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ABSTRACT. A well known theorem of Hardy on Fourier transform pairs says

A
that a function f on R™ and its Fourier transform f cannot both be “very
rapidly decreasing”. We prove here an analogue of this result in the case of
semi-simple Lie groups.

1. INTRODUCTION

In qualitative terms Hardy’s theorem for R™ says that a function f on R™ and its
A
Fourier transform f cannot both be “very rapidly decreasing ”. More precisely, if |

fz)|< Ae=ol=” and |3”\ (y) I< BePlul” where A, B, o, 3, are positive constants and
af > 1/4, then f = 0 almost everywhere (see [2], pp. 155-157). An analogue of this
result was established in [4] for connected noncompact semi-simple Lie groups with
finite centre having one conjugacy class of Cartan subgroups. It was conjectured
in [4] that a result of a similar nature is valid for all noncompact semi-simple Lie
groups.

The aim of this article is to prove this conjecture, i.e. establish the analogue of
Hardy’s theorem for all semi-simple Lie groups, connected and having finite centre.
We note that it has been shown in [4] that 1/4 is the best possible constant in this
theorem. Thus our result is the best possible one, valid in the broad context of all
connected semi-simple Lie groups with finite centre.

Our proof follows the pattern of that in [4] and uses in addition the results of
Casselman and Milicic ([T]) on the asymptotic behaviour of the matrix coefficients
of admissible representations to handle the case when the group has discrete series.

2. NOTATION AND BACKGROUND MATERIAL

In this section we set up the notation that we subsequently employ and recall
some basic facts from the representation theory of semi-simple Lie groups. Our
discussion of the latter will be brief and we refer the reader to [5] for details. If
V is a finite dimensional real vector space, V* will denote its dual and Vi the
complexification of V. If A € V4, then Re A (resp. Im \) will denote the real (resp.
imaginary) part of A\. Furthermore iV* will denote the vector space of all purely
imaginary valued R linear functions on V. Let G be a connected, noncompact,
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semi-simple Lie group with Lie algebra G. Analogous notation will be used for
denoting Lie algebras of subgroups of G. We assume that G has finite centre. Let
K be a fixed maximal compact subgroup of G with Lie algebra IC and let 6 denote
the associated Cartan involution of G and of G as well, by abuse of notation. Let
G = K & P be the corresponding Cartan decomposition of G and let B denote the
Killing form of G. It is well known that B |pxp is positive definite. Let A, C P
be a maximal abelian subspace and A, =exp A,. Let X(G, .A,) be the roots of the
pair (G, A,), i.e. the set of restricted roots. We choose, once and for all, a set of
positive restricted roots which we denote by ¥*. Let A, be the underlying set of
simple roots and let C, denote the corresponding positive Weyl chamber in A,. We
have G = KA,N, (resp. G = K& A, & N,) the Iwasawa decomposition of G (resp.
G) corresponding to the data above. Let M, (resp. M]) be the centraliser (resp.
normaliser) of A, in K. The quotient M//M, is a finite group called the (little)
Weyl group of (G, A,) and denoted by W. Let P, = M,A,N,. Then P, is a minimal
parabolic subgroup of G and (P,, A,) is a (minimal) p pair. To each proper subset
F of A, corresponds a standard p pair (Pp, Ap) where Pp is a standard (proper)
parabolic subgroup of G and A its split component. F' C F' C A, = Pr C P
andPy = P,. We denote by Wg the Weyl group of (Pg, Ar).

G has a Cartan decomposition, G = KCI(A}) K, i.e. any x € G can be written
as ¢ = kjaky where ki,ko € K and a € CU(A}), AT = exp C,, the element a
being uniquely determined by x. Let dk denote the normalised Haar measure on
K, ie. fK dk = 1. The Haar measure dzx on G can be normalised so that dz = J(a)
dkida dko where J(a) = [ e+ (exlloga) _ g=alloga)yma 1y | heing the multiplicity
of the root «.

