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ABSTRACT. We show that, on holomorphic manifolds that have a plurisub-
harmonic exhaustion function and that do not carry nonconstant bounded
plurisubharmonic functions (e.g. C™), holomorphic vector fields that are com-
plete in positive time are complete in complex time.

INTRODUCTION

A holomorphic vector field X on a complex manifold M is said to be Rt com-
plete, respectively R complete or C complete if for each z € M, the initial value
problem

$(0) =z, ¢'(t) = X(¢(t))

can be solved in forward time (¢ > 0), respectively in real time (—oo < t < 400)
or in complex time (t € C). Of course, complete in complex time implies complete
in real time implies complete in positive time, and in general these notions are
distinct. However, on any Stein manifold that supports no bounded, nonconstant,
plurisubharmonic function, complete in real time implies complete in complex time
[4], Corollary 2.2. On some manifolds, fields complete in positive time are much
more abundant than those complete in real time. For example, in the unit disc,
among nonconstant fields vanishing at the origin, only the rotation fields are com-
plete in real time but any small perturbation of the field X({) = —( is complete in
positive time. In this paper we shall strengthen the theorem mentioned above as
follows:

Theorem. Suppose that M is a compler manifold that has a plurisubharmonic
exhaustion function and that any bounded plurisubharmonic function on M is con-
stant. Then any R complete field on M is C complete.

This Theorem has immediate consequences on Fatou Bieberbach domains and
maps: No Fatou Bieberbach domain can be star shaped and no Fatou Bieberbach
map can be a time ¢ map because by the above Theorem, in C", time ¢ maps are
automorphisms. The time ¢t maps topologically generate the full automorphism
group of C", [2] and [5]; however it is exceptional that an automorphism be a time
t map, [3].
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We wish to say a few words about the hypothesis on M. Note that we are not
requiring that the exhaustion function be strictly plurisubharmonic. Hence any
compact manifold will satisfy the hypothesis of our theorem (the conclusion is ob-
vious in this case of course!). Also the class of manifolds that satisfy the hypotheses
is closed under products. Moreover, if a manifold M satisfies our hypotheses and
if we blow up a point of M, then the new manifold satisfies the hypotheses as well.

As seen above (the example of the disc) the hypothesis about the nonexistence
of nonconstant bounded plurisubharmonic functions is needed. Considering M =
C"\ {z: |z] < 1} and X(z) = z we see that the hypothesis of the existence of a
plurisubharmonic exhaustion function is necessary as well.

The paper is organized as follows: in the first section we introduce our notation
and then give a very short direct proof of our main result in the special case M =
C". Then in the second section we develop the ideas necessary to prove the general
case. This is not logically necessary since the special case is not used in the proof
of the general case, but the proof of the special case is so short and direct that we
provide it for those who may be interested only in the case M = C".

1. THE CASE OoFr C"

We shall follow standard notation and think of the mapping ¢ discussed above
as a function of the variables ((, z). Hence for each z € M we have a neighborhood
D of the origin in C and a mapping &(.,z) : D — M such that ¢(0,z) = z and
%cﬁ((, z) = X(¢(¢,2)) for ¢ € D. Now we assume that M = C™ and that the
field X is RT complete. We will show that for each fixed zg in C" the solution
¢(C, z0) originally defined in a neighborhood of the origin in C extends to all of C.
To do this, it is enough to show that there is a neighborhood A of the origin in
C such that for every z € C" the solution ¢ extends to A. By general properties
of solutions of ordinary differential equations there is a § > 0 such that if |z| < 1,
then ¢(, z) exists for |¢| < 26. We will show that for all z € C™ the solution exists
for ¢ € A where A = {( : || < ¢}. Now fix tg € A and zy € C". Consider a
curve v in the ¢ plane. It consists of the circle of radius 2§ with a ‘notch’ near the
point 26. More precisely, v consists of the circle of radius 20 with the arc from 26
to 26e 7 replaced by two straight line segments, one, called I, from 26 to ¢ and
the other from & to 2de~%. Let O be the interior of 7v. We can find a holomorphic
mapping z : O — C™ such that |2(¢)| < 1 on 7\ I and such that z(tq) = zo. This
is possible since we have placed no restriction on the values of z in the interval I.
Using the fact that the field X is R complete ¢(s¢, 2(¢)) is defined for all ¢ € «y
and all 0 < s < 1. Now define

¢
C—to

B(s) = / $(5¢,2(0))

211

Since {z(¢) : ¢ € v} = K is compact, there is some fixed neighborhood of the origin
such that ¢((, z) is defined for z € K and ¢ in this neighborhood. Hence for s
small, ®(s) = ¢(sto, z0) and hence ®'(s) = tcX(P(s)). Now since P is real analytic
it satisfies the above differential equation for all 0 < s < 1. This means that the
solution ¢, originally defined in some neighborhood of the origin, has an analytic
continuation along the straight line segment from 0 to to. This completes the proof
in the case M = C".
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2. PROOF OF THE THEOREM

