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ABSTRACT. We prove the following theorems:

(1) Suppose that f : 2% — 2% is a continuous function and X is a Sierpinski
set. Then
(A) for any strongly measure zero set Y, the image f[X + Y] is an sp-set,
(B) f[X] is a perfectly meager set in the transitive sense.

(2) Every strongly meager set is completely Ramsey null.

This paper is a continuation of earlier works by the authors and by M. Scheepers
(see [N], [NSW], [9]) in which properties (mainly, the algebraic sum) of certain
singular subsets of the real line R and of the Cantor set 2* were investigated.
Throughout the paper, by a set of real numbers we mean a subset of 2* and
by “4+” we denote the standard modulo 2 coordinatewise addition in 2. Let us
also assume that a “measure zero” (or “negligible”) set always denotes a Lebesgue
measure zero set. We apply the following definition of sets of real numbers.

Definition 1. An uncountable set X is said to be a Luzin (respectively, Sierpinski)
set iff for each meager (respectively, measure zero) set Y, XNY is at most countable.
We say that a set X is of strong measure zero (respectively, strongly meager) iff for
each meager (respectively, measure zero) set Y, X +Y # 2%,

Remark 1. Tt is well known (see [M] for example) that every Luzin set is strongly
measure zero. Quite recently J. Pawlikowski proved that each Sierpinski set must
be strongly meager as well (see [P]). Let us recall that a set X is called an sp-set
(or Marczewski set) iff for each perfect set P one can find a perfect set QCP that
is disjoint from X. M. Scheepers showed in [§] that for a Sierpiriski set X and
a strong measure zero set Y, X + Y is an sp-set. Later, in [NSW] it was proven
that this also holds when X is strongly meager. We have the following functional
version of the M. Scheepers’ result.

Theorem 1. Let X be a Sierpiniski set and let Y be a strong measure zero set.
Assume also that f : 2% — 2% is a continuous function. Then the image f[X + Y]
18 an Sg-set.
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Proof. Let PC2% be a perfect set. We can assume that f[2¥]N P contains a perfect
set. Otherwise, we are done. So, fix {R, : @ < w1}, a family of pairwise disjoint
perfect subsets contained in f[2¢] N P, and for every a < wi, put R, = f~[Rq].
Take ap < w such that R), € N (negligible sets). We know that Y is of strong
measure zero and that R;, is closed, so R, —Y has measure zero. From this we
have that X N (R;,, —Y) (let us denote this set by X') is countable. Thus,

FIX +Y] = F1CX\ X)) + Y] U SIX + Y],
and f[(X \ X’) 4+ Y] is disjoint from R,,. Also, since f is a uniformly continuous

function, f[X’+ Y] is a strong measure zero set. Hence f[X + Y] is disjoint from
some perfect set contained in Ry, . O

Definition 2. A set X is called an AFC’ set (perfectly meager in the transitive
sense) iff for each perfect set P there is F', an F, set containing X, such that for
every t € 2¥, (F +t) N P is meager in the relative topology of P. We will say
that X is a wQN-get (weakly Quasinormal set) iff for each sequence of continuous
functions f, : X — R, if f,, — 0 (pointwise), then there is a subsequence f,, and
countable family {X,,}ne, such that X = J, . X, and f,, converges uniformly
on X, for every n € w.

new

It is easy to prove that each Sierpiriski set is wQN and that for a wQN-set X
and every continuous function f : 2% — 2% f[X]is a wQN-set as well (see [BRR]).
Thus, using Nowik’s theorem which says that any wQN-set is an AFC’ set (see [N]),
we obtain the following theorem.

Theorem 2. If S is a Sierpiniski set, then for every continuous function f : 2% —
2¢ we have that f[S] is an AFC’ set.

We present an alternative proof of this fact with the hope that it may lead to a
positive answer to Question [ (see below).

