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ABSTRACT. Let S denote the Schlumprecht space. We prove that
(1) £oo is finitely disjointly representable in S;
(2) S contains an ¢;-spreading model;
(8) for any sequence (ng) of natural numbers, S is isomorphic to the space

(2, ®lak)s.

Let (e;)32, be the standard basis of the linear space cyo, the set of all finitely
supported sequences. For x = Zf; aie; € coo, supp x denotes the set {i € N: a; #
0}. A subset E of N is said to be an interval if there exist a, b such that

E={ceN:a<c<b}.

For finite subsets E, F of N, F < F means max I/ < min F’ or E' is an empty set.
For x = ZS; a;e; and a subset E of N, Ex denotes the vector Fx = ZieE a;e;.
Let f : [1,00) — [1,00) be the function defined by f(z) = logs(x + 1). The
Schlumprecht space S = (S, || - ||) is the completion of cog with respect to the norm
|| - || which satisfies the following implicit equation:

1 z|| = max { ||z sup Eix

(1 o] loller, S0 s Z |Eial

Clearly, (e;) is a 1-unconditional subsymmetric basis of S. It is easy to see that
every normalized block basis (y;) of (e;) dominates (e;), i.e.

o0 oo
E a;yi|| = E a;e;
i=1 =1

for all (a;) € coop-
Recall that a sequence (z,,) in S is said to be successive if suppz1 < supp za <
A sequence of finite subspaces (V},) is said to be successive if z; € V;\{0},
x € Vi\{0} and j < k implies that supp x; < supp zx.
In [S1], Th. Schlumprecht introduced the space S and he showed that S is arbi-
trarily distortable. He also showed that S has neither ¢,-spreading model for any
1 < p < oo nor ¢p-spreading model. He asked the following question.
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Question 1. Does S contain an £1-spreading model?

Recall that a vector « € S is said to have character p € N if there exist Fy <
E; < --- < E, such that

1 p
}@;E:H&x”””ﬂV
i=1

So if x1,...,x, are n unit vectors in S with a common character p > n, then
n
n
in > f(p) ~n
= f(np)

Here a ~ b means that |§ — 1| < ¢ for some 0 < ¢ < 1 and a > b > 10 means

W > N for some N € N. Recall that two elements y, z in S are said to have
the same distribution if there are two strictly increasing sequences {ny}, {my} of
natural numbers and two sequences {ax} {b;} such that |ag| = |b| for all & € N,
and y = Y po | akeny, 2 = Y peq bk€m,. Two subspaces V,U are said to have the
same distribution if there is an isometry from V onto U such that for any v € V, v
and T'(v) have the same distribution.

For any n € N, let u,, = % Y p_p ek It is easy to see that for any By < E3 <
e < Ek7

B /()
2 Bl < 56075y

Hence, for any n € N, ||u,|| = 1 and if u, has character p, then f(p) = f(n). We
will show that for any ¢ > 0, there is a rapidly increasing sequence (p;)?_; such
that for any n € N, there is a finite sequence (v;)}_; in S such that

e the support of v;’s are pairwise disjoint;

e v; and uyp, have the same distribution;

o IXjmvill <1+e
From that fact, it will be easy (see Theorem [6)) to show that the answer to Question
[Mis affirmative.

E. Odell and Th. Schlumprecht constructed a space which has neither ¢,-spread-
ing model for any 1 < p < oo nor ¢o-spreading model [OS]. For background
information about spreading models see [BI].

