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ABSTRACT. In this paper we shall give some sufficient conditions in order that
the so-called ¢-category of a pair (M, N) of differentiable manifolds be infinite.

INTRODUCTION

Let M, N be compact connected differentiable (smooth) manifolds having the
same dimension m > 2. If w7, (M) 2 m4(N) for some ¢ > 2, then any differentiable
(smooth) mapping f : M — N has one critical point at least. Indeed, otherwise f
is a covering map and 7,(M) = 7,(N), for ¢ > 2, follows easily.

This observation justifies the investigations on the cardinal number

¢(M,N) = min{|C(f)[ | f € CF(M,N)}

called the ¢-category of the pair (M, N), where M, N are, at this time, arbitrary
differentiable manifolds and C(f) is the critical set of f € C*°(M,N). If any
differentiable mapping from M to N has infinitely many critical points, we shall
use the notation (M, N) = co. As we have already mentioned in our previous
papers [AnPi] and [Pil], (M, N) represents a measure of non-immersability of M
into N, if dim M < dim N and it is a measure of the distance of the pair (M, N)
from a fibration if dim M > dim N and M, N are compact differentiable manifolds.
Some results concerning the ¢-category of the pair (M, R) are obtained in [GoGol
and [Ta]. For the equivariant (invariant) situation see also [Dal.

The main result of this paper is Theorem 3.1 which asserts that, for two given
compact connected differentiable manifolds M and N having the same dimension
m, @(M,N) is infinite in the following conditions:

(i) m > 3 and 71 (N) has no subgroup isomorphic with m (M);

(ii) m >4 and 7y (M) 2 wy(N) for some g € {2,3,... ,m —2}.

The proof of Theorem 3.1 is essentially based on the technical Theorems 1.1, 1.2
and on Proposition 2.3 and it is very easy to cover. Proposition 2.3 is an immediate
consequence of Theorem 2.2 and the last one could be also considered an important
result in itself. Theorem 2.2 roughly asserts that for two given manifolds P and
M such that dim P < dim M, OP # (), OM = () and a discrete subset A of M
whose derived set A’ (i.e. the set of accumulation points) is also discrete, in each
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homotopy class [f] € [(P,dP), (M, M\A)] there is a map whose image avoids the
set A. For its proof f is assumed to be smooth and around the common points of
the sets A and Im f we take small balls such that they don’t meet A again. Using
Sard’s theorem we can consider in each such ball a point which doesn’t belong to
Im f. Further on, project the common points of I'm f and a given ball on the
border of that ball along some certain curves starting from the considered point of
the ball and passing through their common points. The asserted mapping in the
class [f] is obtained by composing those projections with the initial mapping f.

1. PRELIMINARY RESULTS

In their paper [FaHu], E. Fadell and S. Husseini proved, using the standard
technique of Ljusternik-Schnirelmann category, that a C'-functional f : A — R
has an unbounded sequence of critical values (therefore infinitely many critical
points), under certain hypothesis on the open subset A of the Hilbert space FE and
on the functional f. Our first result proves a similar fact for a mapping between
two connected differentiable manifolds.

As we have already defined before, C(f) denotes the critical set of the mapping
f: M — N. Recall that R(f) denotes the regular set of f and B(f) = f(C(f))
denotes the set of critical values of f.

Theorem 1.1. Let M | N be connected differentiable manifolds such that dim M >
dimN > 2. If f: M — N is a non-surjective closed differentiable mapping, then
either C(f) = M, or f has infinitely many critical values. Therefore f has infinitely
many critical points. If M is compact and N is noncompact, then one particularly
gets that o(M,N) = oo.

Proof. Let us first prove that f=1(0Im f) C C(f), which implies that dIm f C
B(f). Indeed, otherwise f~*(0Im f) N R(f) # 0 and f is locally open around any
point of the set f=1(0Im f)N R(f). If z € f~1(0Im f)N R(f) is a fixed point and
U is an open neighbourhood of x such that f|y : U — N is open, then f(U) is
particularly open. But this is a contradiction to the fact that f(x) € dIm f.