Lemma 1 (Nowik). For each perfect set PC2%, there exists a continuous function
® : 29 — 2¥ such that for any t € 2*, O[P +t] = 2.

Proof. See [NJ.

Corollary 1. Let PC2%¥ be a perfect set. Then there exists an uncountable family
H of pairwise disjoint closed subsets of 2 such that for every G € H, P+ G = 2%.

Proof. Let ® be as in Lemma[ll Put H = {®~'[{h}]: h € 2¢}. O

Corollary 2. For every perfect set PC2%, there exists an uncountable family H of
closed, pairwise disjoint negligible sets such that for each G € H, P+ G = 2%.

Proof. Obvious, since for H in Corollary [l we have that [{G € H : G € N}| <
w. O

Proof of Theorem [A Let PC2% be a perfect set and let f be a continuous function.
Without loss of generality we may assume that f maps 2 onto 2. Suppose that
(P;)icw is an enumeration of basic clopen sets in the relative topology of P. Assume
that for each i € w, H' is an uncountable family of pairwise disjoint, closed sets
such that

VGEH"'PZ' + G = 2‘”.
Let

H = {f7G): G eH'Y.
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We choose from every H’ a negligible set A;. Suppose that B, a Gs negligible set,
is such that

J 4icB

i<w
and C = 2¢ \ B. Since S is a Sierpinski set, S’ = SN B is at most countable. We
have that

flern Y flad =,
i<w
S0
F18\ s flail =0.
i<w

It is clear that f[C] is an F, set; thus f[S\ S'] is disjoint from some G set A which
contains J, ., f[Ai]. Finally, for every t € 2, f[S'\ S'] N (P —t) is disjoint from
AN (P —t). From the fact that f[A;] + P; = 2¢ (for every i < w) it follows that A
is a dense set in P — t. |

Remark 2. Notice that Corollary [ is a stronger version of the well-known Erdos-
Kunen-Mauldin theorem (see [NSW]).

Definition 3. For any finite set s € [w]<¥ and infinite ACw with max(s) <
min(A), let [s, A] = {B € [w]* : sCBCsU A}. We say that FC[w]“ is a completely
Ramsey null (CRy) set iff for every so-called Ellentuck basic neighbourhood [s, 4],
there is BC A infinite such that [s, BN F = 0.

Notice that the o-ideal CRy is defined on subsets of the set [w]¥ which can be
identified with a subset of 2“ via characteristic functions. Thus, in the next part
we deal with subsets of 2¢.

Theorem 3. For any [s, A], where A € [w]¥, maxs < min A, there exists a negli-
gible set H (even “small” in the sense of T. Bartoszynski) such that

VicawIpefaje[s, BJCH +t.

Proof. Consider a partition of w into finite disjoint intervals, say (I,)n<., which
satisfies the following conditions:
1.
In|ANI,|+1

A <
n<w |AﬁIn| =

1
on’

max(s) < min(Ip).

By Lorentz’s theorem (see for example [NSW]), we can find H,,C2/» with the

properties:
1.
|H,| < M ol
|[AN I,
2.

H,+{el:ac ANI,} =2
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where e” is an element of 2/ defined by the following condition:
0 if a#b
n b — )
¢a(®) {1 if a=56.
It is clear that the set
H={rxe2¥:3 x|, € H,}

is negligible; moreover, it is “small” (see [B.] for the definition of a “small” set).
Let us fix t € 2¥. For every n € w, there exists a,, € A such that

(tln) + ey, € Hy.

Put B = {an}n<w. It is sufficient to show that [s, B|]CH +t. So, let C € [w]“C2¥
satisfy sCCCs U B. We have that

70O, = e .

