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REIDEMEISTER TORSION OF T 2-BUNDLES OVER S1

FOR SL(2; C)-REPRESENTATIONS

TERUAKI KITANO

(Communicated by Ronald A. Fintushel)

Abstract. We compute the SL(2,C)-Reidemeister torsion of torus bundles
over S1 which monodromies are hyperbolic elements in SL(2,Z).

0. Introduction

In [1], Johnson studied the Reidemeister torsion of 3-manifolds for SL(2,C) irre-
ducible representations. In our previous paper [2], following this line, we obtained
an explicit formula of the Reidemeister torsion of Seifert fibered spaces for SL(2; C)
irreducible representations. In particular the sets of values of the Reidemeister tor-
sion are finite subsets in R. It follows that it has no continuous variations, even if
the dimension of the space of the representations of the fundamental group is posi-
tive. On the other hand, in the case of the figure-eight knot exterior, we showed in
[3] that it has continuous variations. We would like to understand the Reidemeister
torsion of 3-manifolds for SL(2; C)-representations from a viewpoint of geometric
structures. It is well known that a Seifert fibered space admits only one of 6 geo-
metric structures, and the complement of the figure-eight knot admits a complete
hyperbolic structure.

In this paper, we study the T 2-bundles over S1 with hyperbolic holonomies. It
is well known that they are solvable manifolds. As a result, there exists only finite
SL(2,C) irreducible representations, and the value of Reidemeister torsion is a
finite set. Combining with previous results, it seems that the Reidemeister torsion
for SL(2,C)-representations is related with hyperbolic structures of 3-manifolds.

Now we describe the contents of this paper briefly. In section 1, we give a
definition of the Reidemeister torsion. In section 2, we compute irreducible repre-
sentations of T 2-bundles. In section 3, we prove the formula about Reidemeister
torsion.
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1. Definition of Reidemeister torsion

First let us describe the definition of the Reidemeister torsion for SL(2; C)-
representations. See Johnson [1] and Kitano [2], [3] for details.

Let S be an n-dimensional vector space over C and let b=(b1, . . . , bn) and

c=(c1, . . . , cn) be two bases for S. Setting bi =
n∑
j=1

pijcj, we obtain a nonsingu-

lar matrix P = (pij) ∈ GL(n,C). Let [b/c] denote the determinant of P .
Suppose

C∗ : 0 −→ Cm
∂m−→ Cm−1

∂m−1−→ · · · −→ C1
∂1−→ C0 −→ 0

is an acyclic chain complex of finite-dimensional vector spaces over C. We assume
that a preferred basis cq for Cq(C∗) is given for each q. Choose some basis bq for
Bq(C∗) and take a lift of it in Cq+1(C∗), which we denote by b̃q.

Since Bq(C∗) = Zq(C∗), the basis bq can serve as a basis for Zq(C∗). Furthermore
the sequence

0→ Zq(C∗)→ Cq(C∗)→ Bq−1(C∗)→ 0

is exact and the vectors (bq, b̃q−1) form a basis for Cq(C∗).

Definition 1.1. The torsion τ(C∗) of the chain complex C∗ is given by the alter-
nating product

m∏
q=0

[bq, b̃q−1/cq](−1)q+1
.

Remark. It is easily shown that this torsion does not depend on the choice of the
lift b̃q−1. Furthermore it does not depend on the choice of {bq}. See Milnor [7].

Let X be a finite cell complex and let X̃ be a universal covering of X . The
fundamental group π1X acts on X̃ as deck transformations. Then the chain com-
plex C∗(X̃; Z) has the structure of a chain complex of free Z[π1X ]-modules. Let
ρ : π1X → SL(2; C) be a representation. We simply write V to C2. Using the
representation ρ, V has a structure of a Z[π1X ]-module and then we write Vρ to it.
Define the chain complex C∗(X ;Vρ) by C∗(X̃ ; Z)⊗Z[π1X] Vρ and choose a preferred
basis

{σ1 ⊗ e1, σ1 ⊗ e2, . . . , σkq ⊗ e1, σkq ⊗ e2}

of Cq(X ;Vρ), where {e1, e2} is a canonical basis of V and σ1, . . . , σkq are q-cells
giving the preferred basis of Cq(X̃ ; Z).

When C∗(X ;Vρ) is acyclic (namely all homology groups vanish; H∗(X ;Vρ) = 0),
then we call ρ an acyclic representation.

Definition 1.2. Let ρ : π1X → SL(2; C) be an acyclic representation. Then the
Reidemeister torsion τρ(X) of X with Vρ-coefficients is defined to be the torsion
τ(C∗(X ;Vρ)) of the chain complex.

Remark. (1) The Reidemeister torsion τρ(X) seems to depend on several choices.
However it is well known that the Reidemeister torsion is a piecewise linear
invariant. See Johnson [1] and Milnor [5], [7].

(2) If ρ is not acyclic, we define τρ(X) to be zero.
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The next propositions are well known but important. See Johnson [1], Kitano
[2] for examples.

Proposition 1.3. Let M be a closed, oriented 3-manifold with torus decomposition
A∪T 2 B and let ρ : π1M → SL(2; C) be a representation whose restriction to π1T

2

is acyclic. Then H∗(M ;Vρ) = 0 if and only if H∗(A;Vρ) = H∗(B;Vρ) = 0. Moreover
in this case

τρ(M) = τρ(A)τρ(B).

Proposition 1.4. Let ρ : π1S
1 → SL(2; C) be a representation. Let h be a gener-

ator of π1(S1). Then

τρ(S1) = 1/det(ρ(h) − I).

