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A TYPE OF STRASSEN’S THEOREM
FOR POSITIVE VECTOR MEASURES

WITH VALUES IN DUAL SPACES

JUN KAWABE

(Communicated by Dale Alspach)

Abstract. In this paper, we extend a type of Strassen’s theorem for the exis-
tence of probability measures with given marginals to positive vector measures
with values in the dual of a barreled locally convex space which has certain
order conditions. In this process of the extension we also give some useful
properties for vector measures with values in dual spaces.

1. Introduction

In a celebrated paper, Strassen [21] gave a necessary and sufficient condition for
the existence of probability measures with given marginals. His theorem has been
extended by many authors in more general settings (cf. Dudley [3], Edwards [5],
Hoffmann-Jørgensen [6], Shortt [18], Skala [19] and so on). The first attempt to
extend it to vector measures has been made by März and Shortt [13] and Hirshberg
and Shortt [7], and they treat vector measures with values in the positive cone of
a Banach lattice of a certain type: the so-called KB-spaces.

In this paper, we extend a type of Strassen’s theorem (see, e.g., Theorem 5.2
of [5] and Theorem 1 of [19]) for probability measures to positive vector measures
with values in the weak dual of a barreled locally convex space which has certain
order conditions (see Section 3 for the precise statement of the order conditions
and examples). In this process of the extension we first establish a compactness
criterion for a set of vector measures with respect to the topology which is a natural
analogy of the usual weak topology of real measures, and then we give the extension
(Theorem 1) as its application.

In this paper, all the topological spaces and topological vector spaces are Haus-
dorff, and the scalar fields of topological vector spaces are taken to be the field R
of real numbers.
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2. Notation and preliminaries

Let S be a completely regular space and B(S) the σ-field of Borel subsets of
S. Let X be a locally convex space and X∗ the topological dual of X . Denote by
〈x, x∗〉 the natural duality between X and X∗. Let ξ be one of the weak topol-
ogy σ(X∗, X), the Mackey topology τ(X∗, X) and the strong topology β(X∗, X).
Denote by X∗ξ the space X∗ with the topology ξ, and we write X∗σ, X∗τ , X∗β when
ξ = σ(X∗, X), τ(X∗, X), β(X∗, X), respectively.

A finitely additive set function µ : B(S) → X∗ξ is called a vector measure if it
is σ-additive for the topology ξ, i.e., for any sequence {En} of pairwise disjoint
subsets of B(S), we have

∑∞
n=1 µ(En) = µ(

⋃∞
n=1En) in the topology ξ on X∗. We

say that a vector measure µ : B(S) → X∗ξ is Radon if for each ε > 0, E ∈ B(S),
and ξ-continuous seminorm p on X∗, there exists a compact subset K of E such
that ‖µ‖p (E − K) < ε, where ‖µ‖p denotes the p-semivariation of µ (see Diestel
and Uhl [2], Lewis [12], and Kluvánek and Knowles [10] for definitions). Denote by
Mt(S;X∗ξ ) the set of all Radon vector measures µ : B(S) → X∗ξ . We also denote
byMt(S) the set of all real Radon measures on S. Then,Mt(S) is a Banach space
with the total variation norm |m| ≡ |m|(S). A subset V ofMt(S;X∗ξ ) is said to be
uniformly bounded if supµ∈V ‖µ‖p (S) < ∞ for every ξ-continuous seminorm p on
X∗.

If µ is a vector measure and x ∈ X , then xµ defined by (xµ)(E) ≡ 〈x, µ(E)〉,
E ∈ B(S), is a real measure. Then, the following is obvious:

Fact 1. µ ∈ Mt(S;X∗σ) if and only if xµ ∈ Mt(S) for each x ∈ X .

By a theorem of Orlicz and Pettis (see, e.g., McArthur [14, Corollary 1] and [12,
Theorem 1.1]) and a characterization of regularity of vector measures (see [12,
Theorem 1.6]), we have

Mt(S;X∗σ) =Mt(S;X∗τ ),

and if X is semi-reflexive, that is, (X∗β)∗ = X , then they coincide with Mt(S;X∗β),
since in this case the Mackey topology is equal to the strong topology on X∗ (see,
e.g., [9, 20.1]). Consequently, whenever we assume that X is semi-reflexive, it is not
necessary to distinguish the specific topologies σ(X∗, X), τ(X∗, X) and β(X∗, X)
concerning the σ-additivity and the Radonness of vector measures with values in
X∗.