We will begin this section assuming only that X is an R complete holomorphic
vector field on a complex manifold M. We will add hypotheses on M as we proceed.
We recall Lemma 8 of [1] which says that for each z € M there is a simply connected
domain R, C C containing the origin such that ¢((,z) exists for all ( € R,. R,
also has the property that if ( € R,, then ( +¢ € R, for all ¢ > 0 (this just
reflects the R completeness of X). Finally if ¢, € R, and (, — { € IR, then
#(Cn, 2) leaves every compact subset of M. We start with a basic geometrical fact
about the domains R, that will play a crucial role in what follows. We define
d(z,z) = sup{t: x +is € R,,0 < s < t}. Then d is lower semicontinuous in (z, z)
by properties of flows. Moreover d(z, z) increases with z by the R™ property so
d(z) = lim,_~od(zx, z) exists and is lower semicontinuous.

We now give a series of lemmas which will lead to a proof of the Theorem. The
first two lemmas are completely straightforward and standard, but we state them
separately for convenience.

Lemma 1. If K C M is compact and a continuous function f(z) < d(z) is given on
K, then there is a positive number C such that if v > C, then d(z) > d(z, z) > f(z)
forall z € K.

Proof. Fix zp € K; then there is a C = C(z¢) such that d(z, z0) > f(20) for z > C.
By semicontinuity this holds in a neighborhood of zy and the Heine Borel theorem
finishes the proof of the lemma.

Lemma 2. If M has a plurisubharmonic exhaustion function p, then it has the
maximum property; that is, if K C M 1is compact, then there is a compact L C M
such that if A is the unit disc in C and g : A — M is holomorphic and g(0A) C K,
then g(A) C L.

Proof. The exhaustion function p is bounded above on K, say p(z) < ¢ for z € K.
Thatis, K C {z: p(z) < ¢} = M.. By the maximum principle for plurisubharmonic
functions p(g(A)) < ¢ for |A] < 1 and hence g(A) C M.. M, is compact, by
definition.

Lemma 3. If M has a plurisubharmonic exhaustion function, then d is plurisu-
perharmonic on M.

Proof. We have already noted that d is lower semicontinuous so we must show that if
A is the unit disc in the complex plane and if F' : A — M is holomorphic and for all
6 we have d(F(e")) > Sm p(e*?) for some polynomial p, then d(F(0)) > Im p(0).
Since d is lower semicontinuous and positive it is bounded below on compact sets.
Hence, we may assume that Sm p(e®®) > 0 for all # and we may also assume
that $te p(0) = 0. By Lemma 1 there is a C' > 0 such that if z > C, then
d(x, F(e?)) > Im p(e?) for all §, 0 < § < 2m. Now choose a C; > 0 so that
sie p(ew) + C1 > C for all § and all 0 < s < 1. By choice of Cy

o(sp(e?) + C1, F(e™))

is defined and describes a compact subset K C M for 0 < § <27 and 0 < s < 1.
For z in the compact set {F()A) : |A| < 1} there is a uniform disc about 0 for which
the solution ¢((, z) is defined, and hence by the R* property, a uniform half-strip
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to the right. Hence if s is sufficiently small, then
o(sp(A) + C1, F(N))

is defined for all |A| < 1. We claim that sp(A)+C1 € Rp(y) forall 0 < s <1 and all
|A| < 1. If not, there would be an s < 1 and a |Ag| < 1 so that sp(A) +C1 € Rpy)
for all s < s and all |A] <1 but sop(Xo) +C1 ¢ Rp(r,). We have the analytic discs

Gs(A) = d(sp(A) + C1, F(N))

for 0 < s < sg. The boundaries of these discs all lie in the fixed compact set K,
described above. Hence the discs themselves lie in the fixed compact L by the
maximum property. In particular, ¢(sp(Ao) + C1, F(N\g)) € L for all s < sg. This
contradicts the fact that, for a fixed z € M, ¢(¢, z) must leave every compact subset
of M as ¢ — OR.. It follows that sp(0) + C1 € Rp(q) for all 0 < s < 1. Of course
this means that d(F(0)) > Sm p(0), as required.

We remark that if we define I(z,2) = sup{t : z —is € R,,0 < s < ¢}, then [ is
plurisuperharmonic on M as well.

Corollary. If M has a plurisubharmonic exhaustion function and supports no non-
constant bounded plurisubharmonic function, then d(z) = oo (and similarly for1).