A Banach space X is called minimal (a notion defined by H. P. Rosenthal) if
every infinite dimensional subspace of X contains a further subspace isomorphic
to X, and X is called complementably minimal (defined by A. Pelczynski) if every
infinite dimensional subspace of X contains a subspace which is isomorphic to X
and complemented in X. X is called prime [LT] if every complemented infinite
dimensional subspace of X is isomorphic to X. A. Pelczynski proved that ¢,
1 < p < oo, and ¢y are prime, while J. Lindenstrauss showed that /., is prime
(see e.g. [LT]) and for a long time these were the only known examples. Recently,
W. T. Gowers and B. Maurey [GM2] constructed more prime spaces for which all
complemented infinite dimensional subspaces are of finite codimension. In [S2],
Th. Schlumprecht showed S is complementably minimal. As was remarked in [S2],
the space S is either prime or fails the Schroeder-Bernstein property (see [C], [G2]).
Recall that a Banach space X is injective if for any Banach space Y containing X
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as a subspace, there is a bounded linear projection from Y onto X. It is known
that £ is injective. It is natural to ask the following two questions.

Question 2. For any sequence (ny) of natural numbers, does S contain a comple-
mented subspace which is isomorphic to (3, ®LE)s?

Question 3. If the answer of Question[A is yes, is (3 po, ®LZ)s isomorphic to
S?

A positive answer to Question[2 easily follows from our construction of % and a
theorem of Th. Schlumprecht (see Lemma[2] below). A negative answer to Question
Blwould have shown that S is not prime. Unfortunately, in this article, we will show
that its answer is positive. Hence, the question whether S is prime or not is still
open. However, our result shows that ¢y is not the only subsymmetric space X
which has the property that it is isomorphic to the X-sum of finite dimensional ¢2%
spaces for an arbitrary sequence of integers (ny).

Recall that a nonzero vector x € S is said to be an (7, -average with constant C
if |x” Z:'L=1 x; for some sequence x7 < --- < x, of nonzero elements of S such
that ||a;]] < Cn~! for all i < n.

We need the following lemmas.

Lemma 1 (Lemma 4, [GMI1]). Let M,n € N and C > 1. There exists an N such
that for any Efi -vector x € S with constant C' and any sequence F1 < --- < E, of
intervals,

M
Z |E;z|| < C(1+2M/N)||z].

Lemma 2 (Theorem 3, [S2]). For any e > 0 with Y ;- e, < 1, there ezists a
constant C > 1 such that for any normalized block basis (yi) of (ex) with the
following properties: there is a sequence Ty, T co in N so that for all k € N,

T
(2) sup | Eilyw)ll < 1+ e,

T<rE_1 i—1
Ei1<Ey<--<E,

Tk
< . -
(3) card(suppyi) < ef - f ( 3 ) ,
we have that (yi) is C-equivalent to (ey).

Theorem 3. For any % > ¢ > 0, there is a rapidly increasing sequence {py} of
natural numbers such that for any n there exist n disjointly supported elements v;,
1 < j <n, such that for any k < n, vy and u,, have the same distribution, and

<l+e.

Proof. Let (p;)52, and (g;)72o be two sequences of natural numbers which satisfy
the following condltlons

1. f(go) > 20/e and po = 1.
2
2. If g; is defined, then p; i = qu?j.
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3. Suppose that p; is defined. By Lemma [[ there is ¢; such that if x is an
K‘f{r—vector with constant 1 + ¢, then

Yo IEil < (L+e)(1+ 2p/g)lz] < (1 +2¢)]2]

i=1
)
for any p <p,;” and Ey < Ep <+ < Ej,.

Let {Wm,,ma,...om; : J < n and m; < qi’f for all ¢ < j} be any sequence of N
such that
Wiy mag,.rmy; < Wry rg,..oirg
if one of the following conditions holds:
o for some i < max{j, ¢}, ms =rs for all s <i and m; < r;;
e j<land mg=r, for all s <j.
Finally, let

q] 1

qo ql =1
2

’Ll 112 1 ZJ':1

We claim that for any & < n and any interval E either E(v;) =0 or

(4) B> v ||| < (0 +e/a+2/25)](un)l-
=k

Clearly, (@) implies our theorem and it holds if & = n. Assume that @) holds for
all k > m > 1. We will show that () also holds for k = m — 1. We note that:

1. there is a vector y;, such that

f(pm — 1 4
(8) [lym|| = Lm=t0) o Lte/a,

2 — 7
q 1 Pm—1
Pm—1f(qm"7")

(b) vy, is the sum of p,,_1 successive vectors which have the same distribution
as Ym-

2. E(vm-1) = f;py;" 11) i 1641, for some j and ¢ <l < --- < 4.

We shall use induction (on j above) to prove (). First, we summarize some
facts that we shall use in our proof.

