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WHEN PRODUCTS OF SELFADJOINTS ARE NORMAL

E. ALBRECHT AND P. G. SPAIN

(Communicated by David R. Larson)

Abstract. Suppose that h, k ∈ L(H) are two selfadjoint bounded operators
on a Hilbert space H. It is elementary to show that hk is selfadjoint precisely
when hk = kh. We answer the following question: Under what circumstances
must hk be selfadjoint given that it is normal?

Let h, k ∈ L(H) be two selfadjoint bounded linear operators on a Hilbert space

H such that hk is normal. The example h :=
(

0 1
1 0

)
, k :=

(
0 i
−i 0

)
, for

which hk =
(
−i 0
0 i

)
, shows that hk need not be selfadjoint; note that here

σ(h) = σ(k) = {−1,+1}.
However, if either h or k is positive, then hk is normal if and only if it is selfad-

joint; for example, when k ≥ 0,

σ(hk) ⊆ σ(k
1
2 h k

1
2 ) ∪ {0} ⊆ R,

and a normal operator with real spectrum is selfadjoint. In fact, σ(hk) = σ(kh) =
σ(k

1
2 h k

1
2 ) when h is selfadjoint and k is positive (see [6]; we thank Prof. J. Zemánek

for this reference).
We note further that, because σ(hk) \ {0} = {w̄ : 0 6= w ∈ σ(hk)} = σ((hk)∗) \

{0} = σ(kh) \ {0} = σ(hk) \ {0}, the spectrum σ(hk) is symmetric with respect to
the real axis. Conversely, any compact subset K ⊂ C of the complex plane which
is symmetric with respect to the real axis can occur as the spectrum σ(hk) for such
a pair of operators. To see this, choose a countable sequence (λn)n∈N dense in K.
Then the operators

h :=
∞⊕
n=1

(
0 1
1 0

)
and k :=

∞⊕
n=1

(
0 λn
λ̄n 0

)
are selfadjoint operators on a separable Hilbert space such that hk is normal and
σ(hk) = K.

The question naturally arises of finding conditions that will guarantee that hk is
selfadjoint given that it is normal; we shall answer it in the wider context of Banach
algebras.
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In what follows A will be a complex unital Banach algebra with unit e. Recall
that an element a ∈ A is hermitian if ‖exp(ita)‖ = 1 (t ∈ R) and hermitian-
equivalent if sup

t∈R
‖exp(ita)‖ < ∞. Also recall that n is normal (-equivalent) if

n = r+ is where rs = sr and r, s are hermitian (-equivalent); we write n∗ = r− is
for such an n.

We shall use an extended two-normal Fuglede theorem:

Theorem. Let A be a complex unital Banach algebra. If m, n (∈ A) are normal-
equivalent and na = am for some a ∈ A, then n∗a = am∗.

Proof. This follows from the fact that for any complex number λ we have a =
eiλ̄n a e−iλ̄m so that λ 7→ eiλn

∗
a e−iλm

∗
= ei[λ̄n+λn∗] a e−i[λ̄m+λm∗] is bounded and

analytic, hence constant. See also [2], Theorem 1.

We require the following lemma:

Lemma 1. Let A be a complex unital Banach algebra, and let s, k ∈ A. Suppose
that k is hermitian-equivalent, that σ(k)∩σ(−k) ⊆ {0}, and that sk+ks = 0. Then
ks = 0.

Proof. Regard k as an element of L(A). Since k is of class (C1(R)) ([1], Satz
3.3), it is decomposable ([4], Theorem 3.1.19). Since s(−k) = ks, it follows from
([4], Theorem 2.3.3 and [2], Proposition 1) that ran s ⊆ Xk(σ(k)) ∩Xk(−σ(k)) =
Xk({0}) = kerk, where Xk(F ) is the spectral maximal subspace of k corresponding
to the set F ; so ks = 0.

