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THE SIZE OF THE DINI SUBDIFFERENTIAL

JOËL BENOIST

(Communicated by David R. Larson)

Abstract. Given a lower semicontinuous function f : Rh → R ∪ {+∞}, we
prove that the points of Rh, where the lower Dini subdifferential contains
more than one element, lie in a countable union of sets which are isomorphic
to graphs of some Lipschitzian functions defined on Rh−1. Consequently, the
set of all these points has a null Lebesgue measure.

1. Introduction

Let f : Rh → R ∪ {+∞} be any lower semicontinuous function. An important
and often-featured notion of generalized (directional) derivative is the lower Dini
derivative, which, for x in the domain of f , is defined by

d−f(x; d) = lim inf
u→d,t→0+

f(x+ tu)− f(x)
t

.

We associate to it the lower Dini subdifferential of f at a point x, in the domain of
f , defined by

∂−f(x) = {ξ ∈ Rh : 〈ξ, d〉 ≤ d−f(x, d), ∀ d ∈ Rh}.

Let us put ∂−f(x) = ∅ if f(x) = +∞. The lower Dini subdifferential is a closed
convex set, which can be described as follows:

∂−f(x) = {ξ ∈ Rh : lim inf
y→x

f(y)− f(x)− 〈ξ, y − x〉
||y − x|| ≥ 0}.

We refer to the book [1] for the above characterization and other classical properties
of this subdifferential. This paper deals with the “size” of the two following subsets
which are included in the domain of the lower Dini subdifferential of f at x:

D(f) = {x ∈ Rh : the interior of ∂−f(x) is nonempty};

D̃(f) = {x ∈ Rh : ∂−f(x) contains at least two elements}.

Let us notice that the inclusion D(f) ⊂ D̃(f) is always true; moreover if h = 1, we
have D(f) = D̃(f).
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2. Countability of the set D(f)

In this section, we focus on the cardinality of the set D(f). As shown in the
following example, the set D(f) is in general not finite. Let us consider the function
f whose epigraph is the convex hull of the set

{(n, n2) : n ∈ Z}.
In this case, D(f) = N and so D(f) is infinite countable. The first result shows
that this property is still true for any lower semicontinuous function.

Proposition 2.1. For any lower semicontinuous function f , the set D(f) is at
most countable.

Proof. Let us choose a dense sequence (vp)p≥1 in Rh dense in Rh and let us define,
for ω = (p, n, `) ∈ (N?)3, the subset Dω constituted of elements x of Rh such that
f(x) is real and such that, for all ξ ∈ B

(
vp,

1
n

)
and for all y ∈ B

(
x, 1

`

)
,

f(y) ≥ f(x) + 〈ξ, y − x〉 − 1
3n
||y − x||.

Step 1. Let us prove the inclusion D(f) ⊂
⋃
ω∈(N?)3 Dω.

Let x ∈ D(f); from the definition of the set D(f), f(x) is real. Since the interior
of the subdifferential ∂−f(x) is nonempty and since the sequence (vp)p≥1 is dense
in Rh, there exist an integer p ≥ 1 and ε > 0 such that

B (vp, ε) ⊂ ∂−f(x).(1)

Let (e1, · · · , eh) be the canonical basis of Rh; for i ∈ {1, · · · , h}, we put eh+i = −ei.
According to relation (1), for every i ∈ {1, · · · , 2h}, we have vp + εei ∈ ∂−f(x),
whence there exists a constant ri > 0 such that

f(y) ≥ f(x) + 〈vp + εei, y − x〉 −
1

3n
||y − x||,(2)

for all y ∈ B(x, ri). Let us choose an integer ` ≥ 1 such that
1
`
≤ min{ri : i ∈ {1, · · · , 2h}}.

By convex combinations of inequalities (2) (i = 1, · · · , 2h), we obtain:

f(y) ≥ f(x) + 〈vp + u, y − x〉 − 1
3n
||y − x||,(3)

for all y ∈ B
(
x, 1

`

)
and for all u ∈ co{εe1, · · · , εe2h}. It is well-known that the null

vector of Rh belongs to the interior of co{εe1, · · · , εe2h} and consequently, we can
find an integer n ≥ 1 such that

B

(
0,

1
n

)
⊂ co{εe1, · · · , εe2h}.

Hence inequality (3) is in particular valid, for all y ∈ B
(
x, 1

`

)
and for all u ∈

B
(
0, 1

n

)
. Then we conclude that x ∈ D(p,n,`) and the result is proved.

Step 2. Let us show that, for all ω = (p, n, `) ∈ (N?)3 and for all elements x1, x2

of Dω, the condition x1 6= x2 implies ||x2 − x1|| > 1
` .

