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INVARIANT LINEAR MANIFOLDS
FOR CSL-ALGEBRAS AND NEST ALGEBRAS

ALAN HOPENWASSER

(Communicated by David R. Larson)

Abstract. Every invariant linear manifold for a CSL-algebra, AlgL, is a
closed subspace if, and only if, each non-zero projection in L is generated by
finitely many atoms associated with the projection lattice. When L is a nest,
this condition is equivalent to the condition that every non-zero projection in
L has an immediate predecessor (L⊥ is well ordered). The invariant linear
manifolds of a nest algebra are totally ordered by inclusion if, and only if,
every non-zero projection in the nest has an immediate predecessor.

Kadison’s transitivity theorem [6] implies that a C∗-algebra acting on a Hilbert
space which has no non-trivial closed invariant subspaces must also have no non-
trivial invariant linear manifolds. This note investigates the analogous situation for
CSL-algebras and, in particular, for nest algebras. We identify exactly the family of
CSL-algebras for which every invariant linear manifold is, in fact, a closed subspace
(and hence an element of the lattice of invariant subspaces for the algebra). When
specialized to nest algebras, this family reduces to those nest algebras for which
each non-zero element of the nest has an immediate predecessor. Note that a nest,
L, satisfies this condition if, and only if, the nest, L⊥, consisting of orthogonal
complements of elements of L is well ordered. For any other nest algebra, not only
are there invariant linear manifolds which are not closed, but the family of invariant
linear manifolds is not totally ordered by inclusion. Thus, most nest algebras are
“nest algebras” in a topological sense but not an algebraic sense.

Some of the results in this paper were obtained by Foiaş in 1971/72 in his study
of invariant operator ranges [3, 4] or by Ong in his description of all the invariant
operator ranges for a nest algebra [9]. Davidson extended this description to CSL-
algebras in [1]. Davidson’s book on nest algebras [2] is a convenient reference
for most of this work on operator ranges. All the same, we give complete and
independent proofs for our results on arbitrary linear manifolds which follow from
prior work on operator ranges; these proofs are shorter and more elementary than
the arguments via operator ranges. (The price to be paid is that these results are
somewhat weaker than the operator range results. The converses, on the other
hand, are correspondingly stronger.)
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To fix notation, let L be a commutative lattice of orthogonal projections acting on
a Hilbert spaceH. It is assumed that L is complete and that it contains 0 and I. The
algebra of all bounded linear operators on H which leave invariant each projection
in L is denoted by AlgL. It is convenient to use the same symbol to denote both
a subspace and the orthogonal projection whose range is the subspace. The term
“subspace” will always mean “closed linear subspace”; the term “linear manifold”
is used when closure is not assumed. Thus L will be viewed simultaneously as a
complete lattice of closed subspaces of H and as a lattice of mutually commuting
projections in B(H) which is closed in the strong operator topology (and which
contains 0 and I).

The primary tool used in this note is the necessary and sufficient condition on
two vectors x and y in H for the existence of an operator T in AlgL such that
Tx = y: with the understanding that the fraction 0/0 is to be interpreted as 0, the
existence of an operator T carrying x to y is equivalent to

sup
E∈L

‖E⊥y‖
‖E⊥x‖ <∞.

This was first proved by Lance [7] for nest algebras and then extended to CSL-
algebras in [5].

Recall that an atom, A, associated with a subspace lattice, L, is a minimal non-
zero interval from L; i.e., A has the form P −Q where P,Q ∈ L, Q < P , and AF
is either 0 or A, for all F ∈ L. If A1, A2, . . . is a sequence of atoms from L (either
a finite or an infinite sequence) let E(A1, A2, . . . ) denote the smallest projection in
L which contains each of the atoms A1, A2, . . . . In other words,

E(A1, A2, . . . ) =
∧
F∈L
{F | An ⊆ F, for all n}.

In the following definition, and throughout this paper, when we say that a projection
in L is generated by a set of atoms, we mean that it is the smallest projection in L
which contains each of the atoms of the set.

Definition. A commutative subspace lattice, L, is hyperatomic if every non-zero
projection in L is generated by finitely many atoms.

