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AN EXTENSION OF MULTI-VALUED CONTRACTION
MAPPINGS AND FIXED POINTS
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(Communicated by David R. Larson)

Abstract. A class of new multi-valued contraction mappings is presented.
Under the new contractive conditions, some fixed point theorems for multi-
valued self-mappings and nonself-mappings are proved.

1. Introduction

The well-known Banach contraction principle has extensive applications in many
fields of mathematics and applied mathematics. For example, it has become a vig-
orous tool for studying nonlinear Volterra integral equations, nonlinear integral-
differential equations and nonlinear functional differential equations in Banach
space. Because of its importance for mathematical theory, it has been general-
ized to multi-valued mappings by many authors. For some of these results, one
can refer to Caristi [1],Nadler [2], Yi-Zhao [3] and Sehgal-Smithson [4]. However,
the contractive coefficients in all these generalizations are constant. In this note,
we advance a class of new multi-valued contractive conditions which are essentially
different from the earlier ones. Under the new contractive conditions, some fixed
point theorems for multi-valued self-mappings and nonself-mappings are proved.
Our results are new generalizations of the Banach contraction principle, and even
for single-valued mappings, these are the newest results. Moreover, our results are
generalizations for the corresponding results in Nadler [2], Yi-Zhao [3] and Sehgal-
Smithson [4]. In addition, we also give some example to show that our conditions
essentially generalize the earlier contractive conditions and that our results are best
to some extent.

Our results are based on the new result proved by the first author in the recent
paper [5]. Throughout this paper, we denote by (X, d) a complete metric space, by
CB(X) the set of all non-empty bounded and closed subsets of X and by C(X) the
set of all non-empty compact subsets of X. For any A,B ∈ CB(X), the Hausdorff
metric is defined by

H(A,B) = max{sup
x∈B

d(x,A), sup
x∈A

d(x,B)}
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and we define H+(A,B) = sup
x∈B

d(x,A). For any x, y ∈ X,x 6= y, we denote by (x, y]

the left open and right closed segment, that is, the set of points z ∈ X distinct
from x and satisfying d(x, z) + d(z, y) = d(x, y).

The following two lemmas are important for our proof.

Lemma 1.1 (Zhong [5]). Let h : [0,+∞) → [0,+∞) be a continuous nondecreas-
ing function such that

∫ +∞
0

dr
1+h(r) = +∞. Let X be a complete metric space,

x0 ∈ X a given point and f : X → (−∞,+∞] a lower semi-continuous and bounded
from below . Then, for any ε > 0, any y ∈ X satisfying

f(y) < inf
x∈X

f(x) + ε

and every λ > 0, there exists a z ∈ X such that f(z) ≤ f(y) and d(z, x0) ≤ r0 + r
and for any x ∈ X,

f(x) ≥ f(z)− ε

λ(1 + h(d(x0, z)))
d(x, z),

where r0 = d(x0, y) and r satisfies
∫ r0+r

r0
dr

1+h(r) ≥ λ.

From Lemma 1.1, we can get the following Lemma 1.2 which is a generalization
of the well-known Caristi’s [1] fixed point theorem.

Lemma 1.2. Let (X, d) be a complete metric space and x0 ∈ X a given point. Let
φ be a lower semi-continuous function from X to [0,+∞) and h be as in Lemma
1.1. Let F be a self-mapping of X such that, for all x ∈ X,

d(x, F (x))
1 + h(d(x0, x))

≤ φ(x) − φ(F (x)).(1)

Then F has a fixed point.

Proof. Applying Lemma 1.1 to the function φ with ε = 1/2 and λ = 1, we know
that there exists zε ∈ X such that

φ(x) ≥ φ(zε)− ε
1+h(d(x0,zε))

d(x, zε), ∀x ∈ X.(2)

Taking F (zε) instead of x in (2) and zε instead of x in (1) we get

1
1 + h(d(x0, zε))

d(zε, F (zε)) ≤ φ(zε)− φ(F (zε)) ≤
ε

1 + h(d(x0, zε))
d(zε, F (zε)).

This implies zε = F (zε) and completes the proof.