If C(f) # M, it follows, by Sard’s theorem, that Im f\B(f) # 0. In the following
we shall show that N\B(f) is not connected, which means that B(f) is infinite.
Indeed, if y € Im f\B(f), ¥y’ € N\Im f, then obviously y, y' € N\B(f). Consider
v : [0,1] — N a continuous path joining y to y’. Because y € Im f and 3/ €
N\Im f, it follows that (][0,1]) intersects the border dIm f and hence the set
B(f). 0

Theorem 1.2. Let M, N be compact connected differentiable manifolds having the
same dimension m > 2. If the differentiable mapping f : M — N 1is surjective and
has finitely many critical points, then the set f=1(B(f)) is the closure of a discrete
set whose derived set is finite, and the restriction

Flang—sepy : MAFH(B(f)) — N\B(f)
i a covering mapping with finitely many sheets.
Proof. Before proving the required statement we shall prove the inclusion

1B NR)) S C(f)

where [f~1(B(f)) N R(f)]’ is the derived set of [f~1(B(f)) N R(f)]. Indeed, if the
above inclusion is not true, then there exists a critical value y € B(f) whose fiber
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fYy) has a regular point x as accumulation point. But this is a contradiction
to the fact that f is a local diffeomorphism around of x. Further on, we have
successively:

F7UB) = B M = f-1(B(f)) N [C(f) UR(S)]

= (1B NCA) VB N R = C(H U BA)) N RS-
Obviously

CH VLB NR(S)]

is a discrete set whose derived set [f~1(B(f)) N R(f)]’ is finite, being a subset of
C(f), and flap\ s-1(B(s)) is a local diffeomorphism. Therefore to prove what is re-
quired, it is enough to show that |f~1(y)| = |f~1(y)| < o for all y, v’ € N\B(f).
Let us first see that f~1(y) is finite for all y € N\B(f). Indeed, otherwise f~*(y)
has accumulation points obviously contained in f~!(y). But this contradicts the
fact that f is locally a diffeomorphism around any point z € f~'(y). It re-
mains to prove that the number |f~1(y)| is invariant when y runs over the set
N\B(f). We first prove this statement locally, that is, every y € N\B(f) has
an open neighbourhood V, such that |f~(y)| = [f~*(y)| < oo for all y' € V.
Assume that f~'(y) = {z1,...,7,}. Consider Uy,Us,...,U, open neighbour-
hoods of z1,z2,... ,x, respectively, and V' an open neighbourhood of y such that
fU;)) =V and fl|y, : U; — V is a diffeomorphism. Hence |f~(y)| < [f~*(¥')],
for all ¥’ € V, and assuming that there exists a sequence {y,}nen C V such that
yn — y and [~ (yn)] > |f7(y)], it follows that one can find z,, € M\(U_, U;)
such that f(x,) = y,. Because M is compact, {z,}n,en has a convergent sub-
sequence denoted in the same way, that is, there exists xg = nlln;o T,. But since

z, € M\(U,_, U;) for alln € N, it follows on one hand that zo € M\(J?_, U;), and
on the other hand, passing to the limit in the equality f(z,) = yn, that f(zg) = y.
This means that xo € {z1,22,... ,2p} C Ule U;. Therefore there exists an open
neighbourhood V,, C V such that |f~1(y)| = |f~1(v')| for all ¥’ € V.

Further on, take two arbitrary points y, ¥’ € N\B(f) and consider a continuous
path v : [0,1] — N\B(f) joining y to y', ie. v(0) =y, (1) = ¢y (N\B(f)
is connected, B(f) being a finite set), and cover ([0, 1]) with a finite number of
above constructed open sets by means of which one can easily prove that |f~1(y)| =
|f~1(y")|, and the theorem is completly proved. O

2. SOME HOMOTOPICAL ASPECTS

For r > 0 and n € N* denote by D and S”~! the open disk and the sphere
respectively, having the center at the origin of the space R™ and radius r. D} and
S{“l will be simply denoted by D™ and S™~! respectively.

For zo € D™, define the continuous mapping hy, : R"\{zo} — R"\{zo} given
by

b ():{x if z € R"\D",
o o+ a(z)(x —xg) ifze D",

where

a(m):< Zo To— T >+ < o To— T >2+1—||x0||2
2=z | |z — a0 | 2= || |z —a0 | |z — o ||?
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]7’1(](7;1)

® Ty = h:lfo(lé)

Snfl
FIGURE 1.