The quotient space G/K is a Riemannian symmetric space of the noncompact
type. Let d be the distance function on G/K induced by the Riemann metric on
G/K. Let 0 : G — R be the function

(2.1) o(z) =d(zK,o)

where 0 = eK is the “origin” in G/K. o is a continuous function on G, nonnegative,
K bi-invariant and o(z) = o(z7!) Vo2 € G. Furthermore o(expH) = ||H|| =
B(H,H)'? VH ¢ A,.

G” will denote the unitary dual of G, i.e. the set of equivalence classes of
irreducible unitary representations of G. We will use the same symbol, say 7, for
an irreducible unitary representation and its equivalence class. We hope that no
confusion will arise from this abuse of notation. If 7 is any unitary representation of
G in a Hilbert space H, say and if f € L*(G), 7 (f) is the bounded linear operator
on H, given by

(2.2) w(flv = /Gf(:c)w(x)vdx Vv € Hy.

An irreducible unitary representation 7 of G is said to belong to the discrete series
if for some nonzero vi,vy € Hy we have [, | (w(x)v1,v2) |* dz < co. If this is the
case, then we have [, | (m(z)v1,v2) |* dz < oo for any vi, vy € Hy. Furthermore 3
a positive number d, such that, for unit vectors vy, ve in H,

(2.3) /G | (m(x)v1,v9) |* do = d* .
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We will denote the discrete series of G by &(G). A famous theorem of Harish-
Chandra says that £ (G) is nonempty iff G has a compact Cartan subgroup, i.e. iff
rank G = rank K.

Let (Pr, Ar) be a standard p pair with Langlands decomposition

Pr = MFAFNF.

Np is the unipotent radical of Pr and Mp is reductive. Pg is said to be a cus-
pidal parabolic subgroup if Mg has a compact Cartan subgroup, i.e. if E3(Mp)
is nonempty. We denote by Peysp the set of standard (proper) cuspidal parabolic
subgroups of G. To each Prp € P.yusp we associate a series of admissible repre-
sentations of G as follows. Let & € &(Mp) and A € A}’C. Then ¢ ® e* ® 1 is
a representation of Pr on the Hilbert space H¢ of {. Here 1 denotes the trivial
representation of Nrp. We define 7¢ y = IndgF ¢ ®e* @ 1, the representation of G
induced from the representation ¢ ® e* ® 1 of Pr. We use normalised induction so
that if A is purely imaginary, then m¢ y is unitary. If A is purely imaginary, m¢ » is
“generically” irreducible and if not, it decomposes into a finite number of irreducible
unitary representations of G. If 7 is any irreducible tempered representation of G,
then either 7 is a member of the discrete series of G (if the latter is nonempty) or it
is equivalent to an irreducible subrepresentation of some 7¢ x, A purely imaginary,
the two possibilities being mutually exclusive. We denote the Hilbert space of the
representation m¢ x by He n. We refer the reader to [5] for an explicit description of
TEN- Let Yr = [(f,)\) | ¢ € gQ(MF), A€ ZA*F] and let Y = UF Yp. If f € Ll(G),

A
then its group-theoretic Fourier transform, f, is an operator valued function on

Y U & (G) given by

(2.4) F(EN) = mex(f) for (6,)) € Vi,

A
(2.5) f (m) =n(f) for m € E(G).
The Plancherel theorem for G says that there is a positive Borel measure m(§, \)
on Y such that for f € L'(G) N L*(G) we have

(2.6)

L 1@ P de = 2wy [ w1 dmie ) + reev | 7(0) 1 d

Yr
where || T ||2 denotes the Hilbert-Schmidt norm of the operator T'; note that if the
discrete series of G is empty, then the second term in the right-hand side of (2.6)
is absent.