2. Fixed points

We recall that a multi-valued mapping F : X → CB(X) is upper semi-continuous,
if for any x0 ∈ X and any ε > 0, there exists η = η (x0, ε) > 0 such that
H+(F (x0), F (x)) < ε, whenever d(x0, x) < η.

Theorem 2.1. Let F : X → CB(X) be a multi-valued and upper semi-continuous
mapping, x0 ∈ X a given point and σ ∈ (0, 1] a constant. Let h : [0,+∞)→ [0,+∞)
be a continuous nondecreasing function satisfying∫ +∞

0

dr

1 + h(r)
= +∞(3)
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such that for any x∈ X, if x /∈ F (x), then for any y ∈ F (x),

H+(F (y), F (x)) ≤ (1 − σ

1 + h(d(x0, x))
)d(x, y).(4)

Then F has a fixed point.

Proof. Let f : X → [0,+∞) be defined by f(x) = d(x, F (x)). We first prove
that f is lower semi-continuous. Suppose that {xn} converges to x; then for any
z ∈ F (xn), we have

f(x) = d(x, F (x)) ≤ d(x, xn) + d(xn, z) + d(z, F (x))
≤ d(x, xn) + d(xn, z) +H+(F (x), F (xn)).

Since z ∈ F (xn) is arbitrary, we have

f(x) ≤ d(x, xn) + d(xn, F (xn)) +H+(F (x), F (xn)).

It follows from the upper semi-continuity of F that f(x) ≤ lim infn→∞ f(xn).
Hence, f is lower semi-continuous. By applying Lemma 1.1 with ε = σ/2 and
λ = 1, we get some zε ∈ X such that for any x ∈ X

d(x, F (x)) ≥ d(zε, F (zε))−
σ

2(1 + h(d(x0, zε)))
d(x, zε).(5)

If zε /∈ F (zε), by (4) we know that for any y ∈ F (zε) we have

H+(F (y), F (zε)) ≤ (1− σ

1 + h(d(x0, zε))
)d(zε, y).(6)

Taking y instead of x in (5) and combining (6) we get

d(zε, F (zε)) ≤ d(y, F (y)) + σ
2(1+h(d(x0,zε)))

d(y, zε)
≤ H+(F (y), F (zε)) + σ

2(1+h(d(x0,zε)))
d(y, zε)

≤ (1 − σ
1+h(d(x0,zε))

)d(zε, y) + σ
2(1+h(d(x0,zε)))

d(y, zε)
= (1 − σ

2(1+h(d(x0,zε)))
)d(y, zε).

This implies that

d(zε, F (zε)) ≤ (1− σ

2(1 + h(d(x0, zε)))
)d(zε, F (zε)).

This is impossible. Therefore, zε ∈ F (zε). The proof is completed.

In the following, we shall give some examples to show that contractive condition
(4) is an essential generalization of the earlier Banach type contractive condition
and that (4) is best to some extent. For the sake of succinctness, we give examples
involving single valued functions only.

Example 2.2. Let X = {(x, y) ∈ R × R : 0 ≤ y ≤ x} and the metric |·| be
defined by |(x, y)− (u, v)| = max{|x− u| , |v − y|} for any (x, y), (u, v) ∈ X . Let
h : [0,+∞)→ [0,+∞) be as in Theorem 2.1 and F : X → X be a mapping defined
by F (x, y) = (x, (1 − σ

1+h(|(x,y)|))y), where 0 < σ < 1 is a constant and |(x, y)| =
|(0, 0)− (x, y)|. We have the following assertions.

(a) F is not a Banach contraction mapping. In fact, we take (x, y), (u, y) ∈ X
such that |x− u| > 2σy. Then, we have

|F ((x, y)) − F ((u, y))| = |x− u| = |(x, y)− (u, y)| .
This shows that F is not a Banach contraction mapping.
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(b) F satisfies the condition of Theorem 2.1. In fact, for any (x, y) ∈ X,∣∣F 2((x, y))− F ((x, y))
∣∣ =

∣∣∣(x, (1 − σ
1+h(x) )2y)− (x, (1 − σ

1+h(x))y)
∣∣∣

= (1− σ
1+h(x) ) σ

1+h(x)y = (1− σ
1+h(x)) |(x, y)− F ((x, y))| .

