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MIKLÓS CSÖRGŐ, LAJOS HORVÁTH, AND PIOTR KOKOSZKA

(Communicated by Wei Y. Loh)
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Abstract. We obtain an approximation for the bootstrapped empirical pro-
cess with the rate of the Komlós, Major and Tusnády approximation for em-
pirical processes. The proof of the new approximation is based on the Poisson
approximation for the uniform empirical distribution function and the Gauss-
ian approximation for randomly stopped sums.

1. Approximations for bootstrapped empirical processes

Let X1, X2, . . . be independent, identically distributed random variables with
distribution function F . The empirical distribution function of X1, . . . , Xn is

Fn(t) =
1
n

∑
1≤i≤n

I{Xi ≤ t}, −∞ < t <∞.

Given the random sample, X1, . . . , Xn, let X∗1 , . . . , X
∗
m be conditionally indepen-

dent random variables with common distribution function Fn(t). Let

Fm,n(t) =
1
m

∑
1≤i≤m

I{X∗i ≤ t}, −∞ < t <∞,

denote the empirical distribution function of the bootstrapped sample X∗1 , . . . , X
∗
m.

We say that Fm,n(t) is the bootstrapped empirical distribution function. The em-
pirical process of X1, . . . , Xn is

αn(t) = n1/2(Fn(t)− F (t)), −∞ < t <∞,
and the corresponding bootstrapped empirical process is

αm,n(t) = n1/2(Fm,n(t)− Fn(t)), −∞ < t <∞.
The bootstrap is a widely used tool in statistics and, therefore, the properties

of αm,n(t) are of great interest in applied as well as in theoretical statistics. For
the asymptotic properties of αm,n(t) we refer to Shorack and Wellner [15]. In
this note we are interested in studying the rate of convergence of αm,n(t) to its
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limit in sup norm, as well as in that of the difference between the distributions of
smooth functionals of αn(t) and αm,n(t). The first approximation for αm,n(t) à la
Komlós, Major and Tusnády [10, 11] was obtained by Csörgő, Csörgő and Horváth
[1, Section 17], and it reads as follows.

Theorem 1.1. If

0 < lim inf m/n ≤ lim supm/n <∞,(1.1)

then we can define Brownian bridges {B∗m,n(t), 0 ≤ t ≤ 1} such that

P{ sup
−∞<t<∞

|αm,n(t)−B∗m,n(F (t))| > A1n
−1/4(logn)3/4} ≤ A2n

−ε,(1.2)

for all ε > 0, where A1 = A1(ε) and A2 is an absolute constant.

For a bootstrapped parallel to the asymptotic theory of weighted empirical pro-
cesses in Csörgő, Csörgő, Horváth and Mason [2], we refer to Csörgő and Mason
[6].

The rate of convergence in (1.2) is much weaker than the optimal n−1/2 log n
in the Komlós, Major and Tusnády [10, 11] approximation for αn(t). Our main
result concludes that the rate in (1.2) can be improved via a different method of
approximation. Moreover, the rate of this new approximation for αm,n(t) coincides
with that of the best possible approximation for αn(t) by a sequence of Brownian
bridges. Namely we prove the following result.

Theorem 1.2. We can define Brownian bridges {Bm,n(t), 0 ≤ t ≤ 1} such that

P{ sup
−∞<t<∞

|αm,n(t)−Bm,n(F (t))| ≥ m−1/2(x+ c1 logm)

+ n−1/2(y + c4 logn)} ≤ c2 exp(−c3x) + c5 exp(−c6y),
(1.3)

for all x, y > 0, where c1, c2, . . . , c6 are positive absolute constants.

If (1.1) holds and F is continuous, then Horváth and Steinebach [9] showed that
there is a positive constant c7 such that for any Brownian bridges {B̂∗m,n(t), 0 ≤
t ≤ 1} we have

lim
n→∞

P{ sup
−∞<t<∞

|αm,n(t)− B̂∗m,n(t)| > c7n
−1/2 logn} = 1.

Thus we have the optimality of the approximation in (1.3) if n and m are propor-
tional.

One of the immediate consequences of Theorem 1.2 is an upper bound for the
convergence of distributions of smooth functionals of αm,n(t).