Remark. In the particular case that A is a C∗-algebra we can use the continuous
functional calculus to give a different proof of this lemma. Since the map srk :
σ(k2)→ σ(k) : λ2 7→ λ is continuous, it follows that k belongs to the bicommutant
of k2. Then sk2− k2s = (sk+ ks)k− k(sk+ ks) = 0; hence sk = ks; hence ks = 0.

Remark. When A is a general Banach algebra and σ(k)∩σ(−k) = ∅, we can use the
holomorphic functional calculus (as in the previous Remark) to obtain the result
of Lemma 1, without calling on the theory of generalized spectral operators.

The principal result of this paper is:

Theorem 1. Let A be a complex unital Banach algebra. Suppose that h, k (∈ A)
are hermitian-equivalent, that σ(k) ∩ σ(−k) ⊆ {0}, and that r = 1

2 (hk + kh) and
s = 1

2i (hk− kh) are two commuting hermitian-equivalent elements of A. Then hk
is hermitian-equivalent and hk = kh.

Proof. Let n = hk = r + is; then n is normal-equivalent, n∗ = kh = r − is, and
nn∗ = n∗n. The two ways of grouping the product khk give n∗k = kn. Then
nk = kn∗ by the Fuglede theorem, and subtracting gives sk = −ks. Lemma 1 now
shows that ks = 0, so that 0 = hks = rs+ is2. It follows from the spectral mapping
theorem for the pair (r, s) that σ(s) = {0}, from which s = 0. Then hk = kh = r,
which is hermitian-equivalent.

The result promised in the title is an immediate corollary of Theorem 1.

Theorem 2. Let h, k ∈ L(H) be selfadjoint and suppose that σ(k)∩ σ(−k) ⊆ {0}.
If hk is normal, then hk = kh, so hk is selfadjoint.
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Another corollary is a generalisation of a result of Radjavi and Rosenthal [7]
(which also appears as [5], Problem 193).

Theorem 3. Let A be a complex unital Banach algebra in which every element is
normal-equivalent and in which (hk)∗ = kh for every pair of hermitian-equivalent
elements h, k. Then A is commutative, and may be renormed to be a C∗-algebra.

Proof. Let H denote the set of hermitian-equivalent elements in A. In the first
place A = H + iH . Secondly, if h, k ∈ H , then h, 2 ‖k‖+ k satisfy the hypotheses
of Theorem 1

[
and σ(2 ‖k‖ + k) ∩ σ(−2 ‖k‖ − k) = ∅

]
. Hence hk = kh; so A

is commutative. We can now renorm [first renorm A as a Banach space, then as
a Banach subalgebra of L(A)] so that all the elements of H are simultaneously
hermitian; by the Vidav-Palmer theorem A is a C∗-algebra.

This problem was raised, and the solution found, during the Banach Algebras
1999 Conference. The authors are glad to express their gratitude to the Organis-
ers of the Conference and to the Institutions which funded it for inviting us and
providing excellent facilities and support.
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6. M. Hladnik and M. Omladič, Spectrum of the Product of Operators, Proc. American Math.

Soc. 102 (1988), 300–302. MR 90a:47008
7. H. Radjavi and P. Rosenthal, On invariant subspaces and reflexive algebras, Amer. J. Math.

91 (1969), 683–692. MR 40:4796

Fachbereich 9 Mathematik, Universität des Saarlandes, Postfach 151150, 66041 Saar-

brücken, Germany

E-mail address: ernstalb@math.uni-sb.de

Department of Mathematics, University of Glasgow, Glasgow G12 8QW, Scotland

E-mail address: pgs@maths.gla.ac.uk

http://www.ams.org/mathscinet-getitem?mr=50:5507
http://www.ams.org/mathscinet-getitem?mr=57:10486
http://www.ams.org/mathscinet-getitem?mr=54:11013
http://www.ams.org/mathscinet-getitem?mr=52:15085
http://www.ams.org/mathscinet-getitem?mr=84e:47001
http://www.ams.org/mathscinet-getitem?mr=90a:47008
http://www.ams.org/mathscinet-getitem?mr=40:4796

	References