The same is true of the uniform boundedness of vector measures: In this case
we assume that X is barreled. Since every σ(X∗, X)-bounded subset of X∗ is
β(X∗, X)-bounded, the following is readily proved:

Fact 2. The properties being uniformly bounded for σ(X∗, X), τ(X∗, X), and
β(X∗, X) are equivalent for any subset V of Mt(S;X∗σ), and this is the case that
x(V) ≡ {xµ : µ ∈ V} is uniformly bounded for each x ∈ X , i.e., supµ∈V |xµ|(S) <∞
for each x ∈ X . Further, the principle of uniform boundedness (see Corollary
of III.4.2 of [16]) ensures that the set x(V) is uniformly bounded if and only if
supµ∈V

∣∣∫
S fd(xµ)

∣∣ <∞ for each bounded, continuous real valued function f on S.

In this paper, we need an integral of real valued measurable functions with
respect to vector measures with values in locally convex spaces. Let µ : B(S)→ X∗ξ
be a vector measure. A real valued Borel measurable function f on S is said to be
µ-integrable if (a) f is xµ-integrable for each x ∈ X , and (b) for each E ∈ B(S),
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there exists an element of X∗, denoted by
∫
E

fdµ, such that〈
x,

∫
E

fdµ

〉
=
∫
E

fd(xµ)

for each x ∈ X . This integral is a special case of the integral defined by [12], and
we refer the reader to [12, 10] for the properties of this integral. We note here the
following:

Fact 3. If X∗ξ is sequentially complete (this is satisfied, for instance, if X is barreled
and ξ = σ(X∗, X), τ(X∗, X) or β(X∗, X); see [16, IV.6.1]), then every bounded,
Borel measurable, real valued function on S is µ-integrable.

We now introduce the notion of weak convergence of vector measures. Denote
by C(S) the Banach space of all bounded, continuous, real valued functions on S
with the norm ‖f‖ ≡ sups∈S |f(s)|. Assume that X∗ξ is sequentially complete. Let
{µα} be a net in Mt(S;X∗ξ ) and µ ∈ Mt(S;X∗ξ ). We say that {µα} converges
weakly for the topology ξ to µ, and write µα

w−→ µ for ξ, if for each f ∈ C(S), we
have ∫

S

fdµα →
∫
S

fdµ for the topology ξ.

In the following, we equip Mt(S;X∗ξ ) with the topology determined by this weak
convergence and call it the weak topology of vector measures for ξ. This topology
is a natural analogy of that defined by Dekiert [1] for vector measures with val-
ues in Banach spaces, and extends the usual weak topology of real measures (cf.
Prokhorov [15], LeCam [11], Varadarajan [24], and Topsøe [22]).

3. Main result

In this section, we state the main result of this paper and will prove it in the
following section. We recall that a vector space X with a partial ordering ≤ is an
ordered vector space if

(1) x ≤ y implies x+ z ≤ y + z for all x, y, z ∈ X ;
(2) x ≤ y implies cx ≤ cy for all x, y ∈ X and c > 0.

A Riesz space is defined to be an ordered vector space such that every pair of
elements x, y of X has a supremum x∨ y and an infimum x∧ y. An element x ∈ X
is said to be positive if x ≥ 0. We say that an ordered vector space is of type (R) if
for each x ∈ X , we can find two positive elements x+ and x− of X with x = x+−x−.
Riesz spaces are of type (R). See Example 3 in the end of this section for other
ordered vector spaces of type (R). We refer the reader to the books of Schaefer [16]
and Kelley and Namioka [9] for further information on ordered vector spaces and
Riesz spaces.

