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ABSTRACT. Let us consider the operator Au(z) = ¢(z, v (x))u’’ (x), where ¢
is positive and continuous in (0,1) x R and Ais equipped with the so-called
generalized Wentzell boundary condition which is of the form aAutbu'+cu =0
at each boundary point, where (a,b,c¢) # (0,0,0). This class of boundary
conditions strictly includes Dirichlet, Neumann and Robin conditions.

Under suitable assumptions on ¢, we prove that A generates a positive Cp-
semigroup on C[0,1] and, hence, many previous (linear or nonlinear) results
are extended substantially.

INTRODUCTION

In analysis, the boundary conditions associated with a second order (linear or
nonlinear) elliptic differential operator usually involve the function and its first
derivative (including Dirichlet, Neumann and Robin conditions). In Markov process
theory, following the work of A.D. Wentzell [9], it was recognized that it is natural
to include boundary conditions involving the operator itself.

Thus, if A denotes an elliptic operator, the elliptic problem

Au(z) — du(z) = h(z)
or the parabolic problem

Ju

— —Au=0

ot "
forxz € Q C R™, ¢t > 0, is said to be equipped with the Wentzell boundary condition
if one demands Au(z) = 0 for z € 9Q (and any ¢ > 0 in the parabolic case). The

usual boundary condition can be written as

b% +cu=0 on 09,
on

where % is the outer normal derivative and (b, ¢) # (0,0).
n
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A more general boundary condition which arises naturally in this context is the
generalized Wentzell boundary condition (GWBCQC)
Ju

aAu(x) + b%(m) + cu(z) =0, x € 08,

where (a,b,c) # (0,0,0). (Note that (a,b,c) can depend on z as well.)

This paper will be devoted to a rigorous analytic treatment of these ideas in
the one space dimensional context of semigroups generated by (linear or nonlinear)
second order operators acting in the space C10, 1].

§1. LINEAR CASE: GENERATION

Let X := C|0, 1], the space of all real-valued continuous functions on [0, 1] under
the supremum norm. Suppose « : (0,1) — R and a = (ag,a1), b = (bg, b1),
¢ = (¢, c1) such that

(Hy) a€C(0,1),a>0 on (0,1), éGLl(O,l),

(aj,b;,¢j) #(0,0,0) and a; >0,a0+ a1 >0,
(a; > 0) implies ((-=1)’b; <0,¢; >0 and
¢; =0 if b;=0),
(a; =0) implies (=1)7b; <0 and ¢; > 0),
(H3) (a1bo # agb1) or (bico # bocr).

Let us introduce the operator Au := au’” defined in the domain

Dape(A) :={u € X NC?%(0,1)| Au € X, a;Au(j) + bju/(4) + cju(j) = 0,5 = 0,1}
and notice that assumption (H;) yields that every u € X N C?(0,1) with au” €
L>(0,1) has u” € L'(0,1) and belongs to C*[0, 1]. Indeed, from
= |04(J?)U"(3?)| < Au]

a(z)

(H2)

e o

it follows that u” € L(0,1) and
1
[l < [[Aullocll ~l2s < oo
Hence u € C1[0,1] and v’ € ACI0,1].

Theorem 1.1. Under assumptions (Hy)—(Hs), the operator (A, Dape(A)) is dense-
ly defined, m-dissipative on X (i.e. it is dissipative and for all A > 0 the range of
I— XA, R(I —)A) is all of X ) and satisfies the positive minimum principle (i.e. if
0< f € Dabc(A)v ZTo € [07 1]7 f(xO) = 0; then Af(xO) > O)

The proof of this theorem will be given in Section 2, in the more general setting
of the nonlinear case.

Remark 1.2. Theorem 1.1 is still true if the hypothesis ag + a1 > 0 is omitted from
(Hsz), but if ag = a1 = 0, the boundary condition reduces to (dissipative) Robin
type condition

(=17 b0 () + cju(j) = 0.
Thus the hypothesis ag + a; > 0 means that the second order term Au plays a role
in the boundary conditions in at least one endpoint.
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Moreover, if a; > 0 and b; = 0 = ¢; for j = 0,1, then (GWBC) reduces to the
usual Wentzell boundary condition.

