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ABSTRACT. The d-dimensional dyadic martingale Hardy spaces Hj are in-
troduced and it is proved that the maximal operator of the (C,a) (a =
(a1,...,04)) means of a Walsh-Fourier series is bounded from Hj, to L,
(1/(ar +1) < p < o0) and is of weak type (L1, L1), provided that the supre-
mum in the maximal operator is taken over a positive cone. As a consequence
we obtain that the (C,a) means of a function f € L; converge a.e. to the
function in question. Moreover, we prove that the (C, ) means are uniformly
bounded on H, whenever 1/(ay, + 1) < p < co. Thus, in case f € Hj, the
(C, @) means converge to f in Hp norm. The same results are proved for the
conjugate (C, a) means, too.

1. INTRODUCTION

The Hardy-Lorentz spaces H), , of dyadic martingales on [0, 1)¢ are introduced
with the L, , Lorentz norms of the diagonal maximal function. Of course, H, =
H, , are the usual Hardy spaces (0 < p < 00).

For multi-dimensional trigonometric-Fourier series Marcinkiewicz and Zygmund
[5] proved that the Fejér means ol f of a function f € L1(T¢) converge a.e. to f
as min(ni,... ,ng) — oo provided that n is in a positive cone, i.e., provided that
277 < n;/n; <27 for every i,j =1,...,d and for some 7 >0 (n = (n1,... ,nq) €
N4). Recently the author [15] extended this result to the (C, «) means.

Here we investigate the (C, «) means o% of d-dimensional Walsh-Fourier series

and the maximal operator of = Supy-r—,, /, <or |05|, Where a = (a1,...,aq)
ij=1,..,d
and 0 < a; < 1. We speak about Fejér means if a; =1 (j = 1,...,d). In the

one-dimensional case the above convergence result for (C, o) means is due to Fine
[2] (for Fejér means see also Schipp [9]). The author [16] obtained the analogue of
the Marcinkiewicz—Zygmund result for the Fejér means of two-dimensional Walsh-
Fourier series by proving the weak (L1, L1) inequality sup - o pA(olf > p) < C|fl-
Moreover, the author [16] verified that o! is bounded from H, , to L, , if 1/2 <
p<ooand0<qg< oo
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In this paper we generalize these results for the (C,a) means and for d dimen-
sions. We introduce the conjugate transforms f®) (¢ € [0,1)), the conjugate (C, )

means 5,(?;0‘ and the conjugate maximal operator &\ 1t will be shown that ol

and 67 are bounded from Hpqto Lygforl/(ap+1)<p<ooand0<g< oo
and are of weak type (L1, L1).

A usual density argument implies then that the (C,«) means o&f (resp. the
conjugate (C,«) means &S);af) of f € Ly converge a.e. to f (resp. to f®) as
n — oo and 277 < ng/n; < 27. Note that f® is not necessarily integrable
whenever f is.

We obtain also that the operators o and gl (n € N?) are uniformly bounded
from Hpq to Hyq if 1/(ar +1) < p < 00,0 < ¢ < o0o. Hence 60 f — f and

&S);af — f®in H, , norm as n — oo whenever f € H,,.

2. Dyapic HARDY SPACES AND CONJUGATE TRANSFORMS

For a set X # () let X< be its Cartesian product taken with itself d times (d € N).
By a dyadic interval we mean one of the form [k27", (k+1)27") for some k,n € N,
0<k<2" IfI,...,I; are dyadic intervals and A(I1) = ... = A(Ig), then the set
I:=1; x...x Iy is called a dyadic cube. The o-algebra generated by the dyadic
cubes of length 27" x ... x 27" will be denoted by F,, (n € N).

The expectation and the conditional expectation operators relative to F,, are
denoted by E and E,, respectively. We briefly write L, , instead of the Lorentz
space Ly 4([0,1)% X), where X is the Lebesgue measure (for the exact definition see
e.g. Weisz [16]).

We investigate the class of one-parameter martingales f = (f,,,n € N) with re-
spect to (Fp,,n € N). The (diagonal) mazimal function and the quadratic variation
of a martingale f is defined by

(o]
2
[r= SuP'fYle S(f) = (Z'fn_fn—ll )1/27
neN n—0
respectively. For 0 < p,q < oo the martingale Hardy-Lorentz space Hy 4 consists of

all martingales for which

1, , = 117 g < 00

Note that in case p = ¢, the usual definition of Hardy space H,, ,, = H), is obtained.
Recall that L1 C Hj o, more exactly,

(1) 1l = s PAF" > p) < Clifll - (f € L)
p
(see Neveu [7]). It was verified in Weisz [14] that
1 g ~ 15(Nllpg - (0<p < 00,0 <g < 00),

Hpg~Lpg (1<p<o0,0<q<o0),

where ~ denotes the equivalence of the norms and spaces.
The following interpolation result concerning Hardy-Lorentz spaces will be used
several times in this paper (see Weisz [14]).