Proof. d is plurisuperharmonic and positive and hence constant, say d(z) = T.
Suppose T" were finite. It follows from iteration that if ¢ € R, and 7 € Ry .),
then (+ 7€ R,. Now fix z € M and ¢t > %; then x + is € R, for some x > 0
and all 0 < s < t. In the same way u + v € Ry(y44s,2) for some v > 0 and all
0<s<tand 0 <wv <t Hencexz+u-+ire R, for all 0 <r < 2¢, contradicting
the definition of T'. So T must be oco.

Our analysis will be based on a study of the domain of ¢; that is, Q = {(¢,2) €
CxM:(eR,).

Lemma 4. Assume that M has a plurisubharmonic exhaustion function p and sup-
ports no nonconstant bounded plurisubharmonic function. Suppose ((k, zx) €  and
(Ck, zk) — (Co,20) € OR; it then follows that ¢(Ck, zr) leaves every compact set.

Proof. If the conclusion of the lemma were false we could find a subsequence of
(Ck» 21), again called (Cg, zx), such that ¢((k,2x) — wo € M. By the corollary
to Lemma 3 there is a C > 0 such that ({o +t,20) € Q for all ¢ > C. Now
(Ce + 1, 26) = (Co +1,20) in 2 s0 (G +¢,21) — H(Go +¢,20). But ¢(Ce +1, 21) =
o(t, §(Ck, 2k)) — ¢(t, wo). So we have

¢(Co + 1, 20) = B(t, wo)

for all t > C. Now by the R™ property the right hand side is defined for ¢ > 0, so
we have an analytic continuation of the left hand side for all ¢ > 0. But this means
that (o +t € R, for all ¢ > 0. In particular, ({o,20) € © which contradicts the
hypotheses. Hence the lemma is proved.

Corollary. Under the hypotheses of the lemma € has a plurisubharmonic exhaus-
tion function.

Proof. Define A((, 2) = [¢]? + p(2) + p(¢(¢, 2)); then we see immediately that A is
an exhaustion function for 2.
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In the next 3 lemmas we temporarily forget about the vector field X. We have a
complex manifold M and an open subset Q2 C C x M and we will show that under
appropriate conditions on 2 and M, Q must be a product O x M.

Lemma 5. Let QQ C C x M have a plurisubharmonic exhaustion function. Define
d(¢, z) = sup{r: A((,r) x z C Q}. Then —log d((, z) is plurisubharmonic on Q.

Proof. The fact that Q is open implies that —log d is upper semicontinuous. Sup-
pose that F: A(0,1) — € is holomorphic and

~log d(F (")) = —log d(¢(e"), 2(e")) < Re p(e”)

for some polynomial p. This means that we have d(¢(e?), z(e¥)) > |e*t’p(e7'9)| for
all t+ > 0. This means that ({(e*) + e_t_p(ele),z(ew)) € Q for all # and all t > 0.
We have the continuous family of analytic discs g; : A — C x M defined by g;(\) =
(CN) +e7t7P) 2(X)). We also have (C(A) + e 7PN 2(X\)) € Q for all [\ < 1 for
all large t. The maximum property now implies that (¢(0) + e *7P() 2(0)) € Q for
all ¢ > 0. Since we can change the imaginary part of p without changing the result
we see that —log d(¢(0),2(0)) < Re p(0), as required.

Lemma 6. AssumeQ C CxM has a plurisubharmonic exhaustion function and M
supports no nonconstant plurisubharmonic function. Suppose there is a nonempty
open set w such that w x M C Q and that for each z € M the fibre R, = {¢ € C:
(¢, 2) € Q} is connected. Then Q@ = O x M for some open set O C C.

Proof. We fix z € M and we will show R, C R,, for all w € M. By hypothesis
there is a disc A({p,€) C w C Ry, for all w € M. Now take ¢ € R,; we will show
¢ € Ry, for all w. There is a chain of discs Ag = A(¢, 1) C R,k =1,..., N such
that Ag = A(Co,€), Crt1 lies in Ay, and ¢ € Ay. We will show by induction that
A C Ry, for all w. By hypothesis the statement is true for k = 0. Suppose it is
true for some k. Since (i11 € Ay there is an 7 > 0 so that A(Ck+1,m) C Ak C Ry,
for all w € M. Now —log d((k+1,w) is plurisubharmonic in the variable w and
bounded above and hence d({;+1,w) is a constant. Clearly this constant is at least
as big as rg41, from which it follows that Apy; C Ry, for all w € M, and this
completes the proof.

Lemma 7. Assume that Q) is an open subset of Cx M. We also assume that 2 and
M have plurisubharmonic exhaustion functions and that M supports no nonconstant
bounded plurisubharmonic function. Suppose that there is a nonempty line segment
I such that I x M C Q and for each z € M the fibre R, = {¢ : ((,2) € Q} is
connected. Then Q = O x M for some open set O C C.