Corollary 1.1. If g is a Lipschitz functional of order 1 and g(B(F (·))) has a
bounded density function, then

sup
−∞<x<∞

|P{ g(αm,n(·)) ≤ x} − P{ g(B(F (·))) ≤ x}|(1.4)

= O(n−1/2 logn+m−1/2 logm),

sup
−∞<x<∞

|P{ g(αn(·)) ≤ x} − P{ g(B(F (·))) ≤ x}|(1.5)

= O(n−1/2 logn),
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and

sup
−∞<x<∞

|P{ g(αm,n(·)) ≤ x} − P{ g(αn(·)) ≤ x}|(1.6)

= O(n−1/2 log n+m−1/2 logm),

where {B(t), 0 ≤ t ≤ 1} stands for a Brownian bridge.

We note that (1.5) follows immediately from Komlós, Major and Tusnády [10, 11]
and, using the same argument, we can derive (1.4) from Theorem 1.2 (cf. Csörgő
and Révész [5]. Putting together (1.4) and (1.5), we get (1.6).

In general, whenever the Komlós, Major and Tusnády [10, 11] approximation was
used in the proofs of limit theorems to derive weak convergence or rates for various
weak approximations, we can now replace their approximation for αn(t) with that
of Theorem 1.2, and thus obtain the same results in the context of bootstrapped
processes as well. For example we can use Theorem 1.2 to obtain limit results
for bootstrapped density estimates. We note in passing that using (1.3) one can
correct an error in the proof of Theorem 2.3 in Hall [8], where the best choice for
the smoothing parameter is discussed in case of bootstrapped density estimators.

2. Proof of Theorem 1.2

We can and shall assume without loss of generality that all random variables and
processes introduced so far and later on in this paper can be defined on the same
probability space (cf. Section A in Csörgő and Horváth [4]). It suffices (cf. Shorack
and Wellner [15, p. 9] or Roussas [13, p. 244]) to consider the case when the observa-
tions are uniformly distributed on [0, 1]. Let U1, U2, . . . be independent, identically
distributed random variables, uniform on [0, 1]. The empirical distribution function
of U1, . . . , Un is

En(t) =
1
n

∑
1≤i≤n

I{Ui ≤ t}, 0 ≤ t ≤ 1.

Given U1, . . . , Un, let U∗1 , U
2
2 , . . . , U

∗
m be conditionally independent with common

distribution function En(t). The bootstrapped uniform empirical distribution func-
tion is

Em,n(t) =
1
m

∑
1≤i≤m

I{U∗i ≤ t}, 0 ≤ t ≤ 1,

and the bootstrapped uniform empirical process is

em,n(t) = m1/2(Em,n(t)− En(t)), 0 ≤ t ≤ 1.

Let {ξi, 1 ≤ i < ∞} and {ηi, 1 ≤ i < ∞} be two independent sequences of
independent, identically distributed random variables, uniform on [0, 1]. The cor-
responding uniform empirical distribution functions are

Ln(t) =
1
n

∑
1≤i≤n

I{ξi ≤ t}, 0 ≤ t ≤ 1,

and

Vm(t) =
1
m

∑
1≤i≤m

I{ηi ≤ t}, 0 ≤ t ≤ 1.
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Let

vm(t) = m1/2(Vm(t)− t), 0 ≤ t ≤ 1.

Lemma 2.1. For each n and m we have

{em,n(t), 0 ≤ t ≤ 1} D= {vm(Ln(t)), 0 ≤ t ≤ 1}.(2.1)

Proof. We refer to Shorack [14].

In light of (2.1), it suffices to approximate vm(Ln(t)).

Lemma 2.2. We can define a sequence of Brownian bridges {B̃m(t), 0 ≤ t ≤ 1}
such that

{B̃m(t), 0 ≤ t ≤ 1, 1 ≤ m <∞} and {ξi, 1 ≤ t <∞}(2.2)

are independent and

P{ sup
0≤t≤1

|vm(Ln(t))− B̃m(Ln(t))| > m−1/2(x+ c1 logm)}(2.3)

≤ c2 exp(−c3x)

for all x > 0.