Theorem A. If a sublinear (resp. linear) operator T is bounded from Hy, to Ly,
(resp. to Hp,) and from L, to L, (po <1 < p1 < 00), then it is also bounded
from Hy, 4 to Ly 4 (resp. to Hy4) if po <p <p1 and 0 < ¢ < co.
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Every point x € [0,1) can be written in the following way:

oo

Lk
.ﬁ—ZW, 0S$k<27$kEN.
k=0

In case there are two different forms, we choose the one for which limg_. o zx = 0.
The functions

rn(x) := exp (Wxn\/—_l) (n € N)

are called Rademacher functions.
For a martingale f ~ > >° (fn — fn—1) the conjugate transforms are defined by
the martingale

f(t) ~ Zrn(t)(fn - fn—1)7
n=0

where t € [0,1) is fixed. Note that f© = 7. As is well known, if f is an integrable
function, then the conjugate transforms f®) do exist almost everywhere, but they
are not integrable in general.

Using the quadratic variation we can easily see that

(2) 1F N, = 1flm,  (0<p<ooite(01)).

Furthermore, Khintchine’s inequality (see e.g. Paley [8] or Weisz [14]) implies that

1 -~
3) 1, ~ [ 17l 0 <p <o)

3. (C,a) SUMMABILITY

The product system generated by the Rademacher functions is the one-dimen-
stonal Walsh system

wn (@) = [ i)™,
k=0

where n = Y77 n2%, 0 < ny < 2 and ng € N.
The Kronecker product (w,;n € N%) of d Walsh systems is said to be the d-
dimensional Walsh system. Thus

wn(x) = Wn,y (xl) © Wny (xd)v

where n = (n1,... ,n4) € N4 z = (21,... ,24) € [0,1)<.
Recall that the Walsh-Dirichlet kernels Dy, := E;:é w; satisfy

2k if x € ]0,27%)

4 D — ) ?

@ () {0 if 2 € [27%,1)

for k € N (see Fine [I]).

If f € Ly, then the number f(n) := E(fw,) (n € N%) is said to be the nth
Walsh-Fourier coefficient of f. We can extend this definition to martingales in the
usual way (see Weisz [L6]).
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Denote by s, f the nth partial sum of the Walsh-Fourier series of a martingale
f, namely,

d nj—1

Snf = Z Z f(k;)wk

j=1 k;=0

It is easy to see that sgm . omf = fn. For k,n € N we say that k£ < n if
ki <ni,..., kg <ng. ki <ni,..., kg <ng, then we write k < n. Let

po =T, pri=mr; if (29710207 % k< (27, ,29),

where k& € N?, j € N. Then the nth partial sum of the conjugate transforms is
given by

d nj—1
07 =33 pel)fkywy, = s, fO.
J=1k;=0

Let o = (a1, ... ,0q) with 0 < o, <1 (k=1,...,d) and let
AT (J’+7> _ (D) +2).. . (r+9)
! J J!
It is known that A7 ~ O(j7) (j € N) (see Zygmund [18]). The (C,a) means of a
martingale f are defined by

1 I
ap._ a;—1
onf = 74 pqoi Z Z Anj*kjskf'

[lizy Ani 1 520 k=1

(] 6Na’77’é _17_27)

It is simple to show that

6) @)= [ ) Kt d (e N
[0,1)

it f € Ly, where the (C,~) kernel K}, (m € N,~ > 0) is defined by

1 m

(6) KoL) = YA kDu(y)  (yeo.1).

Note that 4 denotes the dyadic addition; for the definition, see e.g. Schipp, Wade,
Simon, Pal [11].

Every m € N can be written in the form m = 2™ 4 2™2 + . + 2™ with
my > msg > ... > m, > 0. Using Yano’s [17] estimate for the (C,~y) kernel and (8)
from Weisz [16] we can show that

(7)
r mp—1mgp—1 r

K () <Cm™ Y " )" N 210709 Dy (a4 27771 + Cm 7YY 2 Doy (2)
k=1 j=0 i=j k=1

for 0 < v <1 (cf. e.g. Weisz [16, pp. 66-67]). From this and (4) it follows
immediately that

1
(8) / KLldA<C  (meN;0<~y<1),
0
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In this paper the constants C' depend only on a and the constants C), (resp. Cp q)
depend only on p and « (resp. p, ¢ and «) and may denote different constants in
different contexts.