Thus,
Ce{x:3(x+t)|I, € H} = H+t.
O
Theorem 4. FEvery strongly meager set is a completely Ramsey null set.
Proof. Immediately follows from Theorem Bl O

In the proof of Theorem[I] we used an observation that for a strong measure zero
set X C2% and for every continuous function f : 2¢ — 2 the image f[X] is also
strongly measure zero. It is due to Rothberger (see [M]) that (assuming CH) there
exist a set X of strong measure zero and a continuous function f : X — 2“ such
that f[X] =2“. Also, (assuming CH) one can find a strongly meager set X and a
continuous function f: X — 2¢ such that f[X] = 2%. It is a natural guess that for
a strongly meager set X, and for every continuous function f : 2* — 2%, we have
that f[X] is also strongly meager. However, it is not even known if for such X and
f, the image f[X] has to be an so-set.

Question 1. Is it true that for a strongly meager set X and for every continuous
f:2¥ — 2% f[X] has the Marczewski property so?

Question 2. Is it possible to find for each continuous function f : 2¢¥ — 2 a
negligible set H such that

Vicow Ipepers [ PICH + 17
We have the following simple observation.

Observation 1. A positive answer to Question[2 yields the answer “yes” to Ques-
tion .

Proof. Assume that X is strongly meager and f : 2¢ — 2% is a continuous function.
Let PC2% be a perfect set. Fix a homeomorphism h : P — 2% and a retraction
g:2¥ — P. Consider ¢ = hogo f. There is a negligible set HC2“ such that

Vt€2‘” HQQQW,Q perfect ¢71 [Q]QH + 1.

Take tg € 2% such that (H +t9) N X = (. We have that for some perfect set Q'CP,
F7HQ'I N X = 0. This implies that f[X]N Q" = 0. 0
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Theorem 5. For every continuous f : 2° — 2%, there is H, a closed nowhere
dense set, such that
Vieaw EIPePerff_l[P]QH + 1.
Proof. Let n € w. Choose N, € w such that for every s € 2V, one can find
(n) N gaticf
ts ' € 2" satisfying
& F1CLSC o,
where for t € 2<%, C; = {x € 2¥ : z| length (¢) = t}.

We put ng = 1, ko = N, and choose n; to get the inequality 271~ > 2ko 4 1,
k1 = Np,. In general, we choose n; in such a way that the inequality 2™~ "™~ >
2ki-1 41, ky = N,,,, holds.

We define

Hy = {s € 2l-1k) 5 2 0|[kj_1, k1),
and we put
H = {J) e ¥ ZVl>QJ)|[kJ1_1,le) S Hl}.
One can check that H € MGR (meager sets). In fact, H is a closed, nowhere
dense set. Consider ¢t € 2¢. We have that
29\ {2 € 25 (o + ki1, ) # Ollki-1, k)]
Cfl{w €2 s allkiy, ki) = t][ki—1, ki) }]
c U Fi(eN

SEQ’C[,8‘[’{7{_1,]6{):“[]{7{_1,]{7{)
C U Cyomy-

Sezkl,8‘[k1_1,k1):t|[k:l_1,kl)

The last inclusion follows from ({J).
Since 2¥-1 1 < 2™~™-1 one can find :cl(o),xl(l) e m—1m) :cl(o) #+ :cl(l), such

that

{z €2¥: z|[ni—1,m) = :cl(r)}
(2) NF29\{z € 27 (x + t)[[ki-1, k1) Z Ol[ki—1, 1) }] = 0,
for r € 2.

We put
P={x €2 Visor|ln_1,m) € {z{”,2"}}.
Clearly, P is a perfect subset of 2¢. We must check that
fTUPICH +t.

It suffices to show that if [ < w and z € 2% are such that

&) (u-r,m) € {2, ),
then

(2 +t)|[ki—1, k1) # O[[ki1—1, kz).
So, take z € 2% satisfying

(z + f,)Hkil_l, kl) = 0|[k}1_1, kl).
This means that

z€2°\{xz €2¥: (xz+t)|[ki—1, k1) Z0|[ki—1, k1) }.
Thus, f(2)|[ni—1,7) & {2”, 2"} by @). O
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