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ABSTRACT. In this paper we consider a weakly coupled parabolic system with
nonnegative exponents in the forcing functions. We find the conditions which
result in blow-up in finite time. Also, we obtain the blow-up rate.

1. INTRODUCTION

In this paper, we consider the following system:

(1.1) ug — Au =uPoP? forz e, t>0,
(1.2) v — Av =uP*P* forxz e, t>0,
with the initial and boundary conditions

(13) U(IE,O) :uo(x),v(x,O) :Uo(x),
(1.4) ulog = 0, v|ga =0,

where Q is a bounded domain in RN. p; for i = 1,2,3,4, are nonnegative real
numbers. We assume that po —pgs +1>p3 —p1 +1 > 0.

The study of (1.1), (1.2) is of great interest due to its application. The above
models arise in the chemical reaction processes. The density and temperature are
governed by a coupled system of reaction diffusion equations in the form of (1.1),
(1.2).

In the past years, several authors have studied such a problem. Galaktionov,
Kurdyumov and Samarskii obtained the first blow-up results for the semilinear and
quasilinear systems of type (1.1), (1.2) in [6], [7]; in particular they established
a sufficient condition of global blow-up for general quasilinear systems. Deng [I]
studied the blow-up rate for systems like (1.1), (1.2) with p; = py = 0.

In [13], [14] the authors considered a similar system with different source terms

ur—Au=ufr(v) forze, t>0,
ve — Av=uvfa(u) forz e, >0,

with initial boundary condition. This system can be applied to the special case
of (1.1), (1.2) with py = p4 = 1 and 1 < pa,p3 < 2. The authors have proved
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the existence of a blow-up solution and blow-up rate in the case of a single-point
blow-up for the initial boundary value problem.

Some early results can also be seen in [], [5], [I1]. In [§], [10], the authors con-
sidered the blow-up problem of linear equation with nonlinear boundary condition,
and obtained the blow-up rate.

My motivation to study (1.1), (1.2) comes from the results of [3] (in [2] Escobedo
and Herrero considered the special case p1 = py = 0). The authors considered
this system with the Cauchy problem and obtained Fujita-type global existence
and global nonexistence theorems for (1.1), (1.2) analogous to the classical result
of Fujita and others for the initial-value problem for u; — Au = w? |, u(z,0) =
uo(x) > 0. Similar results can be seen in [12].

In this paper we find the necessary and sufficient conditions which result in
blow-up and obtain some results about the blow-up rate for (1.1), (1.2).

The paper is organized as follows: In section 2 we prove blow-up and global
existence results and in section 3 we present the blow-up rate results.

2. BLOW-UP AND GLOBAL EXISTENCE

In this section we consider the system (1.1), (1.2) with the initial and boundary
conditions

(21) U(LL',O) :uo(x), U({E,O) :Uo(x),
(2.2) u|aQ = 1,’U|8Q =1
where wug(z) and vo(x) are nonnegative functions.
Initially we develop a lemma which will be needed to prove our main results.

Lemma 2.1. Assume that Coug(x) > vo(x)7, where v = Zi:g‘l‘ﬁ and Cy >

(70) P71, Let (u,v) be a nonnegative solution of the system (1.1), (1.2) with
(2.1), (2.2). Then we have

(2.3) Cou(z,t) > v(z,t)7°.

Proof. Let J = yP3—Prtl _ Cyp2—pPatl Then
Jy — AJ =[(p3s —p1 +1) = C(p2 — pa + 1)]u®vP
— (p3 — p1 + 1)(p3 — p1)ur* P HVul|?
+ C(p2 — pa+1)(p2 — pa)oP> P71 Vo],

Ifwelet 0 < C < i’;z%ﬁﬁ,we have

[(p3 —p1+1) = C(p2 — pa + 1)JuPvP? > 0.
Using the definition of J, we have
(p3 — p1+ D)uP* P'Vu = V.J + C(p2 — ps + 1)vP>P4|Vul? = Vu;
squaring both sides, we have

[Vuf? = [SERER P mry 202019 4,7,

where by is a bounded function. Since

C,U;szp4+1 _ up3*131+1 —J

?
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we have

(p3 — p1 + 1)(ps — p1)uPs P 71| Vau|?
- - 1)2C
el 1
3 — D1

< C(p2 — pa+ 1)(p2 — pa)o?> P71 Vol* + by,
where by is a bounded function. This proves

Jy—AJ —b1VJ —baJ > 0.