Suppose to the contrary that there exist ω = (p, n, `) in (N?)3 and two distinct
elements x1, x2 in Dω such that:

||x2 − x1|| ≤
1
`
.
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On one hand, since x1 ∈ Dω, by choosing ξ = vp + 1
n

x2−x1
||x2−x1|| , we obtain from step

1:

f(x2) ≥ f(x1) + 〈vp, x2 − x1〉+
2

3n
||x2 − x1||.

On the other hand, since x2 ∈ Dω, by choosing ξ = vp, we obtain from step 1:

f(x1) ≥ f(x2) + 〈vp, x1 − x2〉 −
1

3n
||x1 − x2||.

Adding these two last inequalities, we conclude

0 ≥ 1
3n
||x1 − x2||,

or equivalently x1 = x2, which is impossible.
Step 3. Let us now conclude.
From step 2, for all ω ∈ (N?)3, the set Dω is discrete in Rh and, in particular,

it is countable. Then, the inclusion proved in the step 1 allows us to confirm that
the set D(f) is also countable.

As we shall see in the next section, the structure of the set D̃(f) is more com-
plicated.

3. The structure of the set D̃(f)

Henceforward we assume that h ≥ 2. Let us remark that, for h = 2 and
f(x1, x2) = |x1|, we have D̃(f) = {0} × R. In this example D̃(f) is not count-
able, but it has a null Lebesgue measure. More generally, if f is a Lipschitzian1

function on Rh, Rademacher’s Theorem states that f is differentiable at almost
every point of Rh and in particular the set D̃(f) has a null Lebesgue measure.
Theorem 3.3 shows that this result is valid even if the Lipschitz property fails.

First, we introduce the following definition:

Definition 3.1. We say that a subset X of Rh is Lipschitzian if there exist a linear
isomorphism φ : Rh → Rh and a Lipschitzian function g : Rh−1 → R satisfying the
equality

X = φ(Gr(g)),

where Gr(g) denotes the graph of the function g.

According to Fubini’s Theorem, the graph of a Lipschitzian function has a null
Lebesgue measure; hence we have the following property.

Proposition 3.2. Any Lipschitzian set in Rh has a null Lebesgue measure.

We can now establish the main result of this paper.

Theorem 3.3. If f is a lower semicontinuous function, the set D̃(f) is included
in a countable union of Lipschitzian sets of Rh. In particular, D̃(f) has a null
Lebesgue measure.

1I.e., there exists K > 0 such that | f(x)− f(y) |≤ K||x− y|| for all x, y in Rh.
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Proof. Let us choose a sequence (vp)p≥1 in Rh \ {0} which is dense in Rh and let
us define, for ω = (n, p, q, `) ∈ (N?)4, the compact D̃ω constituted of elements x
belonging to the closed ball B(0, n) such that f(x) ≤ n and such that there exist
d ∈ B

(
vp,

1
n

)
∩
[
Rh \B

(
0, 9

n

)]
and ξ ∈ B

(
vq,

1
2n

)
satisfying:

∀y ∈ B
(
x,

1
`

)
, f(y) ≥ f(x) + 〈ξ, y − x〉 + |〈d, y − x〉| − 1

2n
||y − x||.

Step 1. Let us prove the inclusion D̃(f) ⊂
⋃
ω∈Ω D̃ω, where Ω = {ω ∈ (N?)4 :

D̃ω 6= ∅}.
Let x ∈ D̃(f) ; there exist two different elements ξ1, ξ2 belonging to ∂−f(x).

We can write ξ1 = ξ + d and ξ2 = ξ − d, with d 6= 0 ; let us choose an integer
n ≥ 1 such that f(x) ≤ n, ||x|| ≤ n and ||d|| ≥ 9

n . On one hand, since the sequence
(vp)p≥1 is dense, we can find two integers p ≥ 1 and q ≥ 1 such that vp ∈ B

(
d, 1

n

)
and vq ∈ B

(
ξ, 1

2n

)
. On the other hand, from the characterization of lower Dini

subdifferential, there exists an integer ` ≥ 1 such that, for ε ∈ {1,−1},

∀ y ∈ B
(

0,
1
`

)
, f(y) ≥ f(x) + 〈ξ, y − x〉+ ε〈d, y − x〉 − 1

2n
||y − x||.

