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ABSTRACT. Integral means of arbitrary order, with power weights and their
companion means, where the integrals are taken over balls in R™ centered at
the origin, are introduced and related mixed-means inequalities are derived.
These relations are then used in obtaining Hardy and Levin—Cochran—Lee
inequalities and their companion results for n-dimensional balls. Finally, the
best possible constants for these inequalities are obtained.

1. INTRODUCTION

A well-known classical result of G. Hardy (cf. [5], or [8]) states the following:

Theorem 1. Let p > 1 and k # 1. Suppose f is a non-negative function such that
k
' v f € LP(0,00), and the function F is defined on (0,00) by

/zf(t)dt, k>,
F(z)={"°

R /OO f@®)dt, k<1.
Then '
(1) /OOO e RFP(2) do < (ﬁ)p/f o Fzf(2)]P da,

P
unless f = 0. The constant (ﬁ) is the best possible.

The famous Hardy’s integral inequality () is generalized in many different ways
by various authors. One possibility of generalizing it is to give its different multi-
variable analogues. In this paper a generalization of (Il) to n-dimensional balls will
be considered, i.e. the integrals in () will be taken over balls in R™ centered at the
origin.

Before presenting our idea, let us introduce some notation. If R > 0 is a real
number, let B(R) = B(0, R) be the ball in R™ centered at the origin and of radius
R. Further, let S"~! denote the unit sphere in R", and let |S"~!| be its area.
The volume of the ball B(R), |B(R)|, is then |B(R)| = fB(R) dx = f‘xKRdx =
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fOR " ([gnn dS) dr = [g s (fOR r"‘ldr) ds = %n_ll, where the polar coor-

dinates in R™ are used, and |x| denotes the Euclidean norm of the vector x € R".
Consequently, the volume of the unit ball B(1) in R is

S n
(2) IB)l="——, and [B(R)|=R"B(1)|.
The basic result that will be followed here is due to M. Christ and L. Grafakos. In
their paper [I] they proved the next direct generalization of ([ to the balls in R™:

Theorem 2. Let f € LP(R™) be a non-negative function, where p > 1. The
following inequality holds:

! D (2N [
Ol ,,L<|B<|x|)| ) dy> we< (S20) [ e ay.

P
and the constant (ﬁ) 18 the best possible.

Inequality (B) was improved by P. Drabek, H. P. Heinig and A. Kufner in [4],
where an analogue of () is given. We state that result by

Theorem 3. If p > 1,k > 1 are real numbers, and f is a non-negative function
1—k

defined on R™ such that |B(|x|)|" " » f € LP(R"), then

@ [ 1B ( IR dy),,dx < (25) [ Bl

P
The constant (%) 18 the best possible.

We also need to consider the one-dimensional weighted exponential inequalities,
given in

Theorem 4. Let o and 7y be real numbers and f be a positive function such that
the function t*~1log f is locally integrable in [0,00). Then the inequalities

(5) /OOO 27 exp {a% /OgC t* log f(t) dt} dr < ex /000 27 () da,

for >0, and
(6) / 27 exp {—%/ t* Llog f(t) dt} dr < e= / 27 f(z) de,
0 T Ja 0

for a < 0, hold. The constant e~ is the best possible.

Originally, inequality (&) was discovered by V. Levin in his unnoticed paper [6],
written in Russian, and then rediscovered by J. A. Cochran and C.-S. Lee in [2]
(see also []]). Because of this, inequality (B will be called the Levin—Cochran—Lee
inequality. Its companion result (B) was proved by E. R. Love in [7], and recently
reproved by G.—S. Yang and Y.—J. Lin in [9].

In [4], weighted exponential inequalities of type (@) and (B]), related to the balls
in R™, were also examined, but very generally, without fixing any constant for the
case of some particular radial weights.

In this paper we give another approach to inequalities ([B]) and () and derive their
companion results. Also, the extensions of inequalities (Bl) and (@) to n-dimensional
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balls will be presented, including the proofs that the obtained constants are the best
possible.

A technique that will be used here is based on introducing two types of multidi-
mensional integral means of arbitrary real order, with power weights, independently
of all stated theorems, and on proving the corresponding mixed-means inequalities.
All the desired results will be obtained in an elegant way as limit cases of related
mixed-means inequalities.

The idea of introducing mixed-means, and then using them for deriving Hardy
and Levin—Cochran—Lee type inequalities has already been applied to one-dimen-
sional integrals, finite and infinite series (cf. [3]).

The analysis used in the proofs is mostly based on classical real analysis, on the
well-known Minkowski and Jensen inequalities for integrals, and on the properties
of integral means (cf. [5]).

In what follows, without further explanation, we assume that all the integrals
exist on the respective domains of their definitions.