The mapping h;, acts on R™\{xo} as in Figure [l

Let M be an n-dimensional manifold and ¢ = (U, ¢) be a local chart of M such
that D™ C ¢(U). Denote by D, and by S, the sets ¢~ *(D") and ¢~ '(S"™1) re-
spectively. For xg € D,, define the continuous mapping he o : M\{zo} — M\{zo}

given by
x if x € M\D,,
e,z (2) =

(p71o hp(ao) op)(z) ifzel.
e (U)

Remarks. (i) hyy(D™\{z0}) = S"~! and hy, .

(ii) hoy ~He0 idRn\ {2} (rel R"\D"), where H* : (R"\{x0})x[0,1] — R™\ {0}
is given by H™ (z,t) = (1 — t)x + thy, (x).

(iii) he,zo(Dyp\{z0}) = Sy and he g, Sq}: ids,, .

(iv) Let ¢; = (U1, 1), --. scx = (Ug, pr) be local charts in M such that for i # j
UiNU; =0 and D™ C ﬂle 0i(U;). fx; € Dy, i €{1,2,...,k}, then

= idgn-1.
1 S !

Jer,w1 © -+ O Gep,xp = Geraystrny O 0 vt © Jernystr(n)s

where 7 is an element of the symmetric group of the set {1,2,...,k} and

Geiwi * M\{x1,... 2} — M\{z1,... 21}

are given by g¢; .z, = he; 2, ,forallie{1,2,...,k}.
M\{z1,... ,.zr}
(v) Under the conditions of the statement (iv), it is also true that
k
Gerar © -+ O Geyi Grio iy fay, ... ’xk}( rel M\ U Dy,)
i=1
where G¢2 %« (M\{x1,... ,2x}) x [0,1] = M\{z1,... ,zx} is given by
x ifxEM\UleD%.,
-1 (z1) . —
w1 (H# v1(z),t ifxe Dy,
I R R .

i (Ho ) (o (2),8) it & € Dy,

Lemma 2.1. Let M; be a differentiable manifold with boundary, My be a differen-
tiable manifold without boundary, C be a closed subset of My and f: My, — My be
a continuous mapping such that f(OMy) C M2\C. Then there exists a homotopy
H : M; x[0,1] — My such that f = H(-,0), H¢(OM;) C M2\C for all t € [0,1]
and H(-,1) is a differentiable mapping.
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Proof. There exists a homotopy K : 0M7 %[0, 1] — M>\C such that K(-,0) = f|8M1
and K (-, 1) is a differentiable mapping (see [Gal Proposition 4.6, pp. 64]). Consider
the homotopy H? : My x [0,1] — Moy:

K((m10QY)(z),1) - if 2€Q(OM, x[0,1—1]),
H2 (1) = K((moQ™" (x,W) ?fxe@(aMlx[l—tﬂ]),
F(QUm 0 Q™) (@),3(m2 0 Q) (2)—6))  if x € QM x [2,3]),
f(z), if x € M1\Q(OM;x]0,3)),

where Q) : M7 x [0,00) — U C M is a collar neighbourhood of the boundary 9M;
(U is an open neighbourhood of the boundary OM; and @ is a diffeomorphism such
that Q(x,0) =z, Vo € OM;) and 7, : OM; x [0,00) — OM;, w2 : OM; X [0,00) —
[0,00) are the projections.

Consider the homotopy H® : M; x [0,1] — Ma:

K((moQ (@)1 -t = 4(m0Q")(a))
if 2 € QOM; x [0,2(1 — 1)]),
H (.1) = 4 F(Q(m1 0 Q1) (x), 2@ )G)=00-0) )
if 2 € QOM; x [2(1 —1),3)),
f(.l?), ifx e Ml\Q(8M1 X [073)),

and observe that H3(-,0) = H?(-,1) and H3(-,1) = f. Because K(-,1), 71,

Q*I‘ are differentiable mappings, it follows that
QoM x[0,1))

H2(-,0) :}(@1)owlo(Q*ﬂ

Q(OM; x[0,1)) Q(8M1><[0,1))>

is differentiable on the open neighbourhood Q(9M; x [0, 1)) of 9M;. Hence, there
exists a homotopy H' : M; x [0,1] — My such that H'(-,0) is a differentiable map-
ping, H*(-,0) ~p1 H'(-,1)(rel d9M;) and H'(-,1) = H?(-,0) (see [Gd, Théoreme
4.5, pp. 64]). Choose H : M; x [0,1] — M> in the following way:

H3(2z,1-3t) if0<t< 3,
H(x,t)=q H*(z,2—3t) if3<t<2,
H'(z,3-3t) if2<t<1 O

Theorem 2.2. Let M be an n-dimensional differentiable manifold (OM = () and
A be a discrete subset of M whose derived set A’ is also discrete. If P is a compact
differentiable k-dimensional manifold (k < n, OP # () and f : P — M is a con-
tinuous mapping such that f(OP) C M\ A, then there exists a continuous mapping
g: P — M such that g(P) C M\A, glap = flop and f ~ g( rel OP).