Letting C' < (Cp)P*~P1+1, we have

Jloa > 0,

J|i=o0 > 0.
By the maximum principle, we have

J(x,t) >0 fort>0andz €.
This means uP3~P1+1 > CyP2—P++l This is
Cou(z,t) > v(zx,t)7°.

Therefore this completes the proof. O

Remark. The assumption Coug(x) > vo(z)7° is obviously true when ug(z) > 0 for
x € Q. For in this case we can choose a large enough constant Cy such that the
assumption holds. If ug(z) > 0, we can choose some to > 0 such that u(z,tp) > 0
for z € Q.

We introduce some notation to develop our next results:
_(p1 D2 (1 0
r= <ps p4)’ = (0 1)’

Theorem 2.2. If |P — I| > 0, then the solution (u,v) of the system (1.1), (1.2)
with (2.1), (2.2) is global for any bounded initial data.

and |P| = det P.

Proof. Using inequality (2.3) and the equation (1.1), we have
uy — Au < CluPruP? o = Ofy[TIP=11/ (p2=patDl+1

Since |P — I| > 0, u is the lower solution of the following:

A fort >0,z e,

w — Aw =w
wlapn = 0,
wlt=o = uo(z),
where 0 < XA = [—|P — I|/(p2 —ps +1)] +1 < 1, w exists globally, so u globally
exists. By (2.3) so does v. O

Theorem 2.3. If |P — I| <0, and Aug + uy'v§* > 0, Avg + ub’vh* > 0, then the
solution of system (1.1), (1.2) with (2.1), (2.2) blows up.
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Proof. Using inequality (2.3) and the equation (1.2), we have

vy — Av > Colte forzeQ, t>0,

where a = > 5};{‘1 > (0 and C is a constant. It is easy to obtain that v blows up.
Since (2.3), so does u. O

Remark. The system (1.1), (1.2) with (1.3), (1.4) has the same nonglobal results
as in section 2 by constructing a lower blow-up solution (w;, ws) in smaller domain
Q' C Q as follows:

wiy — Awy = witwh? forz e, >0,

war — Awg = wi*wh* forz e @, t>0,

with the initial and boundary conditions

U)1(£L‘, O) = u(m,to),wg(x, 0) = U((E,to),
wiloq = u(z,to)|aqr > 0, walaq = v(x,to)|aq > 0.

It is similar for global existence.

3. BLOW-UP RATE

In this section, we assume that p; > 1 for ¢ = 1,2,3,4 are nonnegative real
numbers. Also ug(z) and vo(z) are nonnegative functions, increase in (0, ) and
decrease in (£,1).

Lemma 3.1. Assume that Couo(xz) > vo(x)™, where o = % and Cy >
1

(v0)P3=r1F1. Let (u,v) be a nonnegative solution of the system (1.1), (1.2). Then

we have

(3.1) Co(u(z,t) + 1) > v(z, ).
The proof is similar to that of Lemma 2.1.

Theorem 3.2. For the solutions u(x,t), v(z,t) of system (1.1), (1.2), let U(t) =
maxzeq u(z,t) and V(t) = maxzeq v(x,t). Then the functions are Lipschitz
continuous and

(3.2) U, <UPVP2 fort >0 a.e.,
(3.3) V., <UPVPL fort>0 a.e.

The proof is very similar to that of Theorem 4.5 in [5], hence we omit it.