3. STATEMENT OF HARDY’S THEOREM

Theorem. Suppose f is a measurable function on G satisfying the following esti-
mates:

(3.1) | f(z) |< Cem@" @) g e G
(3.2) For Pp = MpApNFp € Peusp (cf. section(2))

| ea(f) llo< Cee™ P, (6,) € Ea(Mp) x i,
where C,Ce¢, o, B are positive constants with C¢ depending on & and || ||2 denotes
the Hilbert-Schmidt norm. If af > i, then f =0 almost everywhere.
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Remark. The estimate (3.1) implies that f € L'(G) N L*(G) and therefore ¢ A (f)
is a well-defined bounded linear operator which is Hilbert-Schmidt for almost every

(& A)-

4. PROOF OF THE THEOREM
In order to keep the exposition simple we divide the proof into two cases.

Case 1. rank G > rank K, i.e. G has no discrete series.
We note that He ) has an orthonormal basis consisting of K finite vectors. Let
u (resp. v) be an element of this basis which transforms under K according to §

(resp. p) E[/%. Then we have for (£, ) € &2(Mr) x A% ¢

(4.1) <mxﬁmw=4fwwm@mwm.
Hence
anﬁww|§0/eﬂ*@|wm@Mwndm
G

Now Pp = MpApNp D Py = MyAoNy (section 2). We have Ap C Ay and we
write Ag = Ar @ .AI% where AI% is the orthocomplement of Ar in Ay with respect
to B. Let pp, (resp. po) be the half-sum of the roots of P (resp. Py). Then, the
arguments of Milicic ([3], pp. 82-83) show that

(42) | <7TE7>\(x)u7’U> |< Vd(6)vd(w) ¢Rez\+PPF —po (z) Ve € G

where d(0) (resp. d(u)) is the degree of § (resp. ) and ¢, is the zonal spherical
function with parameter (.). Here Re )\ and pp, are extended to Ay by defining
them to be zero on As. For brevity we denote /d(8)+/d(p) by C(3, ). Now if
x = ki exp Hkoy where kq, ko € K and H € Cy, then, by K bi-invariance,

(4.3) ¢R6A+pPF —po(T) = ¢REA+pPF _po(expH) < e(BeA+ppp—po) ™t (H)

where (Re A\+pp, —po)* is the Weyl translate of (Re A+ pp, —po) which is dominant
i.e., (Re X+ pp. — po)™ = s.(ReX + pp, — po) for suitable s € W. Now

o5 (RATpry —p0) (H) _ o5 REAH) 5. (prp —p0) (H) < g5 REACH) gllor —poll [1H]
where || || is the norm on Ay (and Aj) induced by B. || || is W invariant. Let

H; gex € Ap correspond to s. Re A € Ajj under the isomorphism between Ay and
Aj given by B. Then, we obtain, for = k; exp Hks as before,

(14) | {mea(@)u,v) |< O, p)ePM e H ) D | oy — po |
Consequently,
(4.5)

| (mex(flu,v) |< CC(6, #)/ e—(y||H||2eD||H||e(H,Hs.ReQJ(epo)dH.
Co

We can now proceed exactly as in [4]. Suppose «, 8 > 0 satisfy a8 > %. Then we
can choose 0 < a' < « such that o'3 > % and

efa”H”QJrD”H”J(epo) < const.e® HIvp € C,
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since there exists a constant £ > 0 > J(exp H) < ePIHI VH € Cy. Hence the
integral in (4.5) is

Sconst./ e_"lllH”26<H’H5‘R“>dHSconst. / e~ IHI*+(H Ho.rex) g F

Co Ao
since the integrand is positive.
Now
/ e*al||H||2+(H,H.;.Re/\)dH:eﬁHHs_ReﬂP/ o O HHano HoHoner) o
.Ao -AO
:eﬁHHs.RmP/ e IHI g g
Ao
becausg dH is translation invariant. Now | Hs pgex ||°=| Hgex [|*=| ReX |2
<[FAE
(4.6) Therefore | (me A(f)u,v) |< const.erat M.

As in [4] (4.6) gives (mea(f)u,v) = 0 and hence the operator m¢ z(f) = 0, for
(§,A\) € Yp. The Plancherel theorem then implies that || f [[z2(¢)= 0, i.e. f =0
almost everywhere.

Case 2. Rank G = Rank K, i.e. G has discrete series.

