respect to
the orthogonal group of RN , by a suitable rotation we can assume that u attains
its maximum at the origin. Hence ∇u(0) = 0 for any least-energy solution of (0.1).

We suppose by contradiction that there exist a sequence dn ↘ 0 and two distinct
least-energy solutions u1,n and u2,n which solve (0.1) with d = dn. So we can
suppose that u1,n and u2,n achieve their maximum at the origin for any n ∈ N.
Since u1,n − u2,n 6≡ 0 we can consider

zn(x) =
u1,n(x)− u2,n(x)
||u1,n − u2,n||L∞

.(2.1)

By assumption on u1,n and u2,n we have

∇zn(0) = 0.(2.2)

Note that zn satisfies
−dn∆zn + zn = cn(x)zn in B,
∂zn
∂ν = 0 on ∂B,
||zn||L∞(B) = 1,

(2.3)

where

cn(x) = p

∫ 1

0

(tu1,n(x) + (1− t)u2,n(x))p−1dt.(2.4)

Let us set

z̃n(x) = zn(
√
dnx), z̃n : B/

√
dn 7→ R.(2.5)

We remark that for any compact set K ⊂ RN+ , where RN+ = {x ∈ RN | xN > 0}, we
have that K ⊂ B/

√
dn for n large enough. In the following proposition we study

the asymptotic behavior of z̃n.

Proposition 2.1. We have that

z̃n→z in C1
loc(RN+ ),(2.6)

where z is a bounded solution of

−∆z + z = pUp−1z in RN

and U is the unique solution of (1.4) symmetric with respect to the origin.

Proof. Let us consider the diffeomorphism Φ between B(0, δ) and C ⊂ RN which
straightens the boundary of B (see (1.5)). Now, as in [NT], let us set

vn(y) = zn(Φ(y)), y ∈ B+
2k,(2.7)

where B+
2k = {y ∈ B2k | yN > 0}.

Step 1. In this step we prove that

vn(
√
dny)→z(y) in C2

loc(RN+ ).(2.8)
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First of all we extend vn to B(0, 2k) by reflection,

ṽn(y) =

{
vn(y) if y ∈ B+

2k,

vn(y′,−yN) if y ∈ B−2k,

with B−2k = {y ∈ B2k | yN < 0}. Moreover we define a scaled function wn(z) by

wn(y) = ṽn(
√
dny) for y ∈ B k√

dn

.(2.9)

It is easily seen that

wn ∈ C2
(
B k√

dn

\ {yN = 0}
)
∩ C1(B k√

dn

)

since ∂vn
∂yN

on yN = 0 and that wn satisfies the elliptic equation

− Lnwn + wn = c̃n(y)wn(2.10)

with

Lnwn =
N∑

i,j=1

anij(y)
∂2wn
∂zi∂zj

+
√
dn

N∑
j=1

bnj (y)
∂wn
∂zj

(2.11)

in B k√
dn

\ {yN = 0}, where anij , b
n
j and c̃n(y) are defined as follows. First, put

Ψ = Φ−1,

aij(y) :=
N∑
l=1

∂Ψi

∂xl
(Φ(y))

∂Φj
∂xl

(Φ(y)), 1 ≤ i, j ≤ N,

bj(y) := (∆Ψj)(Φ(y)), j = 1, . . . , N,

ĉn(y) = cn(Φ(y)).

Then set

anij(y) :=
{
aij(
√
dny) if yN ≥ 0,

(−1)δ
i
N+δjN aij(

√
dny
′,−
√
dnyN ) if yN < 0,

bnj (y) :=
{
bj(
√
dny) if yN ≥ 0,

(−1)δ
j
N bj(
√
dny
′,−
√
dnyN ) if yN < 0,

c̃n(y) :=
{
ĉn(
√
dny) if yN ≥ 0,

(−1)δ
j
N ĉn(

√
dny

′,−
√
dnyN) if yN < 0,

where δij is the Kroneker symbol.
Note that by (1.3) the functions wn and cn are uniformly bounded with respect

to n. Then, by using the standard Lr-estimate and the interior Schauder estimate
as in [NT], pp. 834-836, we obtain that

wn→z in C2
loc(RN )(2.12)

and

− Lnwn→−∆z.(2.13)

Hence, since by (1.7) and (2.4) we get c̃n→pUp−1, z is a solution of

−∆z + z = pUp−1z in RN .(2.14)

By the definition of wn and ṽn (2.8) follows.
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Step 2. In this step we prove the claim of the proposition.
The function z̃n satisfies the equation

−∆z̃n + z̃n = cn(
√
dn)z̃n in B/

√
dn,

z̃n > 0 in B/
√
dn,

∂z̃n
∂ν = 0 on ∂B/

√
dn.

(2.15)

From (1.3) we get ||cnz̃n||∞ ≤ C and then by standard Lp-estimates we deduce, for
a subsequence, ||z̃n||C1(K) ≤ C for any compact set K ⊂ RN .

By Step 1 we know that ||zdn(Φ(
√
dny))−U(y)||C0

loc(RN+ )→0. So if we show that

||zdn(Φ(
√
dny))− ũn(y)||C0

loc(RN+ )→0,(2.16)

the claim follows.
Let us fix a compact set K ⊂ RN . By the definition of Φ (see (1.5)) we get

|Φ(
√
dny)−

√
dny|2 = |dny2

N |∇y′ψ(
√
dny)|2 + ψ2(

√
dny)|→ψ2(0) = 0

uniformly in K.(2.17)

Then, since |∇udn | ≤ C in K, we obtain that

||zdn(Φ(
√
dny))− z̃n(y)||C0(K) ≤ C||Φ(

√
dny)−

√
dny||C0(K)→0,

(2.18)

and this finishes the proof.