Proof. According to Lemma 2.1 there exists a homotopy H : P x [0,1] — M such
that f = H(-,0), g1 = H(-,1) is a differentiable mapping and H;(0P) C M\A for
all t € [0,1].

Because A’ is a closed and discrete subset of M and g (P) is compact, it follows
that g1(P) N A’ is a finite set. Let us assume that g;(P)N A" = {z1,x2,..., 2 }. It
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is easily seen that there exist the local charts ¢; = (U1, ¢1),... ,a = (U, 1) such
that:

(i) x; € U; and @;(z;) =0 for all i € {1,2,...,1};

(i) U; NU; = 0 for i # j;

(i) Hy(OP)NU; =0 for all t € [0,1] and all ¢ € {1,...,1}.

Because A and A’ are discrete sets and M has a countable basis, it follows
that both of them are countable, which means that the closure A = AU A’ is
countable too. We can therefore say that o;(U; N A) is countable for each i €
{1,2,...,1}. But this means that there exists r > 0 such that D C 02:1 vi(U;)
and S?" 1N (U;NA) =0 for all i € {1,2,...,l}. Making, if need be, easy
modifications of the mappings ¢;, we can assume that r = 1. Therefore, S,,NA = ()
or, equivalently, S,, C M\ A. Therefore the following inclusions

(iv) D" € Nizy @i(Us) and Sy, € M\A
hold. Obviously [gl(P)\(Uizl U;)]NA is a finite set; for instance [g (P)\(Ui:1 U)n

A={xi41,..., 2141 }. Using the same kind of arguments as above, there exist the
local charts ¢j41 = (U1, 0141), -+ s +rr = (Uigr, wi+1r) satisfying the following
conditions:

(i/) T4 € UlJri and (leri({ElJri) =0forallie {1, Ce ,ll};

i) Ui NUy 5 = dand Uy, NU, =0 for all ¢, j € {1,...,0'}, ke {1,...,l}
and i # j, i # k;

(iii") H(OP)NUpp; =0 forall t € [0,1] and all ¢ € {1,...,I'};

(iv') D" C ﬂi/:1 ¢1+i([Ui4i) and Sy, € M\A for all i € n{1,...,I'}.

Because g1 is a differentiable mapping, we obtain, using a weak version of
Sard’s theorem for the mapping gi|int p, that Dy, \g1(P) is nonempty for every
ie{1,2,...,1+1U'}. Forie{1,2,... ,l+1'}, let us consider y; € Dy, \g1(P) and
the mappings

Yeiys ¢ M\{yla s 7yl+l’} - M\{yh cee 7yl+l’}a

h:P— Ma h(:L’) = (] ©Fci,y1 ©°°° 0 gcl+l/7yl+l’)(gl(x))

where j : M\{y1,...,y4rr} — M is the inclusion map. Obviously, h(P) C
M\A, hlap = g1lop and h ~g' g1( rel OP), where G’ : P x [0,1] — M is given by
G (z,t) = Gol 8 (g1 (2), ).

(SRR Y
“

By the transitivity of the relation “ ~ 7, one can conclude that f >~ h where
H': P x|[0,1] — M is given by

) _ | H(z,2t), 0<t<i,
H(x’t){G’(a:,Zt—l), L<p<l

1
Consider the following two homotopies ¢ : P x [0,1] — P, and G: P x [0,1] = M
given by:

x if z € PAQ(OP x [0,2)),
P(z,t) =1 Q(moQ ) (2), 55 (moQ )(2) + £25) if x € QAP x[t,2]),
(m1 0 Q1) (x) if z € Q(OP x [0,t]),

o H(G(a,0),8) it e P\QE@P x [0,1),
Gla,t) = { H(Q \(2) iz € QP x [0,4]),

where @ : OP x [0,00) — U C P is a collar neighbourhood of 9P and 7y : 9P x
[0,00) = OP, 7 : 0P x [0,00) — [0,00) are obviously the projections.
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Denoting G(-,1) by g and observing that G(-,0) = f it can be easily seen that
f ~c g(rel 9P) and also that g(P) C M\A, and the theorem is completely
proved. O