Step 1. We will show below that it is enough to prove the theorem in the case
when f is (bi)K finite. We first observe that if f satisfies the estimate (3.1) of the
theorem, then so does Ly, Ry, f for (k1,k2) € K x K where Ly, f (resp. Ry, ) is the

AA
left (resp. right) translate of f by ki (resp. ko). It follows that if (6, u) €K x K,
then the function f5, given by

fou(z) = d(fs)d(#)/K/Kf(k'flxk‘z)%(/‘51)Xu(k2)dk1dk2

also satisfies the estimate (3.1) of the theorem, with the constant C' depending on
(0, ). f5, is (bi)K finite. Let (£, A) € Yp. If we compute the matrix of the Fourier

A
transform, fs, (£,A), with respect to the orthonormal basis of He x described in
case 1, we find that this matrix has only finitely many nonzero entries and any such

A A
entry is a matrix entry of f (£,)). Hence f;, (£, ) is a Hilbert-Schmidt operator

A A
and || f5, (§&,A) [2<|If (§,A) [|2. Therefore f5,, satisfies the estimate (3.2) since f
satisfies (3.2) by assumption. Now f can be expanded in the sense of distributions
on G as

(4.7) f= > fo

(b.u)eRx K

A A
If f5, = OV(d, 1) €K x K, then clearly f = 0. We can therefore assume that f is
(bi) K Afinite.

Step 2. The arguments given in case 1 show that m¢ x(f) = 0 for (§,\) € Yp,
i.e. the Fourier transform of f is supported on the discrete series of G. Now
since f is (bi)K finite, it must be a finite linear combination of (bi) K finite matrix
coefficients of the discrete series of G; in particular f is z(G) finite where z(G) is
the commutative algebra of bi-invariant differential operators on G.
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We will now show that f = 0 by using the results of Casselman-Milicic (cf. [I]).
Let ¢ : G — L*(K x K) be given by

(x)(k1, k2) = f(kytaks ), x € G ki, ke € K.

Then, since f is (bi) K -finite, the linear span of {¢(x) | z € G} is a finite dimensional
subspace, V say, of L?2(K x K). We define a double representation 7 of K on
LXK x K) by
— —1
[T(k0)Y] (K1, k2) = (kg K, k2),

[T (F2)] (K1, ko) = bk, kaFey )
for ¢ in L?(K x K) and ki, ko, k1, ko in K. Then (1,V) is a finite dimensional,
smooth, unitary, K bi-module, the norm in V' being the norm in L?(K x K). Now
¢: G —V is C°, 7 spherical and z(G) finite and (3.1) implies

(4.8) | ¢(z) [|< Ce " @ vz € G.

Let A, denote the negative Weyl Chamber in Ay, i.e. A; = exp (—Cp). We define
an order relation on positive characters of Ay, i.e. continuous homomorphisms of
Ap into the group of positive real numbers as follows. Let x1,%2 : 49 — RT,
be as above. Then we say x1 < x2 if xi(a) < x2(a)Va € Ay. Let (1, E) be
any finite dimensional, smooth, unitary, double representation of K. The theory
of Casselman-Milicic determines the asymptotic behaviour of z(G) finite, C*°, 7
spherical, functions F' : G — E when the group variable tends to infinity in terms
of certain characters, called leading characters, depending on F', of Ayg. We are now
in a position to state the theorem of Casselman-Milicic.

Theorem ([1]). Let F: G — E be C*°, 7 spherical and z(G) finite and letw : Ag —
R™ be a positive character of Ag. Then the following conditions are equivalent.
(i) For every leading character v of F we have

v <w.
(ii) There exists M > 0 and m > 0 such that
| Fa) 1< Muw(a)(1+ | loga )™
for all a € CU(Ay).

We apply this theorem to F = ¢. Now || ¢(a) ||< Ce7"(@vq € CU(Ay ). Now
if w is any positive character of Ay, we have w=(a) || ¢(a) ||< Celldwllo(@)g—ac®(a)
Va € Ao where || dw || is the norm of the linear functional dw € A}. Now

sup eldwlio(@)—ac®(@) « 5o = ¢ satisfies (ii) for any w. The theorem above then
a€Ap

shows that | v |< w for any leading character v of ¢ and for any positive character
w of Ag. Hence the set of leading characters of ¢ is empty and therefore ¢ must be
zero which implies that f = 0. This completes the proof of the theorem.

Remark. Our proof carries over to the case when G is a real reductive Lie group in
Harish-Chandra class.
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