An element x∗ ∈ X∗ is said to be positive if 〈x, x∗〉 ≥ 0 for any positive element
x ∈ X . We say that a vector measure µ ∈Mt(S;X∗σ) is positive if µ(E) is a positive
element in X∗ for any E ∈ B(S). Then it is easy to prove that µ ∈ Mt(S;X∗σ) is
positive if and only if

∫
S
fd(xµ) ≥ 0 for any positive x ∈ X and any f ∈ C(S) with

f ≥ 0. Denote byM+
t (S;X∗σ) the set of all positive vector measures inMt(S;X∗σ)

and we write M+
t (S) instead of M+

t (S;R).
Given two completely regular spaces S and T , πS and πT denote the projections

S×T → S and S×T → T , respectively. For a vector measure γ ∈Mt(S×T ;X∗σ),
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we define its marginals πS(γ) and πT (γ) by πS(γ)(A) = γ(π−1
S (A)) and πT (γ)(B) =

γ(π−1
T (B)) for all A ∈ B(S) and B ∈ B(T ).

The following theorem, which is the main result in this paper, extends a type of
Strassen’s theorem to positive vector measures with values in the weak dual of a
barreled locally convex space which is an ordered vector space of type (R).

Theorem 1 (cf. [5], [19]). Let S and T be completely regular spaces and let X be a
barreled locally convex space which is an ordered vector space of type (R). Assume
that Γ is a uniformly bounded, non-empty convex subset of M+

t (S × T ;X∗σ) which
is closed for the weak topology of vector measures for σ(X∗, X). In order that there
exists a γ ∈ Γ with given marginals µ ∈ M+

t (S;X∗σ) and ν ∈ M+
t (T ;X∗σ), i.e.,

πS(γ) = µ and πT (γ) = ν, it is necessary and sufficient that for every {fi}ni=1 ⊂
C(S), {gi}ni=1 ⊂ C(T ) and {xi}ni=1 ⊂ X, we have

n∑
i=1

〈
xi,

∫
S

fidµ+
∫
T

gidν

〉
≤ sup

{
n∑
i=1

〈
xi,

∫
S×T

(fi ⊕ gi)dλ
〉

: λ ∈ Γ
}
.(3.1)

Here (fi ⊕ gi)(s, t) ≡ fi(s) + gi(t) for all (s, t) ∈ S × T .

Remark 2. When X is reflexive, the existing measure γ ∈ Γ in Theorem 1 is
countably additive and Radon for the strong topology β(X∗, X) since in this case
Mt(S × T ;X∗σ) =Mt(S × T ;X∗β) as noted in Section 2.

Example 3. (1) The following (a)–(g) are barreled locally convex spaces which are
Riesz spaces, and hence of type (R):

(a) The Banach lattice Lp(Ω,A,m) with a measurable space (Ω,A,m) and the
Banach lattice lp (1 ≤ p ≤ ∞). Then Lp(Ω,A,m)∗ = Lq(Ω,A,m) and lp

∗ =
lq (1 ≤ p <∞, 1/p+ 1/q = 1).

(b) The Banach lattice C(S) with a Hausdorff space S. See Theorems IV.6.2
and 6.3 of Dunford-Schwartz [4] for the topological dual of C(S).

(c) The Banach latticeM(Ω) of all real measures on a measurable space (Ω,A).
(d) Let S be a σ-compact and locally compact Hausdorff space. Denote by C(S)

the space of all real continuous functions on S. We endow C(S) with the topology
generated by the family of seminorms pK given by f 7→ pK(f) = sups∈K |f(s)| (K
varies in the family of all compact subsets of S). Then C(S) is a Fréchet space
which is a Riesz space.

(e) Let S be a locally compact Hausdorff space. Denote by C00(S) the space of
all real continuous functions on S with compact support. For any fixed compact
subset K of S, denote by CK the Banach space of functions in C00(S) that are
supported by K, with the uniform norm. We endow C00(S) with the inductive
topology generated by the family of Banach spaces CK . Then C00(S) is a barreled
locally convex space which is a Riesz space, and the dual C00(S)∗ is the space of all
real Radon measures on S (see [16, pp.57–58]).

