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GROUPS ACTING ON QUASICONVEX SPACES
AND TRANSLATION NUMBERS
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(Communicated by Stephen D. Smith)

Abstract. We prove that groups acting geometrically on δ-quasiconvex spaces
contain no essential Baumslag-Solitar quotients as subgroups. This implies
that they are translation discrete, meaning that the translation numbers of
their nontorsion elements are bounded away from zero.

The notion of translation numbers is used by many authors, such as J. Alonso
and M. Bridson [1], G. Conner [2], S.M. Gersten and H. Short [3] and M. Gromov
[5]. If a group is equipped with a word metric, then the translation number of an
element in the group may be viewed as the “length” of that element in the group. In
“Hyperbolic Groups”, Gromov claims that the translation numbers in negatively
curved groups are rational with bounded denominator (see also [6]). Conner [2]
proves a similar result for CAT(0) groups, namely that they are translation discrete,
meaning that the translation numbers of their nontorsion elements are bounded
away from zero. He also gives necessary and sufficient conditions for translation
discreteness of quasiconvex groups i.e. groups acting geometrically on quasiconvex
spaces. In this paper we prove that these groups, which include all negatively
curved and all CAT(0) groups, contain no essential Baumslag-Solitar quotients as
subgroups, which in turn implies that they are translation discrete.

Definition. A geodesic triangle in a metric space X is δ-midpoint convex, δ > 0,
if the distance between the midpoints of any two sides of the triangle is no more
than half the length of the remaining side plus δ.

Definition. A geodesic metric space X is δ-quasiconvex, if all geodesic triangles
in X are δ-midpoint convex.

Using the tripod definition of negatively curved space, one can see that every
δ-thin triangle is 2δ-midpoint convex. Therefore, every negatively curved space
is quasiconvex. On the other hand, every geodesic triangle in a CAT(0) space is
0-midpoint convex and thus every CAT(0) space is δ-quasiconvex, for every δ.
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Lemma 1. The distance function on a δ-quasiconvex space X is 4δ-quasiconvex,
i.e. for every pair of geodesic paths c1, c2 : [0, 1] 7→ X parametrized proportional to
arc length and every t ∈ [0, 1],

d(c1(t), c2(t)) 6 (1− t)d(c1(0), c2(0)) + td(c1(1), c2(1)) + 4δ.

Proof. Define f : [0, 1] 7→ R by

f(t) = d(c1(t), c2(t))− (1− t)d(c1(0), c2(0))− td(c1(1), c2(1)).

This is a continuous function on a compact set so it reaches its maximum f(t0) = M ,
for some t0 ∈ [0, 1]. Without loss of generality, we may assume that t0 > 1/2
(otherwise, consider g(t) = f(1− t)). Let P be the midpoint of a geodesic segment
joining c1(2t0 − 1) and c2(1). Then,

f(2t0 − 1) = d(c1(2t0 − 1), c2(2t0 − 1))− (2− 2t0)d(c1(0), c2(0))

− (2t0 − 1)d(c1(1), c2(1))

= d(c1(2t0 − 1), c2(2t0 − 1)) + d(c1(1), c2(1))

− 2[(1− t0)d(c1(0), c2(0)) + t0d(c1(1), c2(1))]

> 2d(c2(t0), P )− 2δ + 2d(c1(t0), P )− 2δ − 2d(c1(t0), c2(t0)) + 2M
> 2M − 4δ.

Since f attains its maximum at t0, it follows that 2M − 4δ 6M , i.e. M 6 4δ.

From now on, we will think of a geodesic joining x to y as a map c : [0,∞) 7→ X
such that c|[0,d(x,y)] is a geodesic path joining x and y and c(t) = y for t > d(x, y).

Lemma 2. Let X be a δ-quasiconvex space and c1, c2 geodesics of finite lengths
l(c1) and l(c2), respectively. Then, for every t > 0,

d(c1(t), c2(t)) 6 3max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ.

Proof. Define c′i : [0, 1] 7→ X, i = 1, 2, by c′i(t) = ci(tl(ci)).
If t 6 min{l(c1), l(c2)}, then

d(c1(t), c2(t)) = d(c′1

(
t

l(c1)

)
, c′2

(
t

l(c2)

)
)

6 d(c′1

(
t

l(c1)

)
, c′2

(
t

l(c1)

)
) + d(c′2

(
t

l(c1)

)
, c′2

(
t

l(c2)

)
)

6 max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ

+ d(c2

(
tl(c2)
l(c1)

)
, c2(t))

6 max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ

+ |l(c2)− l(c1)|
6 3max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ.
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If l(c2) 6 t < l(c1), then

d(c1(t), c2(t)) = d(c′1

(
t

l(c1)

)
, c′2(1))

6 d(c′1

(
t

l(c1)

)
, c′2

(
t

l(c1)

)
) + d(c′2

(
t

l(c1)

)
, c′2(1))

6 max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ

+ d(c2

(
tl(c2)
l(c1)

)
, c2(l(c2)))

= max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ

+
l(c2)(l(c1)− t)

l(c1)
6 max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ + l(c1)− t
6 max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ + l(c1)− l(c2)

6 3max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))} + 4δ.