Fact 1. If E(v,;,—1) = 0, then by the induction hypothesis, we have

B (Z vk> < (14+5) 1Bl < (14 5) llymll < pﬁ
k=m

If || B(v)l| = L2222 then

(5]

Fact 2. We claim that [|(vy,—1)]] = % implies

E ( > vk> H = Slnet) )
k

—me1 Pm—1

4
(1 +e)[[E(vm)|l < 2(1+&)llyml < P

m—1
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Forany r > 2,and Fh < Ex < --- < E,

EiOE< zn: ’Uk>H
k=m—1

T

1
P>

i=1

1 f(pm—l) + 4 0 -
= f(r) Pm—1 * 5, oE(vz: ) ek <k§—1vk> H
< 1 (f(pm 1 +4 ) f(Pm=-1)
- f(r) Pm—1 pm 1

Therefore,

_ f(Pm-1)

m—1

= [[E(om-1)-

()l ()

2
Fact 3. Suppose that ||E(vm—1)] > %. It is known that for any r > ¢im

m—1>

oo

u, is an {7~ '-vector with constant 1 + /2. This implies that E(vy,) is an €777 -
vector Wlth constant 1 + /2 and E(}_)_, vx) is an £ '-vector with constant
1+4+e.

Fact 4. If |[E(X,_,, 1)l = |1E(XCh—,,_1 Vk)|loc, then (@) holds. So we assume
that there are p > 2 and Ey < Ey < --- < E, such that

n
EioE< Z vk)H'
k=m—1

We claim that either F; o E(vp,—1) # 0 for all i < p or ||E; 0 E(vm-1)| < fom—1)

Pm—1

A2 )%

=m—1 i=1

for all 7 < p.
First, we note that by the proof of Fact 2 if E; o E(v;,—1) = E(vm—1) # 0, then

n
EioE< Z vk)H’
k=m—1

a contradiction. Hence, ||E; 0 E(vm—1)| < ||E(vm-1)]| for all i < p. Suppose that
our claim is not true. Without loss of generality, we assume that Ey o E(v;,—1) =0

and ||Ey o E(vy—1)| > RACITES DR, Y’ Ey1 < By < -+ < Ey,, be a successive

Pm—1
n
EQ’]‘ oF Vk .
k=m—1

1 P
P

E; oE<an:1vk>

=m—

sequence of subintervals of Fs such that

n P2
EQOE< 5 vk>“—Lz
k 1

S f(p2) =
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Let ¢ be the smallest number such that Es ¢ o E(vy,—1) # 0 and E) j €+1 E, ;.

The proof of Fact Bl shows that

1 o =
s3] LOVI I ot
flp) = i

p el
< L
f(p)

Eé ol < ’Uk> H
k=m—1

P
+ Z E’L ’ E Uk) H) ,
=3 k=m—1

7n 1
J(pm— 1q,,L 1) S f(pzr;c)l). Therefore, if E(Umfﬂ 75 0,

E2}[OE< Z ’Uk>
k 1

=m—

a contradiction.