Proposition 2.3. Let M be an n-dimensional differentiable manifold (n > 2, OM
= () and A be a discrete subset of M whose derived set A is also discrete. If
M is connected, then M\A is also connected, and the inclusion i : M\A — M
is (n — 1)-connected; that is, the homomorphism i, : m4(M\A) — 7,(M), induced
by the inclusion, is an isomorphism for ¢ < n — 2 and it is an epimorphism for
qg=mn—1.

Proof. The connectedness of M\ A follows easily from Theorem 2.2, taking the
particular case P = [0, 1]. Using the exact homotopy sequence

oo i (M, M\A) — my(M\A) 55 m(M) — m; (M, M\A) — - --

it is enough to show that 7,.(M, M\ A) = 0 for all € {1,2,... ,n—1}. But this is
an immediate consequence of Theorem 2.2 and of the fact that [a] € 7, (M, M\ A)
is zero if and only if there exists 5 € [a] such that G(D") C M\ A. O

3. BASIC RESULT

Using the results previously obtained, in this section we shall prove the al-
ready announced sufficient conditions, in terms of homotopy groups, in order that
©(M, N) be infinite, for the given pair (M, N) of differentiable manifolds.

Theorem 3.1. Let M, N be compact connected differentiable manifolds having the
same dimension m. In these conditions the following statements are true:

(1) If m > 3 and w1 (N) has no subgroup isomorphic with m (M), then (M, N) =
00;

(ii) If m > 4 and mg(M) 2 mq(N) for someq € {2,3,... ,m—2}, then o(M,N) =
0.

Proof. We have to show that any differentiable mapping f : M — N has infinitely
many critical points. If f is not surjective, this follows easily by Theorem 1.1.
Assume that f: M — N is surjective and that f has finitely many critical points.
Hence, by Theorem 1.2,

9= flans-1iry s M\FTHB(S)) — N\B(f)

is a covering map, which means that

g1 m (M\fTH(B(f) — m(N\B(f))

is a monomorphism and

9q : mg(M\FH(B())) — mg(N\B(f))

are isomorphisms for all ¢ > 2. On the other hand, by Theorem 1.2 and Proposition
2.3 it follows that the homomorphisms i, : m,(M\f~*(B(f))) — mg(M) and j, :
7o(N\B(f)) — m4(N) induced by the inclusions i : M\ f~Y(B(f)) — M and j :
N\B(f) — N are isomorphisms for all ¢ € {0,1,... ,m—2}. From the commutative
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diagram
M\f='(B(f)) -~ N\B(/)
ll lj jog=foi
M LN
we get the following commutative diagrams:

m(M\F Y B(f)) 5 mg(N\B(f))
iq Ja Jq©9q = fqoiq.
(M) Jo m)

(i) In the case when ¢ = 1, because f1 041 = j1 0¢1, 91, j1 are isomorphisms and
g1 is a monomorphism, it follows that f; = j; og; o il_l is a monomorphism, which
is a contradiction with the hypothesis of the statement (i).

(ii) For ¢ € {2,...,m — 2}, iq, Jjq, gq are isomorphisms which together with
fq ©iq = jq ©gq leads to the conclusion that f, = j, 0 gq 04, " are isomorphisms for
allg € {2,...,m—2}, which is a contradiction with the hypothesis of the statement
(i). O
Corollary 3.2. (i) If M and N are compact diferentiable manifolds having the same
dimension m > 3 and |m (M)| > |71 (N)|, then o(M,N) = co. So, in particular
o(T™, S™) = 0o and o(P"(R) x P¥(R), P"**(R)) = oo where n, k are two natural
numbers such that n +k > 3.

(ii) Under the same conditions on the manifolds M, N as in the statement above
and if m (M) and 71 (N) are finite groups such that (|mi(M)|, |71 (N)|) = 1, one
gets that o(M,N) = oo.