2. SL(2,C)-representation of a T 2
-bundle

Let MA be a T 2-bundle over S1 whose holonomy matrix is A =
(
a b
c d

)
in

SL(2; Z). We assume |tr(A)| = |a + d| ≥ 3. We call such a matrix a hyperbolic
element in SL(2; Z). The presentation of the fundamental group π1(MA) is given
by the following:

π1(MA) = 〈x, y, h |xayc = hxh−1, xbyd = hyh−1, xyx−1y−1 = 1〉.

Notation. When a representation ρ : π1(MA) → SL(2; C) is fixed, we denote the
matrix ρ(x) for x ∈ π1(MA) by the corresponding capital letter X .

Let ρ : π1(MA)→ SL(2; C) be an irreducible representation. Since the subgroup
π1(T 2) = 〈x, y|xyx−1y−1〉 is abelian, we can assume that the pair of X and Y is
the one of the following 3 cases, up to conjugate. Here s, t ∈ C− {0} and u ∈ C.

(1) X =
(
s 0
0 s−1

)
, Y =

(
t 0
0 t−1

)
.

(2) X =
(

1 1
0 1

)
, Y =

(
1 u
0 1

)
.

(3) X =
(
−1 1
0 −1

)
, Y =

(
−1 u
0 −1

)
.

In cases (2) and (3), we can see that H is an upper triangle matrix whose diagonal
entries are −1 or 1 by computing the relations xayc = hxh−1 and xbyd = hyh−1.
Then this representation ρ is reducible. Then we consider only case (1). Similar to
the above cases, from the relations xayc = hxh−1 and xbyd = hyh−1, H is not a

diagonal matrix because ρ is irreducible. Then we may assume that H =
(

0 1
−1 0

)
up to conjugate. Hence as the relations of s and t, we have sa+1tc = 1 and sbtd+1 =
1 and may assume that

X =
(
s 0
0 s−1

)
, Y =

(
t 0
0 t−1

)
, H =

(
0 1
−1 0

)
.

It is easy to see that {(s, t)| sa+1tc = 1, sbtd+1 = 1} = {(s, t)| sa+d+1 = 1, sd = tc}
is a finite set.
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3. Formula of Reidemeister torsion

We fix a 2-disk D on T 2. As a mapping class on T 2, we can assume A is the
identity on D. Then MA can be decomposed to N = D×S1 and M̂A = MA∪intN .
Now we state the main theorem.

Theorem 3.1.

τρ(MA) =
1
4
{1 + f(s, a)f(s−1, a) + f(t, d)f(t−1, d)

+ f(s, a)f(s−1, a)f(t, d)f(t−1, d) + f(s, b)f(s−1, b)f(t, c)f(t−1, c)

+ s−af(s, b)f(t−1, c) + saf(s−1, b)f(t, c)

− sa−bf(s−1, a)f(s, b)f(t, c)f(t−1, d)

− sb−af(s, a)f(s−1, b)f(t−1, c)f(t, d)},

where

f(z, α) =


α−1

Σ
i=0

zi, α > 0,

−
|α|
Σ
i=1
z−i, α < 0,

1, α = 0.

Remark. This formulae holds without the assumption that A is a hyperbolic ele-
ment.

Proof. Applying Proposition 1.4, we have τρ(N) = det(H − I) = 1
2 because N

collapses to S1. Now it is easy to see that the restriction of ρ to ∂N ∼= T 2 is
acyclic. See Kitano [2] for the proof. Hence by Proposition 1.3 and the above, we
obtain

τρ(MA) =
1
2
τρ(M̂A).

To compute τρ(M̂A), we take a 2-dimensional complex W which is constructed
from three 1-cells x, y, h and two 2-cells D1, D2 with attaching maps given by
xaychx−1h−1 and xbydhy−1h−1. Since it is easy to see that M̂A collapses to W ,
then we compute the torsion of the chain complex of W ,

C∗(W ;Vρ) : 0 −→ C2
∂2−→ C1

∂1−→ C0 −→ 0,

where

∂2 =

 f(X, a)−XaY cHX−1 f(X, b)
Xaf(Y, c) Xbf(Y, d)−XbY dHY −1

XaY c −XaY cHX−1H−1 XbY d −XbY dHY −1H−1



=


f(s, a) −1 f(s, b) 0

1 f(s−1, a) 0 f(s−1, b)
f(t, c)sa 0 f(t, d)sb −1

0 f(t−1, c)s−a 1 f(s−1, d)s−b

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

,
∂1 =

(
X − I Y − I H − I

)
.
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Now we write f(X, a) to the matrix inputting X to f(z, a). For simplicity we put

T =


f(s, a) −1 f(s, b) 0

1 f(s−1, a) 0 f(s−1, b)
f(t, c)sa 0 f(t, d)sb −1

0 f(t−1, c)s−a 1 f(t−1, d)s−b

 .

By the definition of τρ(M̂A), it is easy to see that τρ(M̂A) = det(T )/det(H − I).
Therefore we obtain

τρ(M̂A) =
1
2
det(T )

=
1
2
{1 + f(s, a)f(s−1, a) + f(t, d)f(t−1, d)

+ f(s, a)f(s−1, a)f(t, d)f(t−1, d) + f(s, b)f(s−1, b)f(t, c)f(t−1, c)

+ s−af(s, b)f(t−1, c) + saf(s−1, b)f(t, c)

− sa−bf(s−1, a)f(s, b)f(t−1, d)f(t, c)

− sb−af(s−1, b)f(s, a)f(t−1, c)f(t, d)}.
Therefore we obtain the formula of the Reidemeister torsion.
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