(f) Let R∞ be the Fréchet-Montel space of all real sequences with the topology
of simple convergence. Let R∞0 be the Montel space of all real sequences which
have only a finite number of non-zero coordinates with the topology of uniform
convergence on compact sets. We endow those spaces with the canonical coordi-
natewise order. Then they are Riesz spaces and we have that (R∞)∗ = R∞0 and
(R∞0 )∗ = R∞.
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(g) Let Λ(P ) be the Köthe sequence space with a Köthe set P . Then it is a
Fréchet space, provided that P is countable, and a Riesz space under the canoni-
cal coordinatewise order (see Jarchow [8, pages 27, 50, 69 and 497] for definition
and properties). Especially, the Fréchet-Montel space (s) of all rapidly decreasing
sequences is a Riesz space and the dual (s)∗ is the space of all slowly increasing
sequences.

(2) We present here some examples which are not Riesz spaces but of type (R).
Let H be a real Hilbert space with the inner product (·, ·). Denote by Ls(H) and
Cs(H) the Banach spaces of all bounded self-adjoint operators on H and of all com-
pletely continuous self-adjoint operators on H with the usual operator norm. We
also denote by Ts(H) and Ss(H) the Banach space of all trace class self-adjoint op-
erators on H with the trace norm and the Hilbert space of all Hilbert-Schmidt class
self-adjoint operators on H with the Hilbert-Schmidt norm. We endow those spaces
with the order defined by the relation “A ≤ B ⇔ (Ax, x) ≤ (Bx, x) for all x ∈ H”.
For any A ∈ Ls(H), put |A| = (A2)1/2, A+ = (|A| + A)/2 and A− = (|A| − A)/2.
Then they are positive operators on H . If A belongs to Ls(H), Cs(H), Ts(H)
and Ss(H), then so do |A|, A+ and A−, and we have A = A+ − A−. Conse-
quently, the spaces above are ordered vector spaces of type (R) and we have that
Cs(H)∗ = Ts(H), Ts(H)∗ = Ls(H) and Ss(H)∗ = Ss(H). See Schatten [17] for
details.

4. Proof of Theorem 1

We need several results, which seem to be of interest by themselves, to prove
Theorem 1. Let S be a completely regular space, X a locally convex space, and
µ ∈ Mt(S;X∗σ). Then we can define a continuous linear operator Tµ : C(S)→ X∗σ
by

Tµ(f) =
∫
S

fdµ, f ∈ C(S),

which is called the operator determined by µ. The following proposition, which may
be known, insists that every continuous linear operator, satisfying some tightness
condition, from C(S) into the weak dual X∗σ of a barreled locally convex space X
can be determined by a vector measure µ ∈Mt(S;X∗σ).

Proposition 4 (cf. [4], [12], [20]). Let S be a completely regular space and X a
barreled locally convex space. Assume that a continuous linear operator T : C(S)→
X∗σ satisfies the following tightness condition (∗): For each ε > 0 and x ∈ X, there
exists a compact subset K of S such that | 〈x, T (f)〉 | ≤ ε ‖f‖ for all f ∈ C(S) with
f(K) = 0.

Then, there exists a unique vector measure µ ∈ Mt(S;X∗σ) such that

T (f) =
∫
S

fdµ for all f ∈ C(S).

Proof. Let T : C(S)→ X∗σ be a continuous linear operator satisfying the condition
(∗). We note that the bidual of X∗σ is equal to X∗ since X is barreled. Then, by [9,
21.8], the second adjoint T ∗∗ : C(S)∗∗ → X∗ exists and it is an extension of T .

Fix x ∈ X for a moment. By (∗), for each ε > 0, there exists a compact subset
K of S such that

| 〈f, T ∗(x)〉 | = | 〈x, T (f)〉 | ≤ ε ‖f‖
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for all f ∈ C(S) with f(K) = 0. Since T ∗(x) ∈ C(S)∗, by Theorem 2 of [20] we
can find a real Radon measure mx ∈Mt(S) such that

〈x, T (f)〉 = 〈f, T ∗(x)〉 =
∫
S

fdmx = θ(mx)(f)(4.1)

for all f ∈ C(S), where θ :Mt(S)→ C(S)∗ is the natural embedding defined by

θ(m)(f) =
∫
S

fdm, m ∈Mt(S), f ∈ C(S).