The conjugate (C, ) means of a martingale f are introduced by

d nj
. 1 - o — ~
&Szt)7af = T7d pos Z 2 : Angjfltjsl(ct)f (t € [07 1);71 € Nd)'
[Timy A%l 1 j=1k;j=1

For a given 7 > 0 the mazimal operator and the conjugate mazximal operator are
defined by

ol f = sup lo2 f1, Fep = sup |5 (e ).
277<n; /n; <27 277 <n;/n; <27
©,j=1,...,d i,j=1,....d

4. THE BOUNDEDNESS OF THE MAXIMAL (C, ) OPERATOR ON H,
A bounded measurable function a is a p-atom if there exists a dyadic cube I such
that
(i) [;adX=0,
(it) [la]l < AI)~VP,
(iii) {a #0} C I.
For each dyadic interval I let I* (s € N) be the dyadic interval for which I C I*®
and A(I°) = 2°A(I). If I := I x...x I is a dyadic cube, then set I® := I{ x...x I5.
An operator T" which maps the set of martingales into the collection of measur-
able functions will be called p-quasi-local if there exists s € N such that

/ TalP d\ < C,
[0,1)9\T*

for every p-atom a where I is the support of the atom. The quasi-local operators
were defined first in Méricz, Schipp and Wade [6] only for p = 1 and for L functions
instead of atoms. The following result can be found in Weisz [16]:

Theorem B. Suppose that the operator T is sublinear and p-quasi-local for some
0<p< 1. IfT is bounded from Ly, to L,, for a fivzed 1 < p < o0, then

1T fllp < Cpll fla, (f € Hy).

Now we can formulate our main result.

Theorem 1. Suppose that max{1/(a; +1),j=1,...,d} =po<p<o0, 0<g<
coand0<a; <1 (j=1,...,d). Then

9) log fllp,q < Cp,quHH,,,q (f € Hpg)-
In particular, if f € Ly, then

(10) 0SS > p) < %Hful (0> 0).

For the proof we need the following lemma.

Lemma. [f1<s<K,0<~vy<landl/(y+1)<p<1, then

27K

1
/ sup (/ |K) (xdt)| dt)? doe < Cp27 5,
2 0

—K+s m>2K—s

where C,, depends on s, p and .
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Proof. If j > K — s and o ¢ [0,27K+%), then z+27771 ¢ [0,27K+*). Thus
2_ . 2_ . . .
/ D2j (J?—f—t) dt = / Dgi ($+t+2_j_1) dt =0
0 0

for x € [0,275%%) and i > j > K — 5. Applying (7) we conclude

o~ K mp—1mge—1 o~ K ‘
/ |K7 (z4t)|dt < Cm™ Z Z > 2ty Dyi(z4+t4+2777"1) dt
0 Py
mk<K s /
r K—s—1K-1 92— K 4
+Cm™" Y > 2t / Do (z+t+27771) dt
k=1  j=0 i=j 0
mrp>K—s
T K—s5—1 oo -K .
+Cm™Y 2:(r=19J / Do (z+t+27771) dt
k=1 =0 =K 0
mp>K—s
+Cm™ Y 2mw/ Dz'"k (z+t) dt
mkk<K1' S

= (Am) + (Bm) + (Cin) + (D).
The equality

27K
/ Doi (w2777 ) dt =27 M1y j i 5 jmajooiy(2)  (F<i<K—1)
0

(see e.g. Weisz [16]) implies that

K—s—11—

-1
(Ap) < C0o(=K+s)y Z Z
§=0

=1

K—1
202121 K ) iy i (2).
J

1=

Consequently, if p > 1/(y + 1), then

1 K—s—11-1K—-1
sup Pd)N < Cp2 Kvyp—Kp 9i(yp—1)9ip
3 SIS

=1 j=0 i=j
K—s—11-1
< CPQ—Kvp—Kp Z ZQJ(WHJ—U < sz_K
=1 j=0

Using the fact that the function f(z) := 22~" is bounded for x > 1, we obtain

K—-s—1K-1

(Bm) <C27™ (my+s+1-K) Y > 207D 2]/ Dyi(z4t4+27771) dt
J=0 i=y
K—s—1K-1
<C27F N N 20N R g (@),
j=0 i=j

The estimation can be finished in the same way as for (A,,) above.
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Consider (C),) and now use the equality
27K

/ Dyi(xF+t42777 ) dt = Lp—y1 pymrjo-ry(z) (12 K).
0

Then
K—s—1 oo ‘ )
(Cm) < C2757 3 0 > 207025 s i iy (2)
j=0 =K
and
1 K—s—1 oo
sup (Cp)P d\ < G277 2{0=Upoirg=K < ¢ 2= K
Lo s Corarscar 3y <G,

2 j=0 =K

whenever v < 1. For 7 = 1 the proof can be found in [16].
Finally, by
9K
/ Doi(zt)dt =27 K1 -k g-1)(x) (I €N)
0

we have

K—s—1 o—K K—s-1
(D) < C2757 Y~ ol / Dy (z4t)dt < C2757 Y 227K, o (2).