Fact 5. For any k < pp,_1,
f(kqu 1 )

then
1+¢/4
[Em)ll < |E@m-1)ll + lymll < [E(vm-1)ll + P

Fact @ shows that () holds when 5 = 1. So we may assume that j > 1. The

proof consists of four cases.
Case 1. 1 <p < j. By Fact[], for all 7 > p,

Eio B(on—1) #0 and [1E;o Bon-)] <=0,

Using the induction hypothesis, we have

s leee (2]

k=m—1
1+€/4+E/22m+1 zp:
< 1B © E(vm-1)]l
fp) P

(1+e/4+¢e/2™ )| E(vm-1)]-

By Fact [4, for any ¢ < p either E; o E(v,—1) = 0 or
—Efl(gl). Hence,

IN

Case 2. j < p < qo.
EioE(vm_1) = f(p’" 1)6[ Note that 2p < 2¢gy < f(pl) <

o)

=m—1

b

f(p)
<|E@m-ll+ >

Ei0E(Um_1)=0
2p

@
i M@
I

n
E;oFE (Z vk>
k=m

<Ewmn-)l + —

mf

< (T +e/H[E@m-1)|-
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Case 3. qo < p < pp’” ' . By Fact Bl E(X)_,, vk) is an €17 -vector with
constant 1 + €. Therefore,

p 1 n
e eo(5)
< B (m-1)] + (1 +e>;mwﬂ 0 B(om)]
(1+2)(1 + )| E(wm)|
S ||E(’Um,1)|| + f(p)
< (14 75 ) 1Bl < (L4 /B

Case 4. p,""' < p. In this case, we have | E(vn—1)|1/f(p) < 6”1,”7;12”“
p 1 n
—_— Ez oF Vg
L |72
P

1 SN
ZﬁHEOEvm Il + Zm

=1

EHUmleoo (

P
1
<+ (U 54 ) X g 1 B
EHUmleoo
< W (1 + - 1 + 2m+2) £ (vm)]|
< (14 2+ z1) 1E@n-l
The proof is complete. O

Remark 4. The above theorem was first proved by the second author and indepen-
dently by the first author with techniques which were later used in [ADKM] for
some asymptotic ¢; spaces. Recently, A. Manoussakis has the same result for a
more general class of spaces, containing S.

Remark 5. Let the v;’s be the vectors in the proof of Theorem [8l We have proved
that for any m < n and & € span{vp,,...,v,},  is an {7~ '-vector with constant
1+e.

By Lemma [Il for any N,7,m € N and € > 0, there exists an m-dimensional
space V such that

e N <V and V is 1+ ¢ equivalent to £2};

e For any x € V and any Fy < Fy < --- < E,, we have

T
DBl < (1+e)zl.
i=1
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Theorem 6. S has an {1-spreading model.

Proof. By Theorem B there exists a successive sequence {y} in the unit ball of
S such that for any k, there exist k disjointly supported elements {vs ; : j < k}
so that for each j <k, v, j, up, /2 have the same distribution and y;, = Z?:l V-
Hence, if N <ny; <mnp <--- < ny, then

zj: o |l > zj: vl & if(pw)
S E 2/(pw)
So {yk : k € N} generates an ¢;-spreading model. O

In the sequel we shall use a variant of the refinement of Johnson’s argument for
a space with a subsymmetric basis ([BCLT], Proposition 6.3). We shall work with
finite dimensional decompositions instead of block-vectors. Fix a sequence (ny) of
natural numbers. Represent any k in the form k = 2¢(2j — 1). Let my = nj, i.e.
we repeat each n; infinitely many times. In the following, X, Y and V denote the
spaces
oo
, V= <Z @EQ}&)
k=1

X = <§: @e:;g—l> , Y= (i @6&)
k=1 k=1

S S S

Then
o0 o0
y = (Z eaeng“) Cove (Z @eg?'v)
k=1 S k=1 S

So we have
VaY®V and Y =S&X.

Proposition 7. There exists a complemented subspace U of S which is 2C-isomor-
phic to Y.