(iii) If m, k are two natural numbers such that n, k > 2, then

O(T™"HF T x S*) = 00, o(T™ x S, T"H*) = oo,

P(S"HF, S x §F) = 00, p(S™ x §*, 5" ) = oo,
where TP denotes the p dimensional torus S* x - x St.
—_——

p times

4. THE EQUIVARIANT CASE

In this section we shall prove an equivariant version of Theorem 3.1.

Let G be a Lie group, M be a manifold and ¢ : G x M — M, (g,z) — gz be a
smooth action of G on M. The triple (G, M, ¢) is called a G-manifold. If the action
of G on M is free, recall that M /G can be endowed with a differential structure such
that the canonical projection mps : M — M /G is a smooth G bundle. A mapping
f M — N between the G-manifolds M and N is said to be G-equivariant if
flgz) = gf(z) for all g € G and all z € M. If M and N are two G-manifolds
and f : M — N is smooth G-equivariant, denote by f : M/G — N/G the smooth
mapping which makes the following diagram commutative:

M LN

Ter lmv anof=fomy.

m/c L NG
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Theorem 4.1. Let G be a connected Lie group and M, N be two compact connected
G-manifolds such that dim M = dim N and the actions of G on M and N are free.
Let k be the common dimension of the manifolds M/G and N/G. Under these
conditions the following assertions are true:

(i) If k > 3, m (M), m1(N) are commutative groups and w1 (N) has no subgroup
isomorphic with m (M), then any G-equivariant mapping f : M — N has infinitely
many critical orbits.

(i) If k > 4 and mg(M) % ©g(N) for some q € {2,... ,k — 2}, then any G-
equivariant mapping f : M — N has infinitely many critical orbits.

Proof. For both of the above assertions it is enough to show that the associated
mapping f : M/G — N/G of an arbitrary G-equivariant mapping f : M — N has
infinitely many critical points. For this purpose, we can assume that f : M/G —
N/G is surjective because otherwise the fact that f has infinitely many critical
points follows easily from Theorem 1.1. Supposing that f : M/G — N/G has
finitely many critical points, it follows, by Theorem 1.2, that

9= T\ frmiy * MIG\T(BU) — N/G\B(F)
is a covering map, which means that

G 7o(M/G\ JH(B(])) — m(N/G\ B(]))

is a monomorphism if ¢ = 1 and it is an isomorphism if ¢ > 2. The commutative
diagrame

MIG\FUB(f) = N/G\B(f)
i| [i dea=roi
M/G I\

supplies the following commutative diagrams:
(M/G\FHB() 2 7 (N/G\B(f)
{ql l?q Jq ©Gq = fq ©lq-
74(M/G) L m(N/G)

By Proposition 2.3, it follows that for ¢ € {1,...,k — 2} the homomorphisms i,
and j, induced by inclusions i and j are isomorphisms, and they are epimorphisms
for ¢ = k — 1. Therefore fq is a monomorphism for ¢ = 1, it is an isomorphism if
q€{2,...,k—2} and f;_; is an epimorphism. Consider the following ladder with
commutative rectangles:

- 7Tq(]w/_G) — m-1(G) — me1(M) — ma(M/G) — Te2(G) —

| | [ i

— 7(N/G) — 7e-1(G) — m1(N) — 71 1(N/G) — me2(G) —

where the rows are the exact homotopy sequences of the principal fibrations G —
M — M/G, G — N — N/G. Using successively the five lemma for ¢ = 2 and then
for ¢ € {3,...,k — 1} in the above diagram, it follows that f; is a monomorphism
and f, are isomorphisms for all ¢ € {2,... ,k—2}, which contradicts the hypothesis
of (i) and that of (ii) respectively, and the theorem is completely proved. O
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As an application of Theorem 4.1, consider the following free actions of S! on
527 +1 and T?"+1 respectively:

1 2n+1 2n+1
Stox T2t 5 T2 (2 (21,000 2an01)) = (2% 21,00, 272 200 00),
1 2n+1 2n+1
ST X ST SETE (2, (21, -y ) o (2210 220),
where n,aq, ... ,as,+1 are natural numbers such that n > 1, and (aq, ... ,a2,41) =

1.

Theorem 4.1 (i) implies that any S'-equivariant mapping f : 72"+ — §2n+!
has an infinite number of critical orbits. The fact that any S!-equivariant mapping
g : §?n+l — T2+ has infinitely many critical orbits is proved in the paper [Pi2].
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