PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 129, Number 2, Pages 525-530

S 0002-9939(00)05549-0

Article electronically published on September 18, 2000

THE SIZE OF THE DINI SUBDIFFERENTIAL

JOEL BENOIST

(Communicated by David R. Larson)

ABSTRACT. Given a lower semicontinuous function f : R* — RU {4+o0}, we
prove that the points of R", where the lower Dini subdifferential contains
more than one element, lie in a countable union of sets which are isomorphic
to graphs of some Lipschitzian functions defined on R*~1. Consequently, the
set of all these points has a null Lebesgue measure.

1. INTRODUCTION

Let f : R" — RU {400} be any lower semicontinuous function. An important
and often-featured notion of generalized (directional) derivative is the lower Dini
derivative, which, for = in the domain of f, is defined by

d” f(z;d) = liminf flottu) = f(:c)

u—d,t—0t t

We associate to it the lower Dini subdifferential of f at a point z, in the domain of
f, defined by

o f(z)={€€R" : (¢&,d) <d f(z,d), VdeR"}.

Let us put 0~ f(x) = 0 if f(x) = +oo. The lower Dini subdifferential is a closed
convex set, which can be described as follows:

0" f(z) = {¢£ €R" : liminf fy) = f(z) =&y —x)

v ly — |

> 0}.

We refer to the book [I] for the above characterization and other classical properties
of this subdifferential. This paper deals with the “size” of the two following subsets
which are included in the domain of the lower Dini subdifferential of f at z:

D(f) = {x € R" : the interior of &~ f(z) is nonempty};

D(f) = {z € R" : 9~ f(z) contains at least two elements}.

Let us notice that the inclusion D(f) € D(f) is always true; moreover if h = 1, we
have D(f) = D(f).
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2. COUNTABILITY OF THE SET D(f)

In this section, we focus on the cardinality of the set D(f). As shown in the
following example, the set D(f) is in general not finite. Let us consider the function
f whose epigraph is the convex hull of the set

{(n,n?) :n € Z}.

In this case, D(f) = N and so D(f) is infinite countable. The first result shows
that this property is still true for any lower semicontinuous function.

Proposition 2.1. For any lower semicontinuous function f, the set D(f) is at
most countable.

Proof. Let us choose a dense sequence (vp),>1 in R dense in R" and let us define,
for w = (p,n, ) € (N*)3, the subset D,, constituted of elements x of R” such that
f(x) is real and such that, for all £ € B (vp, %) and for all y € B (x, %),

Fw) 2 Fla) + &y — ) — 5-lly ol

Step 1. Let us prove the inclusion D(f) C Uyeqmeys Do

Let « € D(f); from the definition of the set D(f), f(z) is real. Since the interior
of the subdifferential 9~ f(x) is nonempty and since the sequence (v)p>1 is dense
in R”, there exist an integer p > 1 and € > 0 such that

(1) B (vp,¢) C O™ f(x).

Let (e1,--- ,en) be the canonical basis of R"; fori € {1,--- ,h}, we put e,; = —e;.
According to relation (), for every i € {1,---,2h}, we have v, + ee; € 97 f(x),
whence there exists a constant r; > 0 such that

1
(2) Fly) 2 f@) + (vp + eeiyy — @) — o |ly — 2],
for all y € B(x,r;). Let us choose an integer £ > 1 such that

% <min{r; : i €{1,---,2h}}.

By convex combinations of inequalities @) (i = 1,--- ,2h), we obtain:

(3) F() 2 £@) + oy +wy = 2) = 5-lly ],

for ally € B (x, %) and for all u € co{eey, - ,eean}. It is well-known that the null
vector of R belongs to the interior of co{eey, -, eeas} and consequently, we can
find an integer n > 1 such that

— 1
B (O, —) C co{eeq, -+ ,€ean}.
n

Hence inequality (@) is in particular valid, for all y € B (m, %) and for all u €
B (0, %) Then we conclude that z € D, ¢y and the result is proved.

Step 2. Let us show that, for all w = (p,n,¢) € (N*)? and for all elements z1, o
of D,,, the condition 1 # x2 implies ||z2 — 21| > $.

Suppose to the contrary that there exist w = (p,n, /) in (N*)3 and two distinct
elements z1, x5 in D, such that:

llze — 21| <

|
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On one hand, since z; € Dy, by choosing ¢ = v, + + -£2=41

7 o= We obtain from step
1:

f(.l?g) 2 f(131) + <'Up7-732 _371> + 3%||$2 —.131||.

On the other hand, since x2 € D,,, by choosing £ = v,, we obtain from step 1:

Flex) 2 fa2) + Gty 1 = 22) = 5o = 2l

Adding these two last inequalities, we conclude
1
0> —|lz1 —=z
> oller = |,

or equivalently x1 = xo, which is impossible.

Step 3. Let us now conclude.

From step 2, for all w € (N*)3, the set D,, is discrete in R" and, in particular,
it is countable. Then, the inclusion proved in the step 1 allows us to confirm that
the set D(f) is also countable. O

As we shall see in the next section, the structure of the set D(f) is more com-
plicated.

3. THE STRUCTURE OF THE SET D(f)

Henceforward we assume that h > 2. Let us remark that, for h = 2 and
f(z1,22) = |z1|, we have D(f) = {0} x R. In this example D(f) is not count-
able, but it has a null Lebesgue measure. More generally, if f is a Lipschitziarﬂ
function on R", Rademacher’s Theorem states that f is differentiable at almost
every point of R” and in particular the set D(f) has a null Lebesgue measure.
Theorem shows that this result is valid even if the Lipschitz property fails.

First, we introduce the following definition:

Definition 3.1. We say that a subset X of R" is Lipschitzian if there exist a linear
isomorphism ¢ : R® — R” and a Lipschitzian function g : R*~! — R satisfying the
equality

X = ¢(Gr(g)),
where Gr(g) denotes the graph of the function g.