1=0 0 1=0
Hence
1 K—s—1
/ sup (Dp)P dA < Cp 27 K= KP N ol < 0o K,
2-K+s m>2K—s —o

which shows the lemma. O

Proof of Theorem 1. By Theorems A and B the proof of Theorem 1 will be complete
if we show that the operator o is p-quasi-local for each py < p < 1 and is bounded
from Lo to Loo.

The boundedness follows from (8). Let a be an arbitrary p-atom with support
I=0x%...xIgand A(I;) = 27K (j = 1,... ,d; K € N). We can assume that
I; = [0,27%) (j = 1,...,d). It is easy to see that a(n) = 0 if n; < 2K for all
j=1,...,d. In this case 0%a = 0. Therefore we can suppose that n; > 2X for at
least one j. Choose s € N such that s — 1 <7 <s. Ife.g. ny > 2% then, by the
hypothesis, n; >2""ny > 2K- (j =1,... ,d).

To prove the quasi-locality of o we have to integrate |c%al? over [0,1)4\ I°.
Obviously, it is enough to integrate over

([0, )N\NIF) x ... ([0, )\ I) x Iy x...x Iy for k=1,...,d.

Using (5), (8) and the definition of the atom we can see that

lona(z)] < / a5 (et x - x K (watta) ) di
I x...x1Ig

k
< 2t [ / K25 (w;-+45)] .
j=171i
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The Lemma implies that
/ loa(z)|P de < Cp2tK 2~ Ko=(d=RIK — ¢ |
([0, DNIP) X ([0, )NIR) X Ty g XX T §

which verifies that & is p-quasi-local for each py < p < 1. Hence (9) for p = ¢
follows from Theorem B. Applying Theorem A we obtain (9). Let us point out this
result for p =1 and ¢ = co. If f € L, then (1) implies

o fllvc0 = sup X f > p) < Cllf e < Cll S,
p
which shows (10). The proof of the theorem is complete. O

This theorem for vy = oo = 1 and for two-dimensional functions is due to the
author [16]. We recall that in the one-dimensional case (9) was shown by Fujii [3]
for « =p =g =1 (see also Simon [12] and Schipp, Simon [10]) and (10) by Schipp
[@] for a = 1.

We can state the same for the conjugate maximal operator of the (C, ) means.

Theorem 2. Assume that t € [0,1), po < p < 00, 0<g< oo and 0 < a; <1
(j=1,...,d). Then
~(t);ax
1627 Fllpg < Coallfllir,, (€ Hpg)
for every po < p < oo and 0 < q < co. In particular, if f € Ly, then

MG f > p) < %Hful (0> 0).

Proof. By Theorem 1 for p = ¢ and (2) we obtain

19 flp = 102 f Ol < Col F O, = Collfllm,  (f € Hp)
for every pg < p < co. Now Theorem 2 follows from Theorem A. O

Since the set of the Walsh polynomials is dense in L1, the weak type inequalities
of Theorems 1 and 2 and the usual density argument (see Marcinkiewicz, Zygmund
[5]) imply
Corollary 1. If 0 < o; < 1 (j = 1,...,d) and f € L1, then oif — f a.e.

and 5 f — FO qe. (t € [0,1)) as n — oo whenever 277 < n;/n; < 27
(i,7=1,...,4d).

Note that f (*) is not necessarily integrable whenever f is. The first convergence
result for Fejér means and for two-dimensional functions is due to the author [16]
(see also G&t []) and in the one-dimensional case it is due to Fine [2].

Now we consider the norm convergence of o f. It follows from (9) that o f — f
in L, norm asn — oo if f € L, (1 < p < 00) and 277 < n;/n; < 27 (for Fejér
means see also Wade [13]). We are going to generalize this result.

Theorem 3. Ift€[0,1),0<a; <1 and 277 <n;/n; <27 (i,j=1,...,d), then

||5£1t);af||Hp,qv < Cpqllfll,, (f € Hpyg)

whenever pg < p < oo and 0 < g < oco.
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Proof. We have by Theorems 1 and 2 that

1on )™y < Collfllzr, — (f € Hp)-
It follows from (3) that

1657 fllm, < Collfllm, — (f € Hy).
Now Theorem A proves Theorem 3. |

Corollary 2. Suppose thatt € [0,1), po < p < 00, 0 < g<o0 and 0 < a; <1
i =1,...,d). [ c H then&ﬁf);a — O in H, ., norm as n — oo and

(j ) ) P.qs P,q

27T <mi/n; <27 (i,j=1,....d).

We suspect that Theorems 1, 2 and 3 for p < pg are not true, although we could
not find any counterexample.
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