Since f ∈ C(S) and x ∈ X are arbitrary, it follows from (4.1) that

T ∗(x) = θ(mx)(4.2)

for all x ∈ X .
Fix E ∈ B(S) and put

ϕE(θ(m)) = m(E)(4.3)

for all m ∈ Mt(S). Since θ : Mt(S) → C(S)∗ is an isometric isomorphism, it is
easy to see that ϕE is a bounded linear functional on the linear subspace θ(Mt(S))
of C(S)∗. Therefore, by the Hahn-Banach theorem, there exists an extension ϕ̃E ∈
C(S)∗∗ of ϕE . Define the set function µ : B(S)→ X∗σ by

µ(E) ≡ T ∗∗(ϕ̃E)(4.4)

for all E ∈ B(S). Then it is well-defined, i.e., if ˜̃ϕE is another extension of ϕE , then
we have T ∗∗(ϕ̃E) = T ∗∗( ˜̃ϕE). For, by (4.2) we have T ∗X ⊂ θ(Mt(S)), and hence

〈x, T ∗∗(ϕ̃E)〉 = 〈T ∗(x), ϕ̃E〉 = 〈T ∗(x), ϕE〉 =
〈
T ∗(x), ˜̃ϕE

〉
=
〈
x, T ∗∗( ˜̃ϕE)

〉
holds for all x ∈ X , and this implies that T ∗∗(ϕ̃E) = T ∗∗( ˜̃ϕE).

In the following, we shall show that µ ∈ Mt(S;X∗σ) and T can be determined
by µ. By (4.2), (4.3) and (4.4), for each x ∈ X and E ∈ B(S), we have

mx(E) = ϕ̃E(T ∗(x)) = 〈T ∗(x), ϕ̃E〉 = 〈x, T ∗∗(ϕ̃E)〉 = 〈x, µ(E)〉 = (xµ)(E),

and this implies that

xµ = mx(4.5)

for all x ∈ X . Since mx ∈Mt(S), we have µ ∈Mt(S;X∗σ) by Fact 1.
Since X is barreled, X∗σ is quasi-complete, and so it is sequentially complete.

Hence, by Fact 3 every bounded, Borel measurable, real valued function on S is
integrable with respect to µ. Consequently, by (4.1) and (4.5) we have

〈x, T (f)〉 = 〈f, θ(mx)〉 = 〈f, θ(xµ)〉 =
∫
S

fd(xµ) =
〈
x,

∫
S

fdµ

〉
for all x ∈ X and f ∈ C(S), and this implies that T is determined by µ. Finally,
the proof of the uniqueness of µ is easy.

A net {µα} in Mt(S;X∗ξ ) is said to be compact for ξ if every subnet of {µα}
has a subnet converging weakly for ξ. We also say that a net {mα} in Mt(S) is
compact if every subnet of {mα} has a subnet which converges in the usual weak
convergence of real measures. The following gives a general compactness criterion
for a set of vector measures with values in the dual space.
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Proposition 5. Let S be a completely regular space and X a barreled locally convex
space. Assume that a net {µα} in Mt(S;X∗σ) is uniformly bounded, and for each
x ∈ X, the net {xµα} is compact in Mt(S). Then {µα} is compact in Mt(S;X∗σ)
for σ(X∗, X). When X is a Montel space, it is also compact for β(X∗, X).

Proof. For each α, we define a continuous linear operator Tα : C(S)→ X∗σ by

Tα(f) =
∫
S

fdµα, f ∈ C(S).

Denote by L(C(S), X∗σ) the space of all continuous linear operators from C(S) into
X∗σ, and by Lσ(C(S), X∗σ) the same space with the topology of simple convergence.
We also denote by (X∗σ)C(S) the set of all mappings from C(S) into X∗σ. Put
H = {Tα} and denote by H1 the closure of H in (X∗σ)C(S) for the topology of
simple convergence. By the uniform boundedness of {µα}, for each f ∈ C(S), the
set {Tα(f)} is bounded, and hence relatively compact in X∗σ since X is barreled (see
IV.5.2. of [16]). From this and Tychonoff’s theorem it follows thatH1 is compact in
(X∗σ)C(S). To prove that H is a relatively compact subset of Lσ(C(S), X∗σ), we have
only to show that H1 ⊂ L(C(S), X∗σ). Since the set {〈x, Tα(f)〉} is bounded for
each x ∈ X and f ∈ C(S) as stated above, it follows from the Banach-Steinhaus
theorem (see, e.g., [16, Theorem III.4.2]) that H is an equicontinuous subset of
L(C(S), X∗σ). Then H1 ⊂ L(C(S), X∗σ) by III.4.3 of [16]. Thus, we have finished
the proof of the relative compactness of H, and hence for any subnet {µα′} of {µα},
we can find a subnet {µα′′} of {µα′} and an operator T ∈ L(C(S), X∗σ) such that