Proof. By Theorem Bl and Remark [}l we can construct a sequence (ry) of natural
numbers and a successive sequence (V%) of the finite dimensional subspaces of S
which satisfy the following conditions:

1. For any k € N, V}, is a subspace of S which is (1 + ) isomorphic to £7.

2. Vi< Vo <-nn.

3. For any k € N, p < ri_1 and normalized vector y € Vi,

sup ZHEz(yk)” <1+e¢g.

r<rR_1 i=1
E1<Ex<---<E,

4. For any yi, € Vg,

card(suppyg) < ek - f (%k) .
Let U be the space generated by Uy—, V. By @), @ and Lemma B for any

yr € Vi with D32, yk € S, we have

oo o0
> llyllex > llyllex
k=1 k=1

Hence U is isomorphic to Y. Now, let Fj be the smallest interval of N which
contains the support of Vi. Since Vj is 2-equivalent to ¢ and ¢, is an injective

oo

Zyk

k=1

< <C .




REMARKS ABOUT SCHLUMPRECHT SPACE 2067

space, there is a projection Py from Fj(S) onto Vi such that ||P| < 2. Define
P:S—Uby

P(z) =) Pu(Fi(x)).
k=1

Since
Y Pu(Fi(@)|| < C|>I1Pe(Fi(@))lex || < 2C||]),
k=1 k=1
P is a bounded projection from S onto U. |

Proposition 8. The space Y is isomorphic to S.

Proof. We use Pelczynski’s decomposition technique (see [LI] or [BCLT]). By
Proposition [7, we may assume that V and Y are complemented subspaces of S.
Let W be the space such that

S~VaoW
Then
YeS~YoeVoW=VoW=S.
Evidently, S =S & S. Therefore,
Y=~SeX~S®eSepX~SaY ~=S.
The proof is complete. O

Let (x1) be a sequence of successive vectors in S such that for each n € N, xy,
has the same distribution as u,, for some ni € N. Let Y7 be the space spanned by
{z) : k € N}. It is known that Y7 is a complemented subspace of S ([LT], Theorem
3.a4) and Y1 ® S &~ S ([BCLT], Proposition 6.3). Since S is complementably
minimal, the proof of Proposition B shows that Y7 ~ S. It is also known that if
(xk)}_, is a sequence of successive vectors such that for any k < n, x;, has the same
distribution as wyn, then (zx)}_; is 1+ %—equivalent to the unit vector basis of /7
and for each x in the space of {x}, : k < n}, z is an £}, -vector with constant 1+ %
By the proof of Proposition[d, we have the following.

Proposition 9. Schlumprecht space S is isomorphic to (>, ®l1*)s for any se-
quence of integers (ng).

A Banach space with an unconditional basis is said to have a unique conditional
basis if any two normalized unconditional bases are equivalent after a permuta-
tion; see [BCLT] and for recent results see [CK]. It was remarked in [CK] that
the example of Gowers in [(GI] has a unique unconditional basis. Proposition [&
(or Proposition @) implies that S has no unique unconditional basis. This also
immediately follows if one uses that S is complementably minimal and combines
Proposition 6.3 and Proposition 6.4 of [BCLT].

Clearly, we have by duality that for any sequence (ny) of natural numbers, S*
is isomorphic to (3 7, ®€1*)s+ and (3o, DI )s«. P. Casazza pointed out the
the following immediate consequence of our observations (in fact, not using their
full generality). Recall that the same property for the classical spaces ¢, for p > 2,
1 <p<2and p=1wasshown in [R], [BDGIN] and [B] respectively.
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Corollary 10. Schlumprecht space S (resp. its dual S*) has a subspace isomorphic
to the whole space and not complemented in S (resp. S*).

Remark 11. Since S is complementably minimal, most of the above results are valid
hereditarily, i.e. in every subspace of S.

Remark 12. Let Z be a complemented subspace of S which has a subsymmetric
basis. Since Z is isomorphic to its square, then by the decomposition technique we
have that Z is isomorphic to S.

We do not know the answer to the following question:

Question 4. Does S have a unique subsymmetric basis?
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