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ABSTRACT. We study the family By of the sets on which some series of the
form >7, o [sinmngz| is uniformly bounded. We show that the families B of
all sets admitting the boundary ¢ form a hierarchy which is incontinuous with
respect to the operations of intersection and union.

Let us recall two kinds of thin sets studied in harmonic analysis. A set X C [0, 1]
is called an N-set (in honour of V. V. Nemytskii) if there exists a trigonometric
series absolutely converging on X but not converging absolutely everywhere; it is
called an Np-set if there exists a series of the form } 7, _ [sin mnyx| converging on X.
J. Arbault [I] showed that the family Ny of all Ng-sets is a proper subfamily of the
family A of all N-sets, and both families share some common properties.

In the paper [3] we examined several modifications of the definitions of the fam-
ilies A" and Ny, and compared the obtained families one to another. We showed
that the family By of all sets on which some series of the form ), _ [sin mn,x|
is uniformly bounded differs from previously known “classical” families. In the
present paper we continue the study of the family By considering the hierarchy of
the families B§ of all sets admitting the boundary c. We show that if ¢ < d, then
B§ is a proper subfamily of Bf, and ,..B§ S B§ S Nys. Bi for every ¢ > 0.

For a review of families of trigonometric thin sets, some historical notes, and
also for many new results we refer the reader to the paper [2].

We shall deal with the quotient group T = R/Z; however, we will not distinguish
between the elements of T and the reals, or between the functions defined on T and
the corresponding periodic functions on R. For a real z, let [x] denote the integer
part of x and let ||z|| denote the distance of x to the nearest integer, i.e. [x] =
max{k € Z: k <z} and ||z| = min{|z — k| : k € Z}. Let us note that ||z| — |ly]| <
|z +y|| <|lz|| + |ly|| and ||—=z| = ||z|| for all z,y € T. The space T equipped with
the metric o(z,y) = ||z — y|| is a compact topological group.

In an accordance with [3], we define By-sets as follows.

Definition 1. A set X C T is a By-set if there exists an increasing sequence
{n#}ren of natural numbers such that the series ), . [|nx || is uniformly bounded

Received by the editors January 12, 1999.

2000 Mathematics Subject Classification. Primary 43A46; Secondary 42A05, 42A32.

Key words and phrases. Trigonometric thin sets, Np-sets, Bp-sets, uniform boundedness.

This work was supported by grant 2/4034/97 of Slovak Grant Agency VEGA. The research
was partly done when the author was visiting the Mathematical Institute of the University in
Bonn with financial support by the Graduiertenkolleg.

(©2000 American Mathematical Society

3341

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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on X, i.e. there exists a real ¢ such that ), [[nxz| < cfor all z € X. The family
of all By-sets is denoted by By.

Since 2 ||z|| < |sinwz| < 7||z| for all z € T, it is clear that the previous definition
remains equivalent if we replace ), - [[nxz]| by Doy [sin mngm|.

Proposition 2. A set X C T is a By-set if and only if there exist an increasing
sequence {ny}ren of natural numbers and a sequence {ay}tren of elements of T
such that the series ), .y ||nxw + axl| is uniformly bounded on X .

Proof. Tt follows immediately from Lemma [3 below. O

Lemma 3. Let {ni}ren be an increasing sequence of natural numbers and let
{ar}ren be a sequence of elements of T. Then for every € > 0 there exists an
increasing sequence {m;}jen of natural numbers such that

D Imall <D llnke + ax] +e

jeN kEN

for every x € T.

Proof. We use a classical argument. Since T is compact, there exists an increasing
function h : N — N such that the sequence {nh(2j+1) — Np(25) }jEN is increasing and

ZjEN Hah(2j+1) — ap(2j) || < e. It suffices to put m; = np2j11) — Nu2j)- [l
However, we do not know the answer to the following question.

Problem 4. Let {ny}ren be an increasing sequence of natural numbers and let
{ar}ren be a sequence of elements of T. Does there exist a sequence {m; }jen such

that >y [Imyzll < 3 pey Inwe + ag|| for all 2 € T?