Remark. If P = E(A1, . . . , An), then we may as well assume that the atoms
A1, . . . , An are independent in the sense that AiE(Aj) = 0 whenever i 6= j. (Just
delete some atoms from the list, if necessary.)

If P is a non-zero projection in L, the projection
∨
{F ∈ L | F � P} will be

denoted by P−. If x and y are vectors in H, then there is a rank-one operator
T ∈ AlgL such that Tx = y if, and only if, x ∈ P⊥− and y ∈ P for some P ∈ L.
For nests, this was proven by Ringrose [10]; the extension to commutative lattices
is due to Longstaff [8]. Note that if A is an atom from L and if P = E(A), then
A ≤ P⊥− . Consequently, if x ∈ A and y ∈ P , then there is a rank-one operator in
AlgL such that Tx = y.

In the theorem which follows, operator range refers to the range of a bounded
linear operator acting on H.
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Theorem. Let L be a commutative subspace lattice acting on a separable Hilbert
space. The following conditions are equivalent:

(1) L is hyperatomic.
(2) Every ascending sequence, F1 ≤ F2 ≤ . . . , of projections in L is eventually

constant.
(3) Every invariant operator range for AlgL is a closed subspace (and therefore

an element of L).
(4) Every invariant linear manifold for AlgL is a closed subspace (and therefore

an element of L).

If L is a nest, then the following additional conditions are equivalent to each of the
conditions above:

(5) Every non-zero projection in L has an immediate predecessor.
(6) The invariant operator ranges for AlgL are totally ordered by inclusion.
(7) The invariant linear manifolds for AlgL are totally ordered by inclusion.

Proof. (1)⇒(2): Let F1 ≤ F2 ≤ . . . be an ascending sequence of projections in L.
Let P =

∨
Fj . Since L is hyperatomic, there are finitely many atoms, A1, . . . , An,

so that P = E(A1, . . . , An). Each of these atoms must be a subprojection of some
Fj ; since there are only finitely many atoms in this list, there is j such that Ai ≤ Fj ,
for all i = 1, . . . , n. But then P = Fj ; hence P = Fk, for all k ≥ j.

(2)⇒(1): Assume that L is not hyperatomic. Let P ∈ L be a projection which
is not generated by finitely many atoms. Let Q be the smallest projection in
L which contains all atoms which are subprojections of P . First, suppose that
Q < P . If F is any element of L such that Q ≤ F < P , then there is a projection
G ∈ L such that F < G < P (since P − F is not an atom from L). A routine
induction argument now yields an ascending sequence of projections which is not
eventually constant. Next, suppose that Q = P . In other words, there is a sequence
A1, A2, . . . (necessarily infinite) of atoms such that P = E(A1, A2, . . . ). For each n,
let Fn = E(A1, . . . , An). Then F1, F2, . . . is an ascending sequence of projections in
L, Fn < P for all n, and

∨
Fn = P . Thus, this sequence is not eventually constant.

(4)⇒(3) is immediate and (3)⇒(2) follows from [2, Theorem 15.29]. However,
we give an elementary proof of (4)⇒(2) which does not require any information
about operator ranges. Suppose (2) is false. Let 0 < F1 < F2 < . . . be a strictly
increasing sequence of projections in L. For each n, let xn ∈ Fn − Fn−1 be a non-
zero vector chosen so that

∑∞
n=1 n

2‖xn‖2 <∞. (For example, let xn be any vector
in Fn − Fn−1 for which ‖xn‖ = 1/n2.)

For each n, let yn = nxn. By the choice of the xn, the sequence, yn, is a
square summable sequence of mutually orthogonal vectors. Let x =

∑∞
n=1 xn and

y =
∑∞
n=1 yn. (Both sums converge in H.) Let Mx = {Tx | T ∈ AlgL}, an

invariant linear manifold for AlgL. For each n,

F⊥n x =
∞∑

k=n+1

xk and

F⊥n y =
∞∑

k=n+1

yk =
∞∑

k=n+1

kxk.
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So,

‖F⊥n y‖2 =
∞∑

k=n+1

k2‖xk‖2 ≥
∞∑

k=n+1

(n+ 1)2‖xk‖2

= (n+ 1)2
∞∑

k=n+1

‖xk‖2 = (n+ 1)2‖F⊥n x‖2.