〈x, T (f)〉 = lim
α′′

〈
x, Tµα′′ (f)

〉
= lim

α′′

〈
x,

∫
S

fdµα′′

〉
(4.6)

for all x ∈ X and f ∈ C(S).
We now show that T satisfies tightness condition (∗) of Proposition 4. Fix ε > 0

and x ∈ X . By (4.6), we have

| 〈x, T (f)〉 | = lim
α′′

∣∣∣∣〈x, ∫
S

fdµα′′

〉∣∣∣∣ = lim
α′′

∣∣∣∣∫
S

fd(xµα′′)
∣∣∣∣(4.7)

for all f ∈ C(S). On the other hand, since {xµα} is compact inMt(S) by assump-
tion, there exist a subnet {mα′′′} of {xµα′′} and a real measure m ∈ Mt(S) such
that

mα′′′
w−→ m.(4.8)

Since m is Radon, there exists a compact subset K of S such that

|m| (S −K) < ε.(4.9)

Fix f ∈ C(S) with f(K) = 0. Then, it follows from (4.7), (4.8) and (4.9) that

| 〈x, T (f)〉 | = lim
α′′′

∣∣∣∣∫
S

fdmα′′′

∣∣∣∣ =
∣∣∣∣∫
S

fdm

∣∣∣∣
=

∣∣∣∣∫
S−K

fdm

∣∣∣∣ ≤ ‖f‖ · |m|(S −K) < ε ‖f‖ ,

and this implies that T satisfies condition (∗) of Proposition 4. Consequently, by
Proposition 4 we can find a vector measure µ ∈ Mt(S;X∗σ) such that

T (f) =
∫
S

fdµ
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for all f ∈ C(S). Hence, by (4.6) we have

lim
α′′

〈
x,

∫
S

fdµα′′

〉
=
〈
x,

∫
S

fdµ

〉
,

and this implies that {µα} is compact in Mt(S;X∗σ) for σ(X∗, X).
Assume that X is a Montel space. Then, by Proposition 34.6 of [23] the strong

and weak topologies coincide on the bounded subsets ofX∗β, and equivalently, on the
bounded subsets of X∗σ since X is barreled. From this and the uniform boundedness
of {µα} it follows that {µα} is also compact for β(X∗, X).

Remark 6. By Fact 2 and a well known compactness criterion for real measures
(see Theorem 2a of [20]), the assumption of Proposition 5 is satisfied if we assume
that for each x ∈ X , the net {xµα} is uniformly bounded and uniformly tight.

The following generalizes Lemma 5.1 of Hoffmann-Jørgensen [6].

Proposition 7. Let S and T be completely regular spaces and let X be a barreled
locally convex space which is an ordered vector space of type (R). Assume that a net
{γα} ⊂ M+

t (S × T ;X∗σ) is uniformly bounded. If πS(γα) w−→ µ ∈ M+
t (S;X∗σ) and

πT (γα) w−→ ν ∈ M+
t (T ;X∗σ) for σ(X∗, X), then every subnet of {γα} has a subnet

converging weakly for σ(X∗, X) to a vector measure γ ∈M+
t (S × T ;X∗σ) such that

πS(γ) = µ and πT (γ) = ν.

Proof. We first show that for each x ∈ X , the net {xγα} is compact in Mt(S).
Fix x ∈ X . Since X is of type (R), x is represented as the difference of two
positive elements x+ and x− with x = x+ − x−. Since each γα is positive, we have
{x+γα} ⊂ M+

t (S × T ), and by assumption it is easy to verify that πS(x+γα) =
x+(πS(γα)) w−→ x+µ and πT (x+γα) = x+(πT (γα)) w−→ x+ν. Consequently, by the
proof of Lemma 5.1 of [6], the net {x+γα} is compact in Mt(S). The compactness
of the net {x−γα} follows in the same way. Therefore, we can easily show that the
net {xγα} is also compact in Mt(S).