It is easy to see that the inequality is true for the other choices of t.

Definition. A discrete path joining x and y in a metric space X is a map p :
I 7→ X where I = [0, Lp] ∩ N, Lp ∈ N and p(0) = x, p(Lp) = y.

Definition. A discrete path p is called a (λ, ε)-quasigeodesic, λ > 1, ε > 0, if
1
λ
|t1 − t2| − ε 6 d(p(t1), p(t2)) 6 λ|t1 − t2|+ ε,

for all t1, t2 ∈ I.

As for geodesics, we will assume that p : N 7→ X by setting p(t) = p(Lp) for
t > Lp. Here, “p is (λ, ε)-quasigeodesic” means that p is such when restricted to
[0, Lp] ∩ N.

Definition. Let X be a metric space and D(X) the set of all discrete paths in X .
A quasigeodesic bicombing of X is a section

s : X ×X 7→ D(X)

of the endpoints map such that s(x,y) is a (λ, ε)-quasigeodesic, for all x, y ∈ X .

Definition. A quasigeodesic bicombing is bounded if there are c1 > 0, c2 > 0
such that, for all x1, x2, y1, y2 ∈ X and all t,

d(s(x1,y1)(t), s(x2,y2)(t)) 6 c1max{d(x1, x2), d(y1, y2)} + c2.

Definition. A group G is called semihyperbolic if there is a bounded, quasi-
geodesic bicombing s of G such that

s(gh1,gh2) = gs(h1,h2),

for all g, h1, h2 ∈ G.

Definition. Let G be a group with finite generating set A and word metric dA.
The translation number of the element g of G is

τ(g) = lim
n→∞

|gn|
n
,

where |g| = dA(1, g).
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The proof that this limit always exists may be found in [3]. The function τ has
the following properties [3]:

1. τ(g) = τ(g−1) 6 |g| for each group element g;
2. τ is a class function, i.e. is constant on conjugacy classes of G;
3. τ(gm) = mτ(g) for every group element g and positive integer m.

Definition. A group is called translation discrete if there exists α > 0 such that
τ(g) > α, for every nontorsion element g ∈ G.

The following is the result of Alonso and Bridson; see [1].

Theorem 3. If G is a semihyperbolic group, then the translation numbers of non-
torsion elements in G are positive.

Definition. Let G be a group of homeomorphisms of X . We say that G acts
cocompactly on X if there exists a compact set K ⊂ X such that GK = X .

Definition. We say that a group G acting by homeomorphisms on X acts prop-
erly discontinously if, for any compact set K ⊂ X ,

|{g ∈ G | gK ∩K 6= ∅}| <∞.

Definition. A group G acts geometrically on a proper geodesic metric space if
it acts by isometries and if its action is cocompact and properly discontinuous.

Theorem 4. If G acts geometrically on a proper δ-quasiconvex space X, then G
is semihyperbolic.

Proof. Fix x0 ∈ X . The map f : G 7→ X, f(g) = gx0 is a quasi-isometry between
G and X . Therefore, there exist a map f ′ : X 7→ G and λ, ε ∈ N such that, for all
g, g1, g2 ∈ G and x, x1, x2 ∈ X ,

1. dX(f(g1), f(g2)) 6 λdA(g1, g2) + ε;
2. dA(f ′(x1), f ′(x2)) 6 λdX(x1, x2) + ε;
3. dX(f(f ′(x)), x) 6 ε;
4. dA(f ′(f(g)), g) 6 ε.

For each g ∈ G choose a geodesic rg in X joining x0 and gx0. Define sg : N 7→ G
by

sg(t) =


1 if t = 0,
f ′(rg(t− 1)) if t ∈ [1, l(rg) + 1] ∩ N,
g if t > l(rg) + 1.

Note that the inequality 4 above, together with the fact that f ′ is quasi-isometry,
implies that there are λ > 1, ε > 0 such that, for every g ∈ G, sg is (λ, ε)-
quasigeodesic. Since G acts by isometries, the bicombing defined by

s(g,h)(t) = gsg−1h(t)

is (λ, ε)-quasigeodesic.
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To see that it is bounded we proceed as follows: Let g, h, k, l be elements of G.
Consider the following cases:

1) If t ∈ [1, l(rg−1h) + 1] ∩ [1, l(rk−1l) + 1] ∩ N, then

dA(s(g,h)(t), s(k,l)(t)) = dA(gsg−1h(t), ksk−1l(t))

= dA(gf ′rg−1h(t− 1), kf ′rk−1l(t− 1))

6 dA(gf ′rg−1h(t− 1), f ′fgf ′rg−1h(t− 1))

+ dA(f ′fgf ′rg−1h(t− 1), f ′fkf ′rk−1l(t− 1))