Let us now define the families B§. Here the use of the series ),  [[nxz| and
> ken IsinTngx| is not equivalent; for simplicity we will consider the first one.

Definition 5. Let ¢ be a positive real. A set X C T is called a B§-set if there exists
an increasing sequence {ng }ren of natural numbers such that ), [[nzz|| < ¢ for
all z € X. The family of all B§-sets is denoted by Bg.

We show that in the previous definition ‘<’ can be replaced by ‘<’.

Lemma 6. Let ¢ >0, X C T, and let {ny}ren be such that 3, |[nxz|| < c for
all z € X. Then there exists j € N such that 3, [[nkz|| < c for allz € X.

Proof. Suppose for a contradiction that for every j there exists x; € X such that
Yks; Inkzjl > . Thus [lngz;|| = 0 for all k < j and ||ng, ;]| > 0 for some
k;j > j. Hence for every j and k such that kK > k; we have ||nijjH > 0 and
||nk].xk|| = 0, and thus z; # x. It follows that the set {x; : j € N} is infinite.
However, this is impossible since for every k there are only finitely many = € T
such that ||ngz| = 0. O

Let us recall that a set X C T is called a Dirichlet set (a D-set) if there exists an
increasing sequence {ng }ren of natural numbers such that the sequence {||ngz| }ren
is uniformly converging to 0 on X. The family of all D-sets is denoted by D. From
the definition we can immediately see that | J,.,B§ = Bo and (.., B§ = D.

We do not know whether an analogue of Proposition [2 holds true in the case of
Bg-sets.
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Problem 7. Let ¢ > 0, let {nj}ren be an increasing sequence of natural numbers
and let {a }rew be a sequence of elements of T. Does there exist a sequence {m; }jen

such that for all z € T, 37, ||mjz[| < ¢ whenever 7, c [lngz + ak| < ¢?

Fix a positive real c¢. Let us denote by B¢ the family of all sets X C T for which
there exist sequences {ny }ren and {ax }ren such that ), [[nxz + ax|| < c for all
x € X. Clearly B§ C B;°, and Problem [7] asks whether the equality holds true.
From Lemmal[3 it follows that B3¢ C (.. B3. Thus for every ¢ > 0 we have

Usi=JB"cB5<Bc()BS=()B"

d<c d<c d>c d>c

In Propositions and [IT] we will show that the first and the last inclusions are
proper.

Let {m;}jen be an increasing sequence of natural numbers and let {a;},en be
a sequence of elements of T. For every positive integer n, let a(n),3(n) € N be
such that n = 2™ 3(n) and fB(n) is odd.

Lemma 8. Let p,r € N, p > 1. Assume that the set {a(m;) : j € N} is infinite.
There ezist j,q € N and s € {—1,1} such that ¢ > r and Hsmﬂf‘ﬁp + ajH >272",

Proof. Put J = {j € N: ||la;|| > 27%"}. Clearly either {a(m;): j € J} or {a(m;) :
j ¢ J} is infinite.

In the first case find j € J such that a(m;) > r2P, and put ¢ = r and s = 1.
Then sm;279%" is an integer and thus ||sm;27%" + a;|| = ||a;|| > 27%.

In the latter case find j ¢ J such that a(m;) > (r — 1)2? and put ¢ =
[a(m;)27P] + 1. Then clearly ¢ > r. We also have 0 < ¢2” — a(m;) < 2P and
thus ||m;27%"|| = ||B(m;)22(m™)=92"|| > 272, Since [a | < 27% < 272, we can
conclude that either ||m;27%" + a;|| > 272" or [|m;279%" — q || > 27%. O

Lemma 9. Let 6 be a real such that 0 < 6 < 1/2, let {pr}ren be a sequence
of positive integers, and let {e}ren be a sequence of positive reals. Assume that
lim;_,o a(m;) = co. There exists x € T such that
(1) = < 6;
(2) there exists an increasing sequence {ny}tren of natural numbers such that
H22nkm|| < 272 1 972" for all k € N, and ||22an < 272" for alln ¢
{nK : k € N};
(3) there exists an increasing sequence {jr}tren of matural numbers such that
|mj o + aj, || > 272" — ey for all k € N.

Proof. We will define sequences {n }ren, {jk tren, {qk}ren, and {si}ren by induc-
tion. Fix k € N and suppose that n;, j;, ¢;, s; are defined for all i < k. Find r > 2
such that

(a) 277"2”7C < 27k719;
(b) 727k > 2ne-1+1 if o > 1;
(c) 2772 < 21-k9=2""" for all i < k;
(d) 2772 < 27Fg, /my, for all i < k.
Let I € N be such that [ > ji_1 if £ > 1, and a(m;) > ¢xz—12P** for all j > [. By
Lemma [§ there exist jx > I, qx > r, and s, € {—1,1} such that

I
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Put ny = max{i : 2¢ < gx2P*}.

Let =) ey 5x27%2" By (a), |z| < Y keN 22" < Sren 25710 =6, and
thus (1) holds.

To show (2), fix k € N. If k > 1, then by (b), qx2P* > 2™1+1 Thus ng > ng_;
and hence ¢;2P¢ < 2™ for all i < k. Since g, > 2, we have 27++1 > ¢ 2Pk > 2Pkl
and thus ng > px. Hence 2"* is a multiple of 2P* and we have ;2P > 2"k 4 2Pk,
Using (c) we obtain that

Z 2—(11‘,27)"' S 2—(]k2pk + Z Zk_i2_2nk+1
(f) >k i>k
< 2_27%_2% n 2_2nk+1 _ 2_27% (2_2pk n 2_27%) .

Hence H22nkm|| < 92"k ZiZk 942" < 9=2"% 2*2%7 and thus the first part of (2)
holds. To show the latter one, let n ¢ {ny : kK € N} and put k¥ = min{i : n; > n}.
Then for all i < k we have n > n; and thus ¢;2P¢ < 2™. Hence by (f),

o] < e
>k
< 22n_2nk (2_2pk n 2_27%) < 22n_2n+1 _ 2_2n

To show (3), fix again k € N. From the choice of [ it follows that ji > jr_1 if
k>1, and a(m;, ) > ¢;2P for all i < k. Hence by (e) and (d),

P —q; 2P
mj, E 274
i>k
—2Pk § : k—i _ o—2Pk
22 — My, 2 Ek/mjk—2 — Ek-
i>k

Hmjkm + aj, H 2> HmijkZ_QkQPk + aj,

O

For n € N, denote ¢(n) =3, -, 2-2", ¥(0) =1, and ¥(n) = 272" 3, _, 22" if
n > 1. It can be easily shown that both {¢(n)}.en and {¢(n)}nen are decreasing
and converging to 0.

Proposition 10. For every ¢ > 0 there exists X C T such that

(1) there exists an increasing sequence {ny}tren of natural numbers such that
> ke lnwz|| < ¢ for all z € X;

(2) for every increasing sequence {m;}jen of natural numbers, every sequence
{aj}jen of elements of T, and for every n > 0 there exists x € X such that

>jen lmjz +azl| > c—mn.

Proof. Put X = {x €T:> vt H22nx|| < c}. Clearly X satisfies the condi-
tion (1).

To show (2), fix n > 0 and sequences {m;};jen, {a;}jen. We will find 2 € X
such that > .y [[m;z + aj]| > ¢ —n. We will consider two cases.

(a) If limj_,oc a(mj) = oo, then we can find N € N, a sequence {pi}ren of
positive integers and a sequence {e; }ren of positive reals such that >, 272"

DorenEk >c—nand Yoy 272" L )(N) +9(N) < c. Put § = 272" There exists
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x € T satisfying the conditions (1)—(3) of Lemma[@ We have
S [el= X el + X o] < 30 o e 3o s
neN n<N n>N n<N keN n>N

and

D o lmiz +agll = Imjex+as ) = (2—2% B 5k) e

JEN keN keN

(b) If the sequence {a(m;)} en does not tend to infinity, then we will find z € X
such that the sequence {||m;z + a;||}jen does not tend to 0. We can suppose that
lim;_,o ||la;|| = O (otherwise take = 0). There exist M € N and an increasing
sequence {ji }ren of natural numbers such that a(m;,) = M for all k. Find N € N

such that 2 > M and ¢(N) < c. For x = 272" we get
> [l = X 2 = v <
neN n<N

Since ||mj,x + a;, || > Imj .zl = llaj ]| > oM—2" _ laj, || for all & € N, the sequence
{llm;x + aj|| }jen does not converge to 0. O