Since {γα} is uniformly bounded by assumption, it follows from Proposition 5
that {γα} itself is compact inM+

t (S×T ;X∗σ) for σ(X∗, X), and hence every subnet
of {γα} has a subnet converging weakly for σ(X∗, X) to a vector measure γ ∈
M+

t (S × T ;X∗σ).
It remains to prove that γ has its marginals µ and ν, i.e., πS(γ) = µ and

πT (γ) = ν. For simplicity, we assume that γα
w−→ γ, πS(γα) w−→ µ and πT (γα) w−→

ν for σ(X∗, X). Then, by the continuity of the projections πS and πT , we have
πS(γα) w−→ πS(γ) and πT (γα) w−→ πT (γ) for σ(X∗, X). Consequently, by the
uniqueness of the limit, we have πS(γ) = µ and πT (γ) = ν, and the proof is
complete.

We are now ready to prove Theorem 1. The necessity of (3.1) is clear, and so
we only prove sufficiency. Assume (3.1) and denote by MΓ the set of all pairs
(ϕ, ψ) ∈ M+

t (S;X∗σ) ×M+
t (T ;X∗σ) such that there exists a γ ∈ Γ with (ϕ, ψ) as

its marginals. Then MΓ is non-empty and convex.
Denote by C(S) ⊗ X the algebraic tensor product of C(S) and X , i.e., the

linear space of all finite linear combinations of the basic elements f ⊗ x, which are
assigned to the function s ∈ S → f(s)x by the natural embedding from C(S) ⊗X
into the space of all X-valued continuous functions on S. Note that the weak
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topology of vector measures on Mt(S;X∗σ) for σ(X∗, X) is just the weak topology
σ(Mt(S;X∗σ), C(S)⊗X) with respect to the natural duality〈

µ,

n∑
i=1

fi ⊗ xi

〉
≡

n∑
i=1

∫
S

fid(xiµ)

between Mt(S;X∗σ) and C(S)⊗X . This duality is unambiguously defined, i.e., it
does not depend on the expression of elements in C(S)⊗X .

The pairing

〈(ϕ, ψ), (f, g)〉 = 〈ϕ, f〉+ 〈ψ, g〉
puts the two spaces Mt(S;X∗σ) ×Mt(T ;X∗σ) and (C(S) ⊗ X) ⊕ (C(T ) ⊗ X) in
duality, and we observe that the weak topology

σ0 = σ(Mt(S;X∗σ)×Mt(T ;X∗σ), (C(S)⊗X)⊕ (C(T )⊗X))

relative to the pairing above is the product of the topologies

σ(Mt(S;X∗σ), C(S)⊗X) and σ(Mt(T ;X∗σ), C(T )⊗X)

(see IV.4.2 of [16]). From the Hahn-Banach theorem and the representation theorem
of σ0-continuous linear functionals, it follows that (µ, ν) is in the closure of MΓ for
the weak topology σ0 above. Consequently, we can find a net {(ϕα, ψα)} of elements
in MΓ converging weakly for σ0 to (µ, ν), and hence ϕα

w−→ µ and ψα
w−→ ν for

σ(X∗, X). Since for each pair (ϕα, ψα) there exists a γα ∈ Γ with marginals ϕα and
ψα, we have πS(γα) = ϕα

w−→ µ and πT (γα) = ψα
w−→ ν for σ(X∗, X). Therefore,

by Proposition 7 the net {γα} has a subnet converging weakly for σ(X∗, X) to a
γ ∈ M+

t (S × T ;X∗σ) such that πS(γ) = µ and πT (γ) = ν. Since Γ is closed, we
have γ ∈ Γ , and the proof is complete.
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Flour VI-1976, Lecture Notes in Math. 598 (1977), 1-186. MR 57:1595

[7] A. Hirshberg and R. M. Shortt, A version of Strassen’s theorem for vector-valued measures,
Proc. Amer. Math. Soc. 126 (1998), 1669-1671. MR 98i:28014

[8] H. Jarchow, Locally Convex Spaces, B. G. Teubner, Stuttgart, 1981. MR 83h:46008
[9] J. L. Kelley and I. Namioka, Linear Topological Spaces, Van Nostrand, New York, 1963.