Thus,

‖F⊥n y‖
‖F⊥n x‖

≥ n+ 1

and hence,

sup
F∈L

‖F⊥y‖
‖F⊥x‖ =∞.

This shows that y /∈ Mx.
On the other hand, (Fn−Fn−1)x = xn ∈Mx, for all n, whence yn = nxn ∈ Mx

and
∑K

n=1 yn ∈ Mx, for all K. Since y = limK→∞
∑K
n=1 yn, this shows that

y ∈ Mx. Thus, Mx is an invariant linear manifold which is not closed.
(1)⇒(4): First, we show that if x ∈ H, then Mx is closed; i.e., every singly

generated invariant linear manifold is closed. Let x ∈ H and P = Mx. If x = 0,
then P = 0; so assume x 6= 0 and, hence, P 6= 0. Since L is hyperatomic, there exist
atoms A1, . . . , An so that P = E(A1, . . . , An). Without loss of generality, we may
assume that A1, . . . , An are independent; i.e., that AiE(Aj) = 0 whenever i 6= j.
Equivalently, AiTAj = 0 for all T ∈ AlgL, when i 6= j. It follows that Ajx 6= 0,
for all j.

If y ∈ E(Aj), then, by the comments preceding the statement of the theorem,
there is T ∈ AlgL such that y = TAjx. Thus E(Aj) ⊆Mx, for all j.

If y ∈ P is arbitrary, then, since P = E(A1)∨· · ·∨E(An), there exist yi ∈ E(Ai)
such that y = y1 + · · · + yn. Since each yi ∈ Mx, we have y ∈ Mx. This shows
that P =Mx ⊆Mx, so Mx is closed.

Before turning to general invariant linear manifolds, we need an observation: if
P1 = Mx1 and P2 = Mx2, then there is a vector x such that Mx = P1 ∨ P2.
Indeed, choose x = x1 +P⊥1 x2. Since x1 = P1x, we have P1 ⊆Mx. Let y ∈ P2P

⊥
1 .

Since P2 =Mx2 , there is T ∈ AlgL such that y = Tx2. Since x2 = P⊥1 x2 + P1x2,

y = Tx2 = TP⊥1 x2 + TP1x2 = TP⊥1 x2 + P1TP1x2.

However, P⊥1 y = y, so

y = P⊥1 TP
⊥
1 x2 = P⊥1 TP

⊥
1 (x1 + P⊥1 x2) = P⊥1 TP

⊥
1 x.

Thus, P2P
⊥
1 ⊆Mx. Since P1 ∨P2 = P1 +P2P

⊥
1 , we have P1 ∨P2 ⊆Mx ⊆ P1 ∨P2;

i.e., Mx = P1 ∨ P2.
Finally, let M be an arbitrary invariant linear manifold for AlgL. Let P =M;

so P =
∨
{Mx | x ∈ M}. Since H is separable, we can write P as the join of

countably many subspaces of the form Mx; i.e., there is a sequence, x1, x2, . . . , of
vectors inM so that P =

∨∞
j=1 Pj , where Pj =Mxj , all j. The observation above

shows that P1 ∨ P2 and, indeed, any finite join P1 ∨ · · · ∨ Pn can be written in the
form Mx for some x ∈ M. So we may assume that P1 ≤ P2 ≤ . . . . Since L is
hyperfinite and we have already shown that (1)⇒(2), this sequence is eventually
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constant. But this shows that P =Mxj , for some xj ∈ M. Thus P =M and M
is closed.

For the rest of the proof we assume that L is a nest.
The equivalence, (1)⇔(5), is trivial; in a nest a projection is generated by finitely

many atoms if, and only if, it is generated by a single atom. (1)⇒(7) follows
immediately from (1)⇒(4) and (7)⇒(6) is trivial.

(6)⇒(2): Assume that (2) is false; let 0 = F0 < F1 < F2 < . . . be a strictly
increasing sequence of projections in L. Suppose that λ = (λn) is a decreasing
sequence of positive real numbers. Let Dλ =

∑∞
n=1 λn(Fn − Fn−1) (the sum con-

verges in the strong operator topology). By a result of Ong [9], the range of Dλ is
an invariant operator range for AlgL.