Proof. Since {ξi, 1 ≤ i < ∞} and {ηi, 1 ≤ i < ∞} are independent, the Brownian
bridges {B̃m(t), 0 ≤ t ≤ 1} that are constructed via Komlós, Major and Tusnády
[10, 11] for vm(t) are such that (2.2) holds, and

P{ sup
0≤t≤1

|vm(t)− B̃m(t)| > m−1/2(x+ c1 logm)}(2.4)

≤ c2 exp(−c3x)

for all x > 0. Observing that 0 ≤ Ln(t) ≤ 1, (2.3) implies (2.4).

Lemma 2.3. We can define a sequence of Poisson processes {Nn(x), 0 ≤ x <∞}
with ENn(x) = x such that

{B̃m(t), 0 ≤ t ≤ 1, 1 ≤ m <∞} and {Nn(x), 0 ≤ x <∞, 1 ≤ n <∞}(2.5)

are independent and

P{ sup
0≤t≤1

|Ln(t)−Nn(nt)/Nn(n)| > 1
n

(x + c11 logn)}(2.6)

≤ c12 exp(−c13x)

for all x > 0.

Proof. By Theorem 3.1.3 of Csörgő and Horváth [4, p. 139] and (2.2) we can find
a sequence of Poisson processes {Nn(x), 0 < x <∞} such that (2.5) holds and

P{ sup
0≤t≤1

|Ln(t)− t− 1
n

(Nn(nt)− tNn(n))| > 1
n

(x+ c14 logn)}

≤ c15 exp(−c16x)
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for all x > 0. Hence by the Dvoretzky, Kiefer and Wolfowitz inequality we have

P{ sup
0≤t≤1

|Nn(nt)− tNn(n)| > (nx)1/2 + x+ c14 logn}(2.7)

≤ c17 exp(−c18x)

for all x > 0. By Theorem 2.6 of Petrov [12, p. 55] we conclude

P{|Nn(n)− n| > n/2} ≤ exp(−c19x)(2.8)

for all 0 ≤ x ≤ n. Observing that

1
n
{Nn(nt)− tNn(n)} −

{
Nn(nt)
Nn(n)

− t
}

=
1

nNn(n)
{Nn(nt)− tNn(n)}{Nn(n)− n},

Lemma 2.3 is established for 0 ≤ x ≤ n. Since (2.6) clearly holds for x > n, the
proof is complete.

Next we note that for all m and n,

{B̃m(Nn(nt)/Nn(n)), 0 ≤ t ≤ 1} D= {B(N(nt)/N(n)), 0 ≤ t ≤ 1},(2.9)

where

{B(t), 0 ≤ t ≤ 1} is a Brownian bridge and {N(x), 0 ≤ x <∞}(2.10)

is a Poisson process with EN(x) = x and these two processes
are independent of each other.

In light of (2.9), it suffices to approximate B(N(nt)/N(n)).

Lemma 2.4. If (2.10) holds, then we can define a sequence of Brownian bridges
{B̂n(t), 0 ≤ t ≤ 1} such that

P{ sup
0≤t≤1

|B(N(nt)/N(n))− B̂n(t)| > n−1/2(x+ c20 logn)}(2.11)

≤ c21 exp(−c22x)

for all x > 0.

Proof. First we note that there is a Wiener process {W (x), 0 ≤ x <∞}, indepen-
dent of {N(x), 0 ≤ x <∞}, such that

B(t) = W (t)− tW (1), 0 ≤ t ≤ 1.

Using the independence of {W (t), 0 ≤ t <∞} and {N(x), 0 ≤ x < ∞} we get for
each n that

{B(N(nt)/N(n)), 0 ≤ t ≤ 1}(2.12)

D=

{(
1

N(n)

)1/2(
W (N(nt)) − N(nt)

N(n)
W (N(n))

)
, 0 ≤ t ≤ 1

}
.