We observe also that assumption (H3) can be compared with the transversal
Wentzell boundary condition for Feller semigroups on bounded domains of R", as
defined in [, p.31].

Finally, we remark that if for some j, a; = 0, b; = 0 and ¢; > 0, then A will be

m-dissipative but not densely defined; functions in D(A) will necessarily vanish at
x = j. This will lead to a Cp- contraction semigroup on a suitable proper subspace
of X.

§2. NONLINEAR CASE: GENERATION
Let us introduce a function of two variables
¢:(0,1)x R—R
which satisfies the following assumptions:
(Hy) ¢<€C((0,1) xR) and for all z € (0,1), (z, ) € C*(R);
(Hs) there exists o € C(0,1),
for all (z,€) € (0,1) x R: ¢(x,€) > a(z) > 0.

(
If a,b,c € R?, a = (ag,a1), b = (bo, b1),c = (co,c1) verify (Ha)—(Hs), let us define
(A, Dgape(A)) as follows:

Dae(A) == {u € X N C*(0,1)] Au € X, a;(Au)(j) + bju/(j) + cju(j) = 0, j = 0,1},
Au(z) = ¢(x, ' (2) (@), u € Dape(A), z € (0,1)

€ L'(0,1) such that

Q|+

and saying Au € X means limg_,; ﬁu(x) exists for j =0, 1.

Remark 2.1. Note that (A, Dape(A)) becomes (A, Dape(A)) when ¢(z,€) = a(x) is
independent of £&. Moreover, both the operator A and the boundary condition at
x = j (where ¢; > 0) are nonlinear, unless ¢ is independent of &.

Theorem 2.2. Under assumptions (Hy)—(Hs), the operator (A, Daye(A)) is closed,
densely defined and m-dissipative on X .

Proof. First let us remark that u € Dabc(g) implies ¢u” € CJ0, 1], whence, point-
wise on (0, 1), we have

v B @ (@) [ Aul
W =@y S al)

Hence
~ 1
(2.1) [ < [Auflooll =l < oo.

Thus v € C'[0,1] and u' € AC[0,1]. In particular, v'(j) makes sense for j = 0, 1.
The proof will consist of four steps.

Step 1. Ais dissipative on X.

According to the definition of dissipativity, we have to show that for all uy,us €
Dape(A) there is f € J(ur — ugz) such that (Auq — Aug, f) < 0, where J is the
duality map defined, for each u € X, by

T (u) = {f € X" (u, ) = |lul* = | £1%}.
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Let u1,us be distinct vectors in Dabc(g) and assume without loss of generality
that ||u; —wusz|| > 0. Let u := uy —ug and choose z¢ € [0, 1] such that u(xg) = %||ul.
By interchanging u; and us, if necessary, we may suppose u(zg) = ||ul|.

If 0 < zg < 1, then by the first and second derivative tests of calculus,

(w1 —u2)'(z0) =0, (u1 —u2)"’(xo) <O0.

Hence
(2.2) uf (w0) = us(o), uf(z0) < uj (o).
Since dz, ||t|loo € J(u), it suffices to show

(Auy — Aug, 0y,) = Aus (o) — Aug(zo) < 0.
Indeed, as a consequence of (2.2) and (Hj), we have

(Auy — Aus)(wo) = ¢(wo, uj (w0))uf (z0) — b (0, b (x0))us (w0)
= (o, v (w0))(uf (z0) — uz(z0)) < 0.
Now, let us assume that 2o = 0. Clearly v/(0) < 0 and
ao(Au (0) — Aus(0)) + bou'(0) + cou(0) = 0.

If ap > 0, then according to (Hs) we have by < 0 and ¢p > 0 and hence
~ ~ 1
Auy(0) — Aug(0) = a—(—bou'(()) —cou(0)) <0.
0
The case ap = 0 cannot happen because, otherwise, from (Hsz) we should deduce
that by < 0 and ¢y > 0 and consequently
bou'(0) + cou(0) > 0,

in contradiction with the assumed boundary condition.

The case g = 1 can be treated in the same way, taking into account that
/(1) > 0.

Step 2. A is closed.