This shows that contractive condition (4) is satisfied. In addition, F is, clearly,
continuous and any (x, 0) ∈ X is a fixed point of F .

From (a) and (b) we can see that Theorem 2.1 essentially generalizes the Banach
contraction principle and Nadler’s multi-valued contraction mapping theorems.

Example 2.3. Let X = [0,+∞) with the usual Euclidean metric, and let T : X →
X be defined by T (x) =

√
x2 + 1. Then∣∣T 2x− Tx

∣∣ = |Tx− x|
√
x2+1+x√

x2+2+
√
x2+1

≤ |Tx− x|
∣∣∣1− 1

4x2+(
√

2+1)x+3

∣∣∣ .(7)

Let h(r) = 4r2 + (
√

2+ 1)r+ 2 and x0 = 0; then h(r) is a continuous nondecreasing
function and d(x0, x) = x. From (7) we have∣∣T 2x− Tx

∣∣ ≤ (1 − 1
1 + h(d(x0, x))

) |Tx− x| .

That is, T and h satisfy (4). But T has no fixed point and∫ +∞

0

dr

1 + h(r)
=
∫ +∞

0

dr

4r2 + (
√

2 + 1)r + 3
< +∞.

This shows that the condition (3) is important for Theorem 2.1.

When F is a multi-valued nonself-mapping, we have the following results.

Theorem 2.4. Let D be a non-empty and closed subset of X. Let F : D → C(X)
be a multi-valued and upper semi-continuous mapping. Let h : [0,+∞)→ [0,+∞),
x0 ∈ X, σ ∈ (0, 1] be as in Theorem 2.1. If for any x ∈ X,x /∈ F (x), there exists
y ∈ F (x) such that d(x, y) = d(x, F (x)), (x, y]∩D 6= ∅ and there exists z ∈ (x, y]∩D
with

H+(F (z), F (x)) ≤ (1− σ

1 + h(d(x0, x))
)d(x, z),(8)

then F has a fixed point.

Proof. Let f : X → (−∞,+∞] be defined by f(x) = d(x, F (x)), if x ∈ D; f(x) =
+∞, if x /∈ D. It is similar to the proof of Theorem 2.1 that f is lower semi-
continuous. By applying Lemma 1.1 with ε = σ/2 and λ = 1, we get some zε ∈ X ,
such that

d(x, F (x)) ≥ d(zε, F (zε))−
σ

2(1 + h(d(x0, zε)))
d(x, zε), for any x ∈ X.

(9)

If zε /∈ F (zε), by (8) we know that there exist a y ∈ F (zε) and a z ∈ (zε, y] ∩D
such that

d(zε, F (zε)) = d(zε, y) = d(zε, z) + d(z, y)(10)

and

H+(F (z), F (zε)) ≤ (1− σ

1 + h(d(x0, zε))
)d(z, zε).(11)
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Taking z instead of x in (9) and combining (10), (11) we have

d(zε, F (zε)) ≤ d(z, F (z)) + σ
2(1+h(d(x0,zε)))

d(z, zε)
≤ d(y, F (z)) + d(z, y) + σ

2(1+h(d(x0,zε)))
d(z, zε)

≤ H+(F (z), F (zε)) + d(zε, y)− d(zε, z)
+ σ

2(1+h(d(x0,zε)))
d(z, zε)

≤ − σ
2(1+h(d(x0,zε)))

d(z, zε) + d(zε, F (zε)).

This is impossible. Therefore, zε ∈ F (zε). The proof is completed.

In the following, we assume that X is a Banach space and D is a closed subset of
X. Recall that a multi-valued mapping T : D → CB(X) is called nonexpansive if
H(Tx, T y) ≤ ‖x− y‖ for any x, y ∈ D. T is said to be a weakly inward mapping if
Tx ⊂ ID(x) for all x ∈ D, where ID(x) = {z ∈ X : z = x+ c(y−x) for some y ∈ D
and c ≥ 1} is the inward set of x relative to D and ID(x) is the closure of ID(x).