Proposition 11. For every ¢ > 0 there exists X C T such that

(1) for everyn > 0 there exists an increasing sequence of natural numbers {ny}en
such that ), oy lInxzll < c+n for all v € X;

(2) for every increasing sequence {m;};en of natural numbers and for every se-
quence {a;}jen of elements of T there exists v € X such that 3 ;cy[lm;z+aj]|
> cC.

Proof. Put
X=SweT: Y HQ%:H < ¢+ ¢(N) +9(N) for all N € N
n>N

Clearly X satisfies condition (1).

To show (2), fix sequences {m;}jen, {a;}jen. We will find 2 € X such that
> jen Mz +aj]l > c. Again let us discuss two cases.

(a) Assume that lim; .o, a(m;) = oco. Let us choose a sequence {py}ren of

positive integers such that » , - 272" — ¢. Find t € N such that Hmo272t + aoH >

0 and put 8 = Hm02*2t + aOH /2. Fix a sequence {ey, }ren of positive reals such that

> wen €k = 0 and find I € N such that a(m;) > 2 for all j > I. By Lemma [l there
exists ' € T such that
(1) Nl2'|| < 6/mo;
(2') there exists an increasing sequence {nj}reny of natural numbers such that
22" 2| < 272" +272" for all k € N, and ||22"2/|| < 272" for all n ¢ {ny :
k € N};
(3') there exists an increasing sequence {ji}reny of natural numbers such that
jx > 1 and ||mj, 2"+ a;, || > 272" — ¢, for all k € N,
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Put 2 = 2/ + 22", Then for every N € N we have
> [l < 3 e+ 3
n>N n>N n>N

<32 N0 N 92 <o q g(N) +u(N),

keN n>N N<n<t
since the last sum equals 0 if ¢ < N and is not greater than ¢(t) < ¢(N) if ¢ > N.
Moreover,
Y Imja+ajl| = lmox + aoll + Y llmj,a + aj, |

jEN keN

t
> Hm02_2 n aoH — moa’l| + 3 Imya’ +az, |

keN
20—}—2272% —Zz—:k:c.

kEN keN

(b) If the sequence {a(m;)}jen does not tend to infinity, then similarly as in
the proof of Proposition [0l there exists € T such that ZnEN H22x|| < ¢ and the
sequence {||m;x + a;||}jen does not tend to 0. O

The following theorem summarizes our results concerning the hierarchy of the
families B§ and Bj°.

Theorem 12. Let ¢ be a positive real. Then

UBi=JB"SB5CB;S () BS=() B

d<c d<c d>c d>c
Corollary 13. If ¢ < d, then B§ G Bf and B;® S Bg.

Let us note that the proofs of Propositions [[0 and [Tl can be easily adopted for
showing the following statements.

Proposition 14. For every ¢ > 0 there exists X C T such that

(1) there exists an increasing sequence {ny}tren of natural numbers such that
> oken sinmngx| < c for all x € X;
(2) for every increasing sequence {m;}ien of natural numbers, every sequence
{aj}jen of elements of T, and for every n > 0 there exists x € X such that
> en sin(mgz + a;)| > ¢ — 1.
Proposition 15. For every ¢ > 0 there exists X C T such that

(1) for everyn > 0 there exists an increasing sequence of natural numbers {ny}ren
such that ),y [sinmngz| < c+n for all z € X;

(2) for every increasing sequence {m;};en of natural numbers and for every se-
quence {a;};en of elements of T there exists x € X such that

Z |sinm(mjz + aj)| > c.
JEN
Hence it is possible to prove results analogous to Theorem [IZ and Corollary [[3]

concerning the families of sets obtained by replacing the expression ), _ [[nxz| in
Definition Bl by ), o [sin mngz|.
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