2. INTEGRAL MEANS AND RELATED MIXED-MEANS INEQUALITIES

We start with the basic inequality.

Theorem 5. Let r,s, R, o,y € R be such that r < s,r,s # 0,R > 0. If f is a
non-negative function on R™ (f positive in the case r < 0), then

1 x a—1
BER) /B<R'>B<' DI

S=

r

1 y—1 ps : <
BT o PO 7) dy] d

1 y—1 1 a—1 rr ’ X ’
(7) Z W/B(FJ)BOX'” |B(|X|)|a /B(x|)B(|Y|)| f (Y) dy‘| d

and

3=

1 N s g
BT e B ) dy] y

R\ B(|x|)

1 / »
—_— B(|x])|*
BEF Jum s ™)

1 / _
> Q= B(|x|)["*
BT Ju iy

(8)

Equality holds if and only if [ is of the form f(x) = ¢(|x|), x € R", where ¢ is
such that p(uv) = ¢1(u)p2(v), for 0 <u < R, 0 <v <1lin @), oru> R, v>1
Proof. Let us prove () first. Using (@) and the change z = ﬁy of the independent
variable in the inner integral, the right-hand side of () becomes

1 2 s
- B a—1 pr d d .
B /Rn\B(lxglym 1) y] x

1
S s
-

1 1 / ( _1)
— z|™M 7Y f(|x|z) dz| dx
B B(1)| | (Ixlz)

B®EP /B(R> Bl
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Further, it is equal to

9)

{W/B(RJBGXDP_l [|S:1|[97L1 (n/olv"a—lfv"qst) dv) dS] f:clx} ,

where polar coordinates and (2)) are used. By applying Jensen’s inequality to the
term in the square brackets in (J) and to the function ¢ +— ¢, we have that () is
less than or equal to

! - ! na—1 pr v
{W B(R) |B(|x[)|” 1/5”71 [n/o R ) dv:| ds dx}

1 R 1 1
|B<R>|v|snfl|/sm/o“ 1Bl
1

/ {n/v"alf”(qu) dv] ?dS du dT}
sn=1L Jo

1 " n—1 —1 n
{IB(RW/O wBwn [ [|s—n1|

1 »
. / /v"aflfr(UUS) dv dT} ds du}
sn-1Jo

| 1B (e dz] dx
B(1)

s

=

=

o=

1 o
= S /B LE

(10)

[B(1)]

The sequence of equalities that yields (I0) is obtained by transforming the first inte-
gral to polar coordinates and then back to Cartesian coordinates. Using Minkowski’s
integral inequality, (0] is less than or equal to

T

s

[ 1B (el dx] dz
B(R)

3=

1 z a—1
R Fry EC

By substituting back y = |z|x, () is equal to

1
|B(R)["

3=

r

s

1 ot ; y—1 ps 2
W/B(l)|3(|Z|)| IB(|z|R)[" /B(le)|B(|YI)| () dy] d
1 a1 # N < ; ™
- W/B(R)|B(|X|)| B /B(lxl)lB(IYI)I 1) dy] dx ¢

that is, the left-hand side of (7). The last equality is due to the substitution x = Rz.
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Now, (@) can be easily proved if () is written for —a, —’y,%,g(x) = f (ﬁ),
instead of a, v, R, f(x), and the substitutions z = 5 in the inner integrals, and
then w = @ in the first integrals, on the both sides of the inequality, are used.

Finally, let us give the necessary and sufficient conditions for achieving equalities
in (@) and (§). It is obvious that in (7) the equality sign will occur if function f
fulfills the conditions from the statement of Theorem [Bl Vice-versa, suppose that
the equality in () holds. In this case, there must be the equality in Minkowski’s
inequality, so f(|z|x) = fi1(x)d2(|z]), x € B(R), z € B(1). Further, equality must
also hold in Jensen’s inequality. Hence, f1(x) = ¢1(|x|), or f(|z|x) = ¢1(|x])p2(]2|),
x € B(R), z € B(1). Especially, f(x) = ¢1(]x|)¢2(1), x € B(R), so f is radial, i.e.
f(x) = ¢(]x[), and

P1([x])p2(|2]) = f(lz[x) = o(|x[|z]), x € B(R), z < B(1),

so the conditions stated in Theorem [l are fulfilled. The conditions for equality in
(B) can be derived by the same arguments. O

We continue by introducing integral power means and their natural companion
means. Let R € R, R > 0, and let f be a non-negative function on R". For
ra € R, r# 0,a > 0, as in [5], we define the integral mean of order r, with the
power weight, of f, M.(f; R, a), by

T

(%

BT o O 7700 dx] |

with the convention that M, (f;R,«) = 0 if r < 0 and f vanishes on a subset of
B(R) of positive measure.