MR 29:3851
[10] I. Kluvánek and G. Knowles, Vector Measures and Control Systems, North-Holland, 1976.

MR 58:17033
[11] L. LeCam, Convergence in distribution of stochastic processes, Univ. California Publ. Statist.

2 (1957), 207-236. MR 19:128a

[12] D. R. Lewis, Integration with respect to vector measures, Pacific J. Math. 33 (1970), 157-165.
MR 41:3706

[13] M. März and R. M. Shortt, Weak convergence of vector measures, Publ. Math. Debrecen
45 (1994), 71-92. MR 96g:28015

http://www.ams.org/mathscinet-getitem?mr=56:12216
http://www.ams.org/mathscinet-getitem?mr=91g:60001
http://www.ams.org/mathscinet-getitem?mr=90g:47001a
http://www.ams.org/mathscinet-getitem?mr=81i:28009
http://www.ams.org/mathscinet-getitem?mr=57:1595
http://www.ams.org/mathscinet-getitem?mr=98i:28014
http://www.ams.org/mathscinet-getitem?mr=83h:46008
http://www.ams.org/mathscinet-getitem?mr=29:3851
http://www.ams.org/mathscinet-getitem?mr=58:17033
http://www.ams.org/mathscinet-getitem?mr=19:128a
http://www.ams.org/mathscinet-getitem?mr=41:3706
http://www.ams.org/mathscinet-getitem?mr=96g:28015


3300 JUN KAWABE

[14] C. W. McArthur, On a theorem of Orlicz and Pettis, Pacific J. Math. 22 (1967), 297-302.
MR 35:4702

[15] Yu. V. Prokhorov, Convergence of random processes and limit theorems in probability theory,
Theory Probab. Appl. 1 (1956), 177-238. MR 18:943b

[16] H. H. Schaefer, Topological Vector Spaces, Springer-Verlag, New York, 1971. MR 49:7722
[17] R. Schatten, Norm Ideals of Completely Continuous Operators, Springer-Verlag, New York,

1970. MR 41:2449
[18] R. M. Shortt, Strassen’s marginal problem in two or more dimensions, Z. Wahrsch. Verw.

Gebiete. 64 (1983), 313-325. MR 84i:60023
[19] H. J. Skala, The existence of probability measures with given marginals, Ann. Probab. 21

(1993), 136-142. MR 94f:60004
[20] O. G. Smolyanov and S. V. Fomin, Measures on topological linear spaces, Russian Math.

Surveys 31 (1976), 3-56. MR 54:8776
[21] V. Strassen, The existence of probability measures with given marginals, Ann. Math. Statist.

36 (1965), 423-439. MR 31:1693
[22] F. Topsøe, Topology and Measure, Lecture Notes in Math. 133, Springer-Verlag, New York,

1970. MR 54:10546
[23] F. Treves, Topological Vector Spaces, Distributions and Kernels, Academic Press, New York,

1967. MR 37:726
[24] V. S. Varadarajan, Measures on topological spaces, Amer. Math. Soc. Transl. Ser. II 48

(1965), 161-228. MR 26:6342

Department of Mathematics, Faculty of Engineering, Shinshu University, 4-17-1

Wakasato, Nagano 380-8553, Japan

E-mail address: jkawabe@gipwc.shinshu-u.ac.jp

http://www.ams.org/mathscinet-getitem?mr=35:4702
http://www.ams.org/mathscinet-getitem?mr=18:943b
http://www.ams.org/mathscinet-getitem?mr=49:7722
http://www.ams.org/mathscinet-getitem?mr=41:2449
http://www.ams.org/mathscinet-getitem?mr=84i:60023
http://www.ams.org/mathscinet-getitem?mr=94f:60004
http://www.ams.org/mathscinet-getitem?mr=54:8776
http://www.ams.org/mathscinet-getitem?mr=31:1693
http://www.ams.org/mathscinet-getitem?mr=54:10546
http://www.ams.org/mathscinet-getitem?mr=37:726
http://www.ams.org/mathscinet-getitem?mr=26:6342

	1. Introduction
	2. Notation and preliminaries
	3. Main result
	4. Proof of Theorem ??
	References