According to Fubini’s Theorem, the graph of a Lipschitzian function has a null
Lebesgue measure; hence we have the following property.

Proposition 3.2. Any Lipschitzian set in R" has a null Lebesque measure.
We can now establish the main result of this paper.

Theorem 3.3. If f is a lower semicontinuous function, the set D(f) 18 included
in a countable union of Lipschitzian sets of RP. In particular, D(f) has a null
Lebesgue measure.

Le., there exists K > 0 such that | f(z) — f(y) |< K|z — y|| for all z,y in R".
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Proof. Let us choose a sequence (v,),>1 in R"\ {0} which is dense in R and let
us define, for w = (n,p,q,¢) € (N*)%, the compact D,, constituted of elements z
belonging to the closed ball B(0,7n) such that f(z) < n and such that there exist
de€ B (vy,2)N[R"\ B(0,2)] and ¢ € B (vg, 5 ) satisfying:

we B (7)) 1002 ) + (€ —a) +1idy - )| - 5ol = ol

Step 1. Let us prove the inclusion D(f) C Usca D,,, where Q = {w € (N*)*:
D, # 0}.

Let x € D(f) ; there exist two different elements &;, & belonging to 9~ f(x).
We can write & = £+ d and & = £ — d, with d # 0 ; let us choose an integer
n > 1 such that f(z) <n, [|z|| < n and ||d|| > £. On one hand, since the sequence
(vp)p>1 is dense, we can find two integers p > 1 and ¢ > 1 such that v, € B (d, %)
and v, € B ({, ﬁ) On the other hand, from the characterization of lower Dini
subdifferential, there exists an integer ¢ > 1 such that, for e € {1, -1},

Ve B (0.7). J0) 2 F0) + 6 - )+ eldy o) - 5yl

And so, the asserted inclusion holds. R
Step 2. Let us fix w = (n,p, ¢, ¢) € Q and let us prove that, for all z € D,

({0} + 1BO.5) N K] \(a} € R D,

where K (v,) := {k € R" : (k,v,) > 3 ||k|| ||vp||} denotes the closed convex cone of
vectors k such that the (radian) measure of the angle between k and v, is less than
1

arccos 5 (remark that v, # 0).

Let y be an element of D,, such that ||y — z|| < 7 and

1
(4) {y—z,vp) 2 5 [ly =l vy

We must verify that y = . On one hand, since z € D,,, there exist d, € B(vy, %) N
[Rh \ B (O7 %)] and &, € B (vq, ﬁ) such that

(5) Fw) 2 £@) + (6o = ) + [{dary = 0) = 5-lly = 2]l

But, from relation (@) and the Cauchy-Schwarz inequality, we deduce the following
chain of inequalities:

(dasy =2}l 2 |(vpy = )| = [{de — vy, y — )|
z g lly =zl vpll = [lde = vpl lly = |-
Hence, remarking that ||d, —v,|| < £ and [|v,|| > ||do|| = [|vp — dz|| > £, we deduce

(6) oy = 2)] > > lly — 2l
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On the other hand, since y € Dw, there exists &, € B (vq, %) such that

1
@ F@) > 1)+ (67 =3 — o= e — .
Summing the inequalities (), @) and (@), we obtain

0 2 (G-&y—2)+2ly—al
(2 - e — &) |
Ylly =l

VIV IV

and then y = z.

Step 3. Let us now conclude. By a compactness argument, if w € €, there
exists a sequence (xi,)ieN C Dw taking a finite number of values such that Dw C
Uien B (a:fu i) Then, let us consider, for i € N, the compact sets Dz) =D,nN
B (%, 3;) which satisfy the equality D, = Usen Di.

From step 1, it follows that D(f) C U(%i)eﬂbei and so it is sufficient to
show that, for all (w,i) € Q@ x N, 13@ is included in a Lipschitzian set. Setting
Y = D! — K(v,), Y is a proper closed subset of R and Y — K(v,) C Y. The
fact that the boundary of Y, denoted 9Y, is Lipschitzian (see Definition 2.2) is a
straighforward consequence of the following lemma which gives a standard criterion
for a set to be Lipschitzian; see for example [3].

Lemma 3.4. Let Y be a nonempty closed subset of R" such that Y # R" and
Y - K CY, where K is a closed convex cone of R" with a nonempty interior. Let
en, be a unit vector belonging to the interior of K and (e1,- - ,en—1) an orthonormal
set of the vector subspace e;- = {x € R" : (z,e,) = 0}. Then g: R""1 — R defined
by (M, -+ , A1) —sup{t € R : Zf;ll Aie; +tep, € Y} is a Lipschitzian function
and Y = ¢(Gr(g)), where ¢ denotes the isomorphism from R" to R" defined by
h
()\b te 7)\n) — Eizl Ai€;.

Our last task is to prove the inclusion Dfu C 9Y. If it is not true, there exist
b€ D! and > 0 such that B(b,n) C Y. In particular b + k (with k = nv,/||v,|)
can be written as b’ — k', where b’ € D! and k¥’ € K (v,). Since K (v,) is a convex
cone, k + k' € K(vp). From equality k + k' = b’ — b, we also have k + k" € B(0, %)
Hence b’ = b+ (k + k') € {b} + [B(0, %) N K(v,)] and, from step 2, ¥’ = b. We
conclude that 0 # k = —k’, which contradicts the fact that K (v,) is a pointed cone.
a

Remark 3.5. In the same manner, the definition of the sets D(f) and D(f) can be
adapted to any subdifferential included in Dini’s one. In particular we can apply
these results to the proximal subdifferential (see [2], [4], [5], and [6]).
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