Proof of Theorem 1. Let us again consider the functions zn and z̃n defined by (2.1)
and (2.5). First of all we remark that since u1,n and u2,n solve (0.1) we have∫

Ω

u1,nu2,n(up−1
1,n − u

p−1
2,n ) = 0

and then z̃n does change sign.
Since we have that ||z̃n||L∞(B/

√
dn) = 1 we can assume that there exists a se-

quence of points x̃n ∈ B/
√
dn such that z̃n(x̃n) = max

x∈B/
√
dn

z̃n(x) = 1. Moreover we

have that

∇z̃n(x̃n) = 0 and ∆z̃n(x̃n) ≤ 0(2.19)

(this is obvious if x̃n ∈ B/
√
dn and it follows by ∂z̃n

∂ν (x̃n) = 0 if x̃n ∈ ∂B√
dn

).
From Proposition 2.1 the following alternative occurs: either

z̃n→0(2.20)

or

z̃n→
N∑
i=1

αi
∂U

∂xi
for some (α1, . . . , αN ) ∈ RN \ {0}.(2.21)

We will prove that in any case we reach a contradiction.

Case 1. |z̃n|→z ≡ 0.

Here we have the following alternative:
i) |x̃n| ≤ C,
ii) |x̃n|→∞.
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Case i). |x̃n| ≤ C.

Let x0 = lim
n
x̃n. If x0 6∈ ∂RN+ , the claim follows easily. If x0 ∈ ∂RN+ , we again

consider the diffeomorphism Φ between B(0, δ′) and B(0, δ) which straightens the
boundary. Since x̃n ∈ B/

√
dn we have that x̃n = xn√

dn
with xn ∈ B and xn→0.

Then there exists Pn ∈ B+
δ such that

Φ(Pn) = xn.(2.22)

Set yn = Pn√
dn

. Then, since Φ(0) = 0 and Φ is a diffeomorphism in B+
δ ,

|
√
dnyn| = |Pn| = |Φ−1(xn)| = |Φ−1(

√
dnx̃n)| ≤ C|

√
dnx̃n|,

(2.23)

so |yn| ≤ C. Finally, by (2.7)-(2.9)

1 = z̃n(x̃n) = zn(xn) = zn(Φ(Pn)) = zn(Φ(
√
dnyn))→0(2.24)

and this gives a contradiction.

Case ii). |x̃n|→∞.

Let us prove that cn(
√
dnx̃n)→0. We have

cn(
√
dnx̃n) = p

∫ 1

0

(tu1,n(
√
dnx̃n) + (1 − t)u2,n(

√
dnx̃n))p−1dt.

Again since x̃n ∈ B/
√
dn there exists xn ∈ B such that xn =

√
dnx̃n and

|xn|√
dn
→∞.(2.25)

Then (1.6) and (1.7) of Theorem 1.4 applies: since by (2.25) xn 6∈ B(i)
dn

we obtain,
for any ε > 0,

u1,n(xn) < ε and u2,n(xn) < ε for n large.(2.26)

Hence cn(
√
dnx̃n) = cn(xn)→0. Finally from (2.19) we obtain

0 ≤ −∆z̃n(x̃n) = cn(xn)− 1→− 1,(2.27)

and this gives a contradiction.

Case 2. |z̃n|→z =
N∑
i=1

αi
∂U
∂xi

for some (α1, . . . , αN ) ∈ RN \ {0}.

First of all let us prove that

∂2U

∂x2
j

(0) < 0 and
∂2U

∂xi∂xj
(0) = 0 if i 6= j, i, j ∈ {1, . . . , N}.

(2.28)

This is a well-known fact (see [NT] for example), but we repeat the proof for the
reader’s convenience. Since the function U(ρ) is radially decreasing for ρ > 0 (see
[GNN]), we have that ∂U

∂xj
= U ′(ρ)xjρ > 0 in Tj = {x ∈ RN | xj < 0}. Hence

∂U
∂xj

∣∣
∂Tj
≡ 0 and then ∂2U

∂xi∂xj
(0) = 0 for any i 6= j. Moreover f = ∂U

∂xj
solves

−∆f + f = pU(x)p−1f in Tj,
f > 0 in Tj,
f = ∂U

∂xj
= 0 on ∂Tj.
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So, by Hopf’s Lemma, ∂f
∂xj

= ∂2U
∂x2
j

(0) < 0 on ∂Tj, and then (2.28) is proved.
Now let us recall that ∇z̃n(0) = 0. Since Φ(0) = 0 we have

∇(zn ◦ Φ)(0) = 0.(2.29)

Then since (α1, . . . , αN ) 6= (0, . . . , 0) there exists αj 6= 0. Finally, from (2.8), (2.28)
and (2.29) we get

0 =
∂(zn ◦ Φ)
∂xj

(0)→
N∑
i=1

αi
∂2U

∂xi∂xj
(0) = αj

∂2U

∂x2
j

6= 0,(2.30)

a contradiction. The proof of Theorem 1 is finished.
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