The process {W (N(x)), 0 ≤ x < ∞} has already appeared in Csörgő, Deheuvels
and Horváth [3] (cf. also Chapter 2 in Csörgő and Horváth [4]). Now, as a special
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case of Theorem 1.1 in Csörgő, Deheuvels and Horváth [3], we can construct a
sequence of Wiener processes {W ∗n(t), 0 ≤ t ≤ 1} such that

P{ sup
0≤t≤1

|n−1/2W (N(nt))−W ∗n(t)| > n−1/2(x + c23 logn)}(2.13)

≤ c24 exp(−c25x)

for all x > 0.
Next we show that for all 0 ≤ x ≤ n,

P

{
sup

0≤t≤1

∣∣∣∣N(nt)
N(n)

− t
∣∣∣∣ (N(n))−1/2|W (N(n))|(2.14)

≥ n−1/2(x+ c26 logn)

}
≤ c27 exp(−c28x).

By the independence of {N(x), 0 ≤ x <∞} and {W (x), 0 ≤ x <∞}, we get that
(N(n))−1/2W (N(n)) is a standard normal random variable and, therefore,

P{(N(n))−1/2|W (N(n))| > x1/2} ≤ c29 exp(−x/2)(2.15)

for all x > 0.
Recalling (2.7) we obtain

P{ sup
0≤t≤1

|N(nt)− tN(n)| > (nx)1/2 + x+ c14 logn}(2.16)

≤ c17 exp(−c18x)

for all x > 0, and (2.8) yields that

P{|N(n)− n| > n/2} ≤ exp(−c19x)(2.17)

for all 0 ≤ x ≤ n. Now (2.14) follows from (2.15)–(2.17).
Putting together (2.13) and (2.14) we arrive at

P

{
sup

0≤t≤1

∣∣∣∣∣
(

n

N(n)

)1/2 {
n−1/2 (W (N(nt)) − N(nt)

N(n)
W (N(n))(2.18)

−B∗n(t))
} ∣∣∣∣∣ > n−1/2(x + c30 logn)

}

≤ c31 exp(−c32x),

for all 0 ≤ x ≤ n, where for each n

B∗n(t) = W ∗n(t)− tW ∗n(1), 0 ≤ t ≤ 1,

is a Brownian bridge.
Next we show that

P{ sup
0≤t≤1

|B∗n(t)||
(

n

N(n)

)1/2

− 1| > n−1/2(x+ c33 logn)}

≤ c34 exp(−c35x)

(2.19)
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for all 0 ≤ x ≤ n. First we note that there is a constant c36 such that

P{ sup
0≤t≤1

|B∗n(t)| ≥ x1/2} ≤ c36 exp(−x/2)(2.20)

for all x > 0. Again using Theorem 2.6 of Petrov [12, p. 55] we find constants c37

and c38 such that

P

{∣∣∣∣∣
(

n

N(n)

)1/2

− 1

∣∣∣∣∣ ≥ (x/n)1/2

}
≤ c37 exp(−c38x)(2.21)

for all 0 ≤ x ≤ n. The inequality in (2.19) follows from (2.20) and (2.21).
The approximation in (2.11) is an immediate consequence of (2.12), (2.18) and

(2.19), if 0 ≤ x ≤ n. Next we assume that x > n. Since B and B̂n are Brownian
bridges, (2.20) yields

P{ sup
0≤t≤1

|B̂n(t)| ≥ xn−1/2} ≤ c36 exp
(
−1

2
x2

n

)
≤ c36 exp(−x/2)

and

P{ sup
0≤t≤1

|B(N(nt)/N(n))| ≥ xn−1/2} ≤ P{ sup
0≤t≤1

|B(t)| ≥ xn−1/2}

≤ c36 exp(−x/2)

as well. This completes the proof of Lemma 2.4.

Proof of Theorem 1.2. It follows from Lemmas 2.3 and 2.4 that there are Brownian
bridges {B̃m,n(t), 0 ≤ t ≤ 1} such that

P{ sup
0≤t≤1

|em,n(t)− B̃m,n| ≥ m−1/2(x + c1 logm)(2.22)

+ n−1/2(y + c4 logn)} ≤ c2 exp(−c3x) + c5 exp(−c6y)

for all x, y. This establishes (1.3) in the case of the uniform–[0, 1] random variables.
As pointed out at the beginning of this section, this constitutes no loss of generality,
and hence (2.22) implies the general case as well, as stated in Theorem 1.2.
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