Let (un)nen be a sequence in Dabc(/T) with

lim u, =u€ X

n—oo
and
lim ﬁun =veX.
n—oo
Then

@) = lim Au(e) = lim o1, (x)u (@)

uniformly in [0, 1]. On the other hand, since for arbitrary € > 0 and suitable § > 0
we have

¢(z,§) 20 >0

on [6,1 — €] x R, it follows that (u,)nen is bounded in C?[e,1 — €] and relatively
compact in C'e,1 — €], i.e. (un)nen is relatively compact in C} _(0,1). Thus, on
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(0,1) it follows from lim,, o0 ¢(z, ul, (2))u (x) = v(z) that v € Ciee(0,1) and since
u, — u in CE,(0,1) we deduce that

(2.3) v(z) = ¢(x, v (z))u” (z), z € (0,1).
Thus, from

[0lloc > |¢(2,w')u" (2)] > a(z)|u” (2)],
we have that

[l
a(z)

ju” ()] <
and hence u” € L'(0,1). Therefore
x
W)= (0) = [ ) dy
0

gives that u € C[0,1] and u' € ACI0,1]. Finally, taking into account (2.3), we
conclude that

lim ¢(z, v (x))u” (x) = v(4)

x—]

and thus u € Dabc(/T) and Au = v.

Step 3. Ais densely defined.

Let € > 0 be given and pick f € C2[0,1]. We seek a function w € Dgpe(A)
approximating f. We define

u(j)=f(G) i j=01,
and take

SEFG) I a2 0.b, A0,
0 if aj>0,bj:0.

Remark that by (Ha2), if a; > 0 and b; = 0, then ¢; = 0, whence if u is linear on
some interval containing j, then

Au(j) = lim ¢z, o/ (z))u” (z) = 0,
T—7
so that the boundary condition
~ . C . 3
Au(j) = === £(5)
a;

holds (notice that ¢; = 0).

Next we extend u to be a linear function on the two intervals [0, 4] and [1 — 6, 1]
with & > 0 sufficiently small, so that u satisfies the boundary condition as in
Dabc(g). Moreover by taking ¢ small enough, we have
€
5
In addition, on the interval [, 1 — 2] we can construct u; € C*[0, 1] such that

If = ulleqo,sun—s1) <

€
lur = Flleps gy < 6

Fix0<e < % and take 0 € C‘X’[%, % + €] with
0 )

0<6(z) <1, 9(5) =1, 9(54-61) =0
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and

)
2
Introduce the function h defined by

hz) = 8(z)u(z) + (1 = 0(x))u (2)

and observe that h € C2[$, 2 + ¢;]. Hence

h(g) = u(§)v h(§

09 (= )—9(])(64-61) 0, j=1,2

)
= +61)-

+e1) :u1(2

In addition, since
W(x) = 0'(z)u(z) + 0(z)u (x) — 0 (z)us () + (1 = O(2))ui (@),
h'(z) = 0" (z)u(@) + 20 (2)u () + 0(2)u" (z)
— 0" (z)ur (z) — 20" (2)uy (2) + (1 — O(2))uf (2),

we obtain
0 0 1 1
oy 2 " %y
W =w(G), K =3 =0,
0 0
h/(§ +e)= u'1(§ +e1)
0 1
WG +ea) =u(g +ea).
Moreover, for any € [3,  + ;] we have
(h(x) = f(2)] = [h(z) — (1 = 0(z)) f(z) — 0(z) f(z)|
= |0(x)[u(z) — f(2)] + (1 = 0(x))[us(x) — f(z)]]
< fu(z) = f(@)] + [ur(z) = f(2)]
€
< —.
-3
Define
u(x), 0§x§%,1—g§x§1,
h(x), g§x§g+q,
w(z) = 5 5
ui(r), §+ea<r<1l—-F—6,
hi(x), 1—%—61§x§1—%,
where the function h; is defined on the interval [1 — g —€,1— —] in analogy with
the function h, provided that 6 is replaced by 6, € C*°[1 — % —€,1— —] where
1 1
0§91(x)§1, 91(1—5—61):0, 91(1—5):1
and
0§j>(1—§—el):9§j>(1—§):o, j=1,2.
2 2
Then, w € Dabc(g) and obviously
lw = fllcpo,y f—+ <e

3
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Thus any function in C2[0,1] can be uniformly approximated by functions in
Dape(A). Since C2[0,1] is dense in C[0,1], the density of Dgpe(A) in C[0,1] fol-
lows.