Theorem 3.3. For the solutions u(x,t), v(x,t) of system (1.1), (1.2), and initial
functions ug(z,t) and vo(x,t) are symmetric for x = L. Further, set uo(z) and
vo(z) to be increasing functions for 0 < x < é Also there exists a constant 0 <

§ <1 such that Aug + (1 — 6)uf' vf* >0, Avg + (1 — d)uf’vi* > 0. Then

(3.4) ug > ouP*wP?  forx e Q, t>0,
(3.5) v > ouPoPt forx e, t>0.
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Proof. Since ug(z) and vo(z) increase for 0 < z < L, we have that u(z,t) and
1

v(z,t) increase for 0 < @ < & (see @ [H]). Letting F(x,t) = uy + 1251z, and
G(z,t) = v + %iavm, we have

Ft - F;c;c > pluplilvsz + pguplvm*lG’

Gt — Gz > p3up3_11)p4F + p4ul’)3fu;lh;—lc;7
and

F(l" t)l:c:O,l = 07 G(CL‘, t)|9c=0,l = 07

F(z,0) > 0,G(x,0) > 0.

By the maximum principle, one can see that both F and G are nonnegative in
(0,1) x (0,T). From equation (1.1), (1.2), we have

1
Eut Z uplvlh’

1
—v > upsvm.
502
This completes the proof. O

Theorem 3.4. If |P — I| <0, Aug + (1 — §)uh'vl* >0, Avg + (1 — d)upvl* >
0, u(z,t) and v(x,t) are the solutions of the system (1.1), (1.2), and T is the blowup
time, then

(3.6) Ci(T — )™ < max u(z,t),
e
(3.7) max v(z,t) < Co(T —t)*2,
zeQ
where ay = pﬁ;’i‘ﬁl, Qg = p:"l;’f;‘rl and C; are positive constants.

Proof. Since U(t) — oo as t — T, there exists a to such that U(t) > 1 for any
t > tg. Hence we have

(3.8) 200U (t) > V().
Letting (z(t),¢) be the points at which v(x,t) attains its maximum, for any to >
ty > to, we have

Vita) V() _ wl(t1),t2) = v(z(t1), 1)

(3.9) Pa— > Pa— = v(t1) + o(1).

From (3.5), (3.8) and (3.9), we have

(3.10) Vi > CV(t)te,

where o = p;l_i;ﬁl and C' is a constant. Integrating (3.10) from ¢ to T yields
(3.11) V(t) < Co(T — t)°2.

Combining (3.8) and (3.2), we have

(3.12) U <CU(t)',

where o = p;l_lz;ﬁl and C' is a constant. Integrating (3.12) from ¢ to T, we obtain
(3.13) U(t) > CL(T —t)**.

This completes the proof. O
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Theorem 3.5. Assume the conditions of Theorem 3.4 are true and

(3.14) max u(z,t) < Cs(T — )
zE

then

(3.15) max v(x,t) > Cy(T —t)*2.
S

Proof. We claim that V (¢)(T'—t)~** is bounded from below by a positive constant
C}. Otherwise, we assume that maxinf;_,7 V' (¢)(T —t)~** = 0. Then there exist a
sequence {tx} € (0,T) with ¢, — T and a sequence {ex} with e, — 0 such that

(3.16) V)T —t)"* <e¢, forany k=1,2,3,---.

Now we choose a positive integer m such that C5(m +1)*2 < % For such a choice
of m, when tj, is close to T we can select a corresponding sequence {7} such that
T—1, = (m+1)(T—tx). Now using (3.2), (3.14) and (3.11), we would obtain that

Ulty) <Ul(mk) —|—/ ' UP'(s)VP2(s)ds

Tk
< C3(T — 13)* 4+ [C3(T — t) ™ P VP2 (t1) (te — Tr)
< Cs(m+ 1) (T — ) + C(T — t),) P21V P2 (¢,

< QT )™ 4+ ORI — o

Qo

1

< (T —t)™ + CP(T — tg) M e,

|

if k is sufficiently large; this contradicts (3.13). Thus this completes our proof. O

Remark. Actually, the vector (aq, as) satisfies

eon(2)-(3)
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