And so, the asserted inclusion holds.
Step 2. Let us fix ω = (n, p, q, `) ∈ Ω and let us prove that, for all x ∈ D̃ω,(

{x}+ [B(0,
1
`

) ∩K(vp)]
)
\{x} ⊂ Rh\D̃ω,

where K(vp) := {k ∈ Rh : 〈k, vp〉 ≥ 1
2 ||k|| ||vp||} denotes the closed convex cone of

vectors k such that the (radian) measure of the angle between k and vp is less than
arccos 1

2 (remark that vp 6= 0).
Let y be an element of D̃ω such that ||y − x|| < 1

` and

〈y − x, vp〉 ≥
1
2
||y − x|| ||vp||.(4)

We must verify that y = x. On one hand, since x ∈ D̃ω, there exist dx ∈ B(vp, 1
n )∩[

Rh \B
(
0, 9

n

)]
and ξx ∈ B

(
vq,

1
2n

)
such that

f(y) ≥ f(x) + 〈ξx, y − x〉+ |〈dx, y − x〉| −
1

2n
||y − x||.(5)

But, from relation (4) and the Cauchy-Schwarz inequality, we deduce the following
chain of inequalities:

|〈dx, y − x〉| ≥ |〈vp, y − x〉| − |〈dx − vp, y − x〉|
≥ 1

2 ||y − x|| ||vp|| − ||dx − vp|| ||y − x||.

Hence, remarking that ||dx−vp|| ≤ 1
n and ||vp|| ≥ ||dx||−||vp−dx|| ≥ 8

n , we deduce

|〈dx, y − x〉| ≥
3
n
||y − x||.(6)
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On the other hand, since y ∈ D̃ω, there exists ξy ∈ B
(
vq,

1
2n

)
such that

f(x) ≥ f(y) + 〈ξy, x− y〉 −
1

2n
||x− y||.(7)

Summing the inequalities (5), (6) and (7), we obtain

0 ≥ 〈ξx − ξy , y − x〉+ 2
n ||y − x||

≥
(

2
n − ||ξx − ξy||

)
||y − x||

≥ 1
n ||y − x||,

and then y = x.
Step 3. Let us now conclude. By a compactness argument, if ω ∈ Ω, there

exists a sequence (xiω)i∈N ⊂ D̃ω taking a finite number of values such that D̃ω ⊂⋃
i∈N B

(
xiω,

1
2`

)
. Then, let us consider, for i ∈ N, the compact sets D̃i

ω = D̃ω ∩
B
(
xiω,

1
2`

)
which satisfy the equality D̃ω =

⋃
i∈N D̃i

ω.
From step 1, it follows that D̃(f) ⊂

⋃
(ω,i)∈Ω×N D̃

i
ω and so it is sufficient to

show that, for all (ω, i) ∈ Ω × N, D̃i
ω is included in a Lipschitzian set. Setting

Y = D̃i
ω − K(vp), Y is a proper closed subset of R` and Y − K(vp) ⊂ Y . The

fact that the boundary of Y , denoted ∂Y , is Lipschitzian (see Definition 2.2) is a
straighforward consequence of the following lemma which gives a standard criterion
for a set to be Lipschitzian; see for example [3].

Lemma 3.4. Let Y be a nonempty closed subset of Rh such that Y 6= Rh and
Y −K ⊂ Y , where K is a closed convex cone of Rh with a nonempty interior. Let
eh be a unit vector belonging to the interior of K and (e1, · · · , eh−1) an orthonormal
set of the vector subspace e⊥h = {x ∈ Rh : 〈x, eh〉 = 0}. Then g : Rh−1 → R defined
by (λ1, · · · , λh−1) 7→ sup{t ∈ R :

∑h−1
i=1 λiei + teh ∈ Y } is a Lipschitzian function

and ∂Y = φ(Gr(g)), where φ denotes the isomorphism from Rh to Rh defined by
(λ1, · · · , λn) 7→

∑h
i=1 λiei.

Our last task is to prove the inclusion D̃i
ω ⊂ ∂Y . If it is not true, there exist

b ∈ D̃i
ω and η > 0 such that B(b, η) ⊂ Y . In particular b + k (with k = ηvp/||vp||)

can be written as b′ − k′, where b′ ∈ D̃i
ω and k′ ∈ K(vp). Since K(vp) is a convex

cone, k + k′ ∈ K(vp). From equality k + k′ = b′ − b, we also have k + k′ ∈ B(0, 1
` ).

Hence b′ = b + (k + k′) ∈ {b} + [B(0, 1
` ) ∩ K(vp)] and, from step 2, b′ = b. We

conclude that 0 6= k = −k′, which contradicts the fact that K(vp) is a pointed cone.
2

Remark 3.5. In the same manner, the definition of the sets D(f) and D̃(f) can be
adapted to any subdifferential included in Dini’s one. In particular we can apply
these results to the proximal subdifferential (see [2], [4], [5], and [6]).
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