Theorem 2.5. Let T : D → C(X) be a multi-valued weakly inward mapping, h :
[0,+∞)→ [0,+∞), σ ∈ (0, 1] and x0 ∈ D be as in Theorem 2.1. If for any x, y ∈ D

H(Tx, T y) ≤ (1 − σ

1 + h(d(x0, x))
)d(x, y),(12)

then T has a fixed point in D.

Proof. Suppose that T has no fixed point in D. Then for any x ∈ D there exists
a z ∈ Tx, such that 0 < d(x, Tx) = ‖x− z‖ . We choose 0 < c < σ and q(x) =
(σ − c)/2(1 + h(d(x0, x))); then 0 < q(x) < 1. Since Tx ⊂ ID(x), there exist a
y ∈ D and λ ≥ 1 such that

‖z − (x + λ(y − x))‖ < q(x) ‖x− z‖ .(13)

We define k = 1/λ and w = (1− k)x+ kz. Then we have

‖w − y‖ < q(x)k ‖x− z‖ , ‖w − x‖ = k ‖x− z‖
and ‖w − z‖ = (1− k) ‖x− z‖ .(14)

It follows from (14) that

‖x− y‖ ≤ ‖x− w‖+ ‖w − y‖ ≤ (1 + q(x)) ‖w − x‖ .(15)

We select a ∈ Tx, b ∈ Ty such that

‖w − a‖ = d(w, Tx) and ‖a− b‖ ≤ H(Ty, Tx).(16)

Combining (14) and (16) we imply that

d(y, T y) ≤ ‖y − b‖ ≤ ‖y − w‖+ ‖w − a‖+ ‖a− b‖
≤ ‖y − w‖+ ‖w − z‖+H(Ty, Tx)

= ‖y − w‖ + ‖x− z‖ − k ‖x− z‖+H(Ty, Tx)
< k(q(x) − 1) ‖x− z‖+ ‖x− z‖+H(Ty, Tx)
= (q(x) − 1) ‖w − x‖+ ‖x− z‖+H(Ty, Tx).

Note that 0 < q(x) < 1 and using (15) and (12) we have

d(y, T y) < q(x)−1
q(x)+1 ‖x− y‖+ ‖x− z‖

+(1− σ
1+h(d(x0,x))) ‖x− y‖

≤ d(x, Tx)− c
1+h(d(x0,x)) ‖x− y‖ .

(17)
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Define f(x) = y and φ(x) = 1/c · d(x, Tx) for any x ∈ D. By virtue of (12) and
inequality

|d(x, Tx)− d(y, T y)| ≤ d(x, y) +H(Ty, Tx)

we can imply that φ : D → [0,+∞) is continuous. By (17) we have
1

1 + h(d(x0, x))
d(x, f(x)) ≤ φ(x) − φ(f(x)).

Applying Lemma 1.2 we know that f has a fixed point. However, from (13) we
know that f has no fixed point. This is a contradiction and shows that T has a
fixed point. The proof is completed.

The following simple Example 2.6 will show that the conclusion of Theorem 2.5
cannot be extended to nonexpansive multi-valued mappings, even when one imposes
an additional condition, such as condition (ii) of Theorem 2.2 in Yi and Zhao [3].

Example 2.6. Let X = R2, D = {(x, y) : x = cos θ, y = sin θ, θ ∈ [0, 2π]} and
T : D → R2 be a mapping defined by T (x, y) = {(cos(θ + ϕ), sin(θ + ϕ))}, where
ϕ ∈ (0, π/2) is a given number.

Since T is a self-mapping of D, T is clearly weakly inward mapping. T is also
nonexpansive, but T has no fixed point. This shows the conclusion of Theorem 2.5
does not hold for nonexpansive mappings. In addition, we note that the set⋃

(x,y)∈D
{(x, y)− T (x, y)} =

⋃
θ∈[0,2π]

{(cos θ − cos(θ + ϕ), sin θ − sin(θ + ϕ))}

is a closed set. Thus, T satisfies the conditions of Theorem 2.2 in Yi and Zhao [3]
as well.

The above example shows that Theorem 2.2, thereby, its random version, The-
orem 3.2 in Yi and Zhao [3] does not hold.
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