On the other hand, if a < 0, we define the companion mean of order r of f,
M} (f; R, ), by

(12) M. (f; R, o) =

3=

(%

—_— B(|x))|*7 (%) dx|
BT ey P07 709 ]
where we set M*(f; R,a) = 0 if f(x) = 0 on a subset of R™ \ B(R) of positive

measure.
In particular, for a positive function f, if a > 0, let G(f; R, «) denote its geo-
metric mean,

(13) M (f; R, o) =

(14) G(f; R,a) = Mo(f; R, o) = exp (ﬁ /B(R) | B(1x])|*~" log f (x) dX) :

while for @ < 0 let G*(f; R, &) be the companion geometric mean of f, given by

(15) G*(f; R, )= Mg (f; R, ) = exp (—%/ | B(|x)|*~log f(x) dX>-
|B(R)|* Jrm\B(R)

The means have the further properties (cf. [3]):

(16) M (f; R, ) < My(f; R,e)  M(f; R, a) < MJ(f; R, ),

for r < s, and

(17) lim M..(f; R,a) = G(f; R,a) , lim MI(f; R, a) = G*(f; R, ).
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Note that Theorem Bl avoided cases where » = 0 or s = 0. Results related to these
situations are given in the next theorem.

Theorem 6. Let f be a positive function on R™, and let s, R,a,y7 € R be such
that s, R >0, a # 0. If a« > 0, then

- 1 fexp [ N g
{|B( )|V/B(IL)B(|X|)| [ p<|B(|x|)|a /B(X|)B(|Y|)| 1gf(}’)dy>]d }

ex @ <N 110 # V1 s y
< exp e J, B0 1g<| BTy B0 (Y)dy)d ,
(18)

and if a < 0, then

L X 71 ex a— 10 SX :
{IB< T ol 2050 l p( BT oo [P 08 ) )]d}

1
s

« a—1 o 1 y—1lrs \ X
< | T Jo 0 lg<|B<|x|>|v/ NAC U (Y)d”)d '
(19)

o [

Proof. Define h(x) = [m fB(IXI) IB(lyD"tfe(y) dy} *, for x € B(R). For

any 0 < r < s and « > 0, applying (@) to the function a%f instead of f and using
(I2), we obtain that

1 vl x|, a)|Pdx % ‘R«
(20) {|B( T, 1B 055 e e } < M, (h: R, ).

Since M., (f;|x|,«) > 0, and, by relations (I6) and (IT), it converges monotoni-
cally to G(f; |x|, @), as r decreases to 0, Lebesgue’s monotone convergence theorem
implies that the limit of the left-hand side of (20), as 7\, 0, is equal to

1

1 et s s
{|B( R)| /B(R) IB(x)" " [G(f; x|, )]’ d } .

Moreover, (I7) also implies that lim,~ o M, (h; R, @) = G(h; R, «), so (I8) holds by
taking lim,~ o of (20).

Inequality (I9) can be proved by the same tools, if we rewrite (§) for 0 < r < s,
a < 0, and (—a)%f instead of f. O

We conclude this section with the main result, the mixed (7, s)-means inequalities
for means M and their companion means, M*.

Theorem 7. Suppose f is a positive function defined on R™. If r;s, R,a and
are real numbers such that R > 0 and r < s, then

(i) M, (Ms(f;|x|,7); R, ) > Ms(M,.(f;|x|, @); R, ), for a,y > 0;
(i) Mx(M(f;|x|,7); Ry o) > My(M;(f; x|, @); R,7), for a,v <O0.
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Proof. This theorem is direct consequence of Theorem Bl applied to the function
ary* f in (i), and to the (—a)7(—7)* f in (ii). The analysis is the same as in the
proof of Theorem O

3. HARDY TYPE INEQUALITIES

The mixed means and related inequalities are of use in their application in prov-
ing different integral inequalities. For example, inequalities (@) and (8]), established
in the previous section, can be used as an approach to Hardy’s inequality (). Here
we give the companion inequality to (@) and new proofs of both of them.

A direct generalization of Theorem [M to multidimensional balls is given in

Theorem 8. Let p > 1 and k # 1 be real numbers. If f is a non-negative function
on R™ such that |B(|x|)|1__f € LP(R"™), and the function F is defined on R™ by

/ fo)dy, k> 1,
B(|x])

fy)dy, k<1,
R\ B(|x|)

F(x) =

then

e [ Bt reor axs () [ B 1B dx

P
The constant (UCP%I\) is the best possible.