Step 4. R(I — AA) = X for some A > 0.

We show that R(I — AA) is dense in X for some A > 0. Indeed, this will imply
that A is m-dissipative, since Ais already closed.

Let f € C?[0,1], A > 0. We want to solve
(2.4) u— Nu=f

for a particular choice of A > 0 and for all f € C?[0,1]. Fix any A > 0 and consider
g € C2[0,1] such that g is linear on [0,4] and on [1 — §, 1], with § > 0 and § small
enough. Step 3 showed how to construct such a dense set in C[0, 1] of functions g
of this form. Hence, it suffices to find u € Dabc(/T) such that

(2.5) u—Nu=g
From the equations
u(j) = Au(j) = g(j),
a; Au(j) + bju' () + cju(j) =0,
we obtain that
i (I i)+ gut) = 0

or, equivalently,

aj . . a; .
(2.6) (5 +e)uld) + b0/ (7) = S 9(5)
for j =0, 1. Since by hypothesis (H3) the determinant
QW ¢y bo| _aoh boay
) _ %09 _ _ boay
‘a—)\l +c b N brco = bocy A
_a0b1 — b0a1

3 + (bico — bocy) # 0,

there exists a unique solution v of the system v = 0 and (2.6). Let us consider
now the equation

(2.7) w— Ap(z,w' (x) + 0" )w'’' =g —v
(note that v is constant) with the boundary conditions

a; . . .
(2:8) ( +e)wli) +bw' () =0, j=0,1,

and apply similar arguments to those used in [6] in order to find a solution w €
C[0,1] N C?(0,1) which satisfies (2.7) and (2.8). Then, defining v = w + v, the
function u € Dype(A) and satisfies (2.5).

Step 5. A satisfies the positive minimum principle.

In order to prove that (g, Dabc(/T)) satisfies the positive minimum principle, we
have to show that

0< f € Dae(A), 0 € [0,1], f(w0) =0 = Af(w0) > 0.
Indeed, if 2o €]0, 1], then f'(20) = 0 and f”(z0) > 0, whence Af () > 0.
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Assume now zp = 0 and suppose by contradiction that /Tf(O) < 0, that is,
(0, f'(0))f"(0) < 0.

Hence, there exists 6 > 0 such that

¢z, f'())f"(x) >0 and (=, f'(z)) >0

for all 0 < z < §. Consequently, f”/(x) < 0 in ]0,d[ and f’ is strictly decreasing in
10,4][.
Let us consider the boundary condition at 0, which reduces to

agAf(0) + bof'(0) =0

and distinguish two cases : ag = 0 and ag > 0.

If ap = 0, then according to (Hz), we have by < 0 and we deduce f’(0) = 0.
Since f’ is strictly decreasing in |0, d[, it follows that f’(x) < 0, for all z €]0,4d].
This implies f(x) < 0 in ]0, 6[, contrary to the assumption f > 0 in [0, 1].

If ap > 0, then by < 0 (otherwise /Tf(O) =0) and

£1(0) = =22 47(0) < 0.
bo

Then, again, f’(z) < 0 in |0, d[ and we contradict the positivity assumption on f.
If x9 = 1, analogous arguments as in the previous case still work. [l

Remark 2.3. In [5] Goldstein and Lin assumed ¢ on C([0,1] x R), but they never
used the continuity of ¢ at z =0, 1.

So, for the case of ayg = a; = 0, the statement of Theorem 2.2 contains cases
not covered in the statement of Goldstein and Lin (but covered by the proof in [5]
Theorem 1]).

Moreover, in the context of Theorem 1.1 or 2.1, when for j = 0,1 we have
(aj,b5,¢;) = (1,0,0), the restriction that % € L'(0,1) is not necessary, as proved
by Goldstein and Lin in [5| Theorem 1]. It becomes important when we want to
allow (b;,c;) # (0,0).

We remark that Theorem 1.1 extends a part of Clément and Timmermanns’
theorem (see [I, Proposition 1]), while Theorem 2.2 fully extends the result of
Goldstein and Lin in [4].

Note that our main relevant form is when a; > 0 and (b;, ¢;) # (0,0).
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