+ dA(f ′fkf ′rk−1l(t− 1), kf ′rk−1l(t− 1))

6 λdX(fgf ′rg−1h(t− 1), fkf ′rk−1l(t− 1)) + 3ε

= λdX(gff ′rg−1h(t− 1), kff ′rk−1l(t− 1)) + 3ε

6 λ[dX(gff ′rg−1h(t− 1), grg−1h(t− 1))

+ dX(grg−1h(t− 1), krk−1l(t− 1))

+ dX(krk−1l(t− 1), kff ′rk−1l(t− 1))] + 3ε

6 λdX(grg−1h(t− 1), krk−1l(t− 1)) + (2λ+ 3)ε

6 λ[3max{dX(gx0, kx0), dX(hx0, lx0)}+ 4δ] + (2λ+ 3)ε

6 3λmax{λdA(g, k) + ε, λdA(h, l) + ε}+ 4δλ+ (2λ+ 3)ε

= 3λ2max{dA(g, k), dA(h, l)}+ 4δλ+ (5λ+ 3)ε.

The third inequality from the bottom follows from Lemma 2.
2) Cases t = 0 and t > max{l(rg−1h) + 1, l(rk−1l) + 1} are easy.

To finish with the proof, it is enough to consider one more case:
3) If l(rg−1h) + 1 < t 6 l(rk−1l) + 1, then

dA(s(g,h)(t), s(k,l)(t)) = dA(gsg−1h(t), ksk−1l(t))

= dA(gg−1h, ksk−1l(t))

6 dA(gg−1h, gf ′(rg−1h(t− 1)))

+ dA(gf ′rg−1h(t− 1), kf ′rk−1l(t− 1))

6 3λ2max{dA(g, k), dA(h, l)}+ 4δλ+ (5λ+ 4)ε.

The last inequality follows from 1).

Corollary 5. If G acts geometrically on a proper δ-quasiconvex metric space X,
then G contains no essential Baumslag-Solitar quotient i.e. quotient group of

Bn,m = 〈a, b | a−1bma = bn〉, m > n > 0,

as a subgroup.

Proof. Observe that a group contains an essential B-S quotient if and only if it
contains an element of infinite order having two different conjugate powers. Apply
properties 2 and 3 of translation function and Theorems 3 and 4.

The following two are Conner’s results [2], modified for the setting of the word
metric.
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Theorem 6. If G is a group of isometries of a proper, δ-quasiconvex space X, then
for all g ∈ G,

τ(g) > 1
λ

(d0(g)− 2δ),

where λ is the quasi-isometry constant from the proof of Theorem 4 and d0(g) =
inf{dX(x, gx) |x ∈ X}.

Proof. Let x ∈ X . Let s be a geodesic segment joining x and gx and let r be
a geodesic segment joining x and g2x. Let p, q be the midpoints of s and gs
respectively. Observe that q = gp. Since (s, gs, r) is δ-midpoint convex, we have

d0(g) 6 d(p, q) 6 1
2
d(x, g2x) + δ.

Hence

d(x, g2x) > 2(d0(g)− δ).
Since x was arbitrary,

d0(g2) > 2(d0(g)− δ).
Since g was arbitrary, by induction,

d0(g2n) > 2n[d0(g)− (1 +
1
2

+ · · ·+ 1
2n−1

)δ].

In the setting of the proof of Theorem 4,

λdA(1, g2n) + ε > dX(x0, g
2nx0) > d0(g2n).

It follows that

dA(1, g2n) > 1
λ
{2n[d0(g)− (1 +

1
2

+ · · ·+ 1
2n−1

)δ]− ε},

and thus,

τ(g) > 1
λ

(d0(g)− 2δ).

Observation: Note that d0 is a class function, i.e. it is constant on conjugacy classes
of G.

Theorem 7. If G acts geometrically on a proper δ-quasiconvex metric space X,
then, for every α > 0, there are only finitely many conjugacy classes C with τ(C) <
α.

Proof. Let K be a compact set such that GK = X . Fix x0 ∈ X . Let r > 0 be
such that Br(x0) ⊇ K. Let C be a conjugacy class of G such that d0(C) < β,
where β = 2δ + λα, and λ as in the previous theorem. Choose γ ∈ C and x ∈ K
so that dX(x, γx) < β. Then γx ∈ γBr+β(x0) ∩ Br+β(x0). Since the action of G
is properly discontinuous, i.e. {γ | γBr+β(x0) ∩ Br+β(x0) 6= ∅} is finite, it follows
that there are only finitely many such conjugacy classes C. The result now follows
from Theorem 6.

Theorem 8. If G acts geometrically on a proper δ-quasiconvex metric space X,
then G is translation discrete.

Proof. Follows from Theorems 3, 4 and 7.
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Corollary 9. If G acts geometrically on a proper δ-quasiconvex metric space, then
the translation numbers of elements in G form a discrete subset of nonnegative
reals.
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