Proof. Let r=1,s=p>1,a=1,7y=p—k+ 1 in Theorem fl, and let R > 0 be
arbitrary. Consider the case k > 1 first. Using the given parameters, inequality (1)
can be written in the form

/ 'B<'X|>|‘k[F<X>lpdxs|B<R>|1‘k{/ [B()| 7

B(R) B(R)

(22) | U By 1By DI y)Pdy | dx
B(|x])

x|

Since I = [ BYDP 0Py > [0y BUYDP 17 (7)Pdy. x € B(R), the
right-hand 51de of ([22) is not greater than

BRI [ /| " |B<|x|>|kp—”dx] g = (%) I,

where the relation fB(R) |B(|x|)|k%_1dx = %|B(R)|% is obtained using ele-
mentary calculus. Inequality (ZI]) is now derived by taking limp_,o.

For the case k < 1, inequality (21)) is proved analogously, but this time by starting
from (&), then taking a similar estimate as 1n the previous case, and finally, by taking

limg_. Observe that fRn\B(R) |B(|x|)| 7 ldx = = |B(R )|
The best constant for (ZI), the case k > 1, is dlscussed in [I] and [4]. In-
equalities (ZI) are mutually equivalent, since by writing one of them for 2 — k and
2(1—k)
BML)| -

and w = ﬁ on the left-hand side and w = @ on the right-hand side we obtain

|x| =2 f @) instead of k and f and using the substitutions z = #
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the other inequality. So, the best constant for k& > 1 is obviously also the best
constant for the case k < 1 in (ZI]). O

Remark 1. Note that the introducing of arbitrary parameter « in (21 does not
contribute to greater generality of Hardy’s inequality, since the function f can
always be replaced with |B(|x|)[*~1f.

4. LEVIN-COCHRAN-LEE TYPE INEQUALITIES

By taking the limits of inequalities (I8)) and (I3]), we obtain multivariable versions
of (@) and (@) related to balls.

Theorem 9. If f is a positive function on R™, and o,y € R, then the inequalities

| 1B e (W [, B s ) dy> dx
(23) <& [ 1B ) dx

for a >0, and

1B e (‘W S B o ) dy> dx
(24) < [ B ) dx,

for a < 0, hold. The constant e~ is the best possible.

Proof. Put s =1 in Theorem[@. Since

JR:/ [B(ly)I" ™ f(y) dyZ/ IB(lyDP"~'f(y) dy, x € B(R),
B(R) B(|x|)

and [ |B(x])|* log |B([x])| dx = EELE (log|B(R)| ~ 1), a > 0, for arbi-
trary o, R > 0 from ([8) we have

IB(x]) "~ exp (W /B |B(ly )| log f(y) dy> dx

B(R) (1)

< |B(R)["exp ﬁ |B(|X|)|Q_110g(W/BJB(WDP_V(Y) dY> dX]

B(R) %)

< exp

a
ylog |B(R)| + ——— [ log J / B(|x])|*~! dx
|B(R)| |B(R)|a< R B(R)I (Ix[)]

o
= ea - JR'

— xN[* 1o X b'e
V/B(R)IB(I D] log |B(| |>|d>

Inequality (Z3) follows by taking the limp .. On the other hand, (Z4) is the
consequence of (I9), derived by the same technique as (Z3) from (I8]), except that
we take the limp_,g.
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The proof that e is the best possible constant for inequalities (23) and (24)) follows.
For any € > 0 and the function f. defined by

ae % [B()[ x| 009, x € B(1),

ae” % [B(1)| x| O x e RM\ B(1),

using the polar coordinates and the fact that f. is radial, the left-hand side of (23)
is equal to:

fe(x) =

(8%
L = / [B(|x|)|"~" exp 7/ 1B(ly])|*~ " log f-(y)dy | dx
B(1) IB(IxDI* /(x|

a
+/ B(x)|" texp | ———— / B(|ly|)|* " log f=(y)dy
RR\B(1)| (1x[)| B B(1)| (lyDI (v)

+ / B(yD)|* log £-(y)dy | | dx
B(|x)\B(1)

1 o}
2
= na (e_s/ u"“_ldu—l—ee/ u_"“_le_u’%du)
0 1
1 o) 2
> noe ¢ (/ unae—ldu+/ u—nae—ldu) _ 2. 6_5,
0 1 €

where the last row is obtained from the estimate e~ a7 > e~2, u > 1. A straight-
forward computation yields the right-hand side of (23):

R

([ BT G dx [ B ) dx

B(1) R™\B(1)

1 oo 2
= no (/ w1y —|—/ u”asldu> = —.
0 1 €

Since 1 < % <ef — 1, as € — 0, the desired result is proved. The proof that the
ol

constant e« is the best possible for (24) is similar, if the function
ol

ae™# [B(1)|1[x| "), x € B(1),
ae~#[B(1)[7|x[7"0-9), x e R"\ B(1),

is considered. O

fe(x) =
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