Proof. Let ¢ be a conformal map of C\ I onto the complement of the closed unit
disc A. Define Q, = ¢(R,\I)UA. Now let Q1 = {(¢,2) : ( € Q.}. Since Q is open
it follows that € is open. Now we wish to show that ; has a plurisubharmonic
exhaustion function. Let A be the plurisubharmonic exhaustion function for 2 and
p be the plurisubharmonic exhaustion function for M. Choose a convex increasing
function x so that x(p(z)) > sup{A(¢, z) : ¢ € I'}. Now define, on Qy,

U(¢, 2) = maz(A(%™1(¢,2)), x(p(2)))-
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Of course 9~ 1(¢) is only defined of |¢| > 1, but by the the definition of x, U((,2) =
x(p(z)) if |¢] is close to 1. Moreover U gives a plurisubharmonic exhaustion function
for ;. Now by construction A x M C €©; and so by Lemma 6 Q; = O x M and
hence 2 =V x M, where V = ¢~ (O\ A)U .

Proof of the Theorem. By the corollary to Lemma 4, 2 has a plurisubharmonic
exhaustion function and by the Rt property it contains [0, 1] x M (in fact it contains
R* x M) and hence by Lemma 7 it is a product O x M. So, O contains a fixed
neighborhood of the origin and now by iteration of the flow we may conclude that
O=C.

Now we give some consequences of our result.

Corollary. Suppose X is a C complete field on C™ with flow ¢((,z). Suppose
there is a point p € C™ such that ¢(t,z) — p ast — oo, t € RT. Suppose that
O C C" is a pseudoconver domain, containing p, that supports no nonconstant
bounded plurisubharmonic function and that for all z € O, ¢(t,z) € O for allt > 0,
and then O = C™.

Proof. The hypotheses imply that the field X, restricted to O, is R* complete, and
hence C complete, by the theorem. The corollary follows.

Notice that one consequence of this corollary is that if O is a pseudoconvex subset
of C™ which admits no nonconstant bounded plurisubharmonic function and if O
is star-like with respect to some point p € O, then O = C". To see this we just
consider the field X(z) = p — z and apply the corollary.

It is known that if X is a C complete field on C™ and has an attracting fixed
point p and if the basin of attraction of this fixed point is invariant under the flow for
both positive and negative time, then this basin of attraction is a Fatou-Bieberbach
domain; that is, it is biholomorphic to C™. We can now give a sort of converse to
this result.

Corollary. If X is a C complete field on C™ with an attracting fized point p and
its basin of attraction B is biholomorphic to C™, then B is invariant under the flow
for all complex time.

Proof. X restricted to B is Rt complete and hence C complete by the theorem.

We finish with a question. There are many differences between continuous and
discrete dynamics. As pointed out earlier Fatou Bieberbach maps can never be time
t maps. We have also seen that a Fatou Bieberbach domain cannot be star shaped.
That is, a Fatou Bieberbach domain can never be invariant under the maps z — tz
for all 0 <t < 1. Question: can a Fatou Bieberbach domain be invariant under the
map z — 57

REFERENCES

[1] P. Ahern and J.-P. Rosay, On Rebelo’s theorem on singularities of holomorphic flows, to
appear in Arkiv Fér Mat.

[2] E. Andersén and L. Lempert, On the group of holomorphic automorphisms of C™, Invent.
Math. 110 (1992) 371-388. MR, 931:32038

[3] G. Buzzard and J. E. Fornaess, Complete holomorphic vector fields and time 1 maps, Indiana
Univ. Math. J. 44 (1996), no. 3, 539-546. MR, 97:32046


http://www.ams.org/mathscinet-getitem?mr=93i:32038
http://www.ams.org/mathscinet-getitem?mr=97f:32046

Rt AND C COMPLETE HOLOMORPHIC VECTOR FIELDS 3113

[4] F. Forstneric, Actions of (R,+) and (C,+) on complex manifolds, Math. Z. 223 (1996),
123-152. IMR 971:32041

[5] F. Forstneric and J. P. Rosay, Approximation of biholomorphic mappings by automorphisms
of C", Invent. Math. 112 (1993) 323-349. MR, 94£:32032

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN 53706-1388
E-mail address: ahern@math.wisc.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF LA LAGUNA, LA LAGUNA, TENERIFE, SPAIN
E-mail address: mflores@anamat.csi.ull.es

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN 53706-1388
E-mail address: jrosay@math.wisc.edu


http://www.ams.org/mathscinet-getitem?mr=97i:32041
http://www.ams.org/mathscinet-getitem?mr=94f:32032

	Introduction
	1. The case of Cn
	2. Proof of the Theorem
	References