If x is a vector in
∨∞
n=1 Fn, let xn = (Fn − Fn−1)x, for each n. Necessarily,∑∞

n=1 ‖xn‖2 <∞. Note that x is in the range of Dλ if, and only if,
∑∞

n=1
1
λn2 ‖xn‖2

<∞.
In order to exhibit two operator ranges which are not related by inclusion, choose

two decreasing seqences, λ and µ, of positive real numbers in such a way that
µn/λn ≥ n whenever n is even and λn/µn ≥ n whenever n is odd. Next, choose
vectors xn and yn in Fn − Fn−1 so that ‖xn‖ = µn/n and ‖yn‖ = λn/n, for all n.

The four sequences, (xn),
(

1
µn
xn

)
, (yn), and

(
1
λn
yn

)
are all square summable.

Consequently, x =
∑∞

n=1 xn and y =
∑∞
n=1 yn are convergent sums; x is an element

of the range of Dµ; and y is an element of the range of Dλ.

Now consider the sequences
(

1
λn
xn

)
and

(
1
µn
yn

)
. For n even,

∥∥∥∥xnλn
∥∥∥∥ =

(
µn
λn

)(
1
µn

)
‖xn‖ ≥ 1;

while, for n odd,

∥∥∥∥ ynµn
∥∥∥∥ =

(
λn
µn

)(
1
λn

)
‖yn‖ ≥ 1.

This shows that x is not in the range of Dλ and y is not in the range of Dµ; thus
Dλ and Dµ are not ordered by inclusion.

(7)⇒(2): This is evident from the preceeding argument and the trivial implica-
tion (7)⇒(6). However, here is an alternative proof which avoids the use of operator
ranges and which exhibits two singly generated invariant linear manifolds which are
unrelated by inclusion.

Let en = 1 + 2 + · · ·+ n, for all n. Since en = en−1 + n, we have, for all k,

∞∑
n=k+1

1
2en

<

∞∑
n=0

1
2ek+1+n

=
∞∑
n=0

1
2ek+k+1+n

=
1

2ek

∞∑
n=0

1
2k+1+n

=
1

2ek2k
.



394 ALAN HOPENWASSER

Define two sequences:

an =

{
0, if n is even;
1/2en , if n is odd;

bn =

{
1/2en , if n is even;
0, if n is odd.

In other words,

a =
(

1
2e1

, 0,
1

2e3
, 0,

1
2e5

, 0, . . .
)
,

b =
(

0,
1

2e2
, 0,

1
2e4

, 0,
1

2e6
, . . .

)
.

Now assume that k is an odd integer. Then
∞∑
n=k

bn =
∞∑

n=k+1

bn <
∞∑

n=k+1

1
2en

<
1

2ek2k
.

Therefore, ( ∞∑
n=k

bn

)−1

> 2k2ek .

Since we also have
∞∑
n=k

an >
1

2ek
,

we obtain ( ∞∑
n=k

an

)( ∞∑
n=k

bn

)−1

> 2k, for all odd k.

Similarly, ( ∞∑
n=k

bn

)( ∞∑
n=k

an

)−1

> 2k, for all even k.

Thus we have

sup
k

( ∞∑
n=k

an

)( ∞∑
n=k

bn

)−1

=∞, and

sup
k

( ∞∑
n=k

bn

)( ∞∑
n=k

an

)−1

=∞.

Assume that L fails to satisfy (2) and let 0 = F0 < F1 < F2 < . . . be a strictly
increasing sequence of projections in AlgL. For each n ≥ 1, choose vectors xn and
yn in Fn − Fn−1 so that ‖xn‖2 = an and ‖yn‖2 = bn; finally, let x =

∑∞
n=1 xn and

y =
∑∞

n=1 yn. Since ‖F⊥k x‖2 =
∑∞
n=k+1 an and ‖F⊥k y‖2 =

∑∞
n=k+1 bn, it follows

that

sup
k

‖F⊥k x‖
‖F⊥k y‖

=∞ and sup
k

‖F⊥k y‖
‖F⊥k x‖

=∞.
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Thus

sup
F∈L

‖F⊥x‖
‖F⊥y‖ =∞ and sup

F∈L

‖F⊥y‖
‖F⊥x‖ =∞.

This shows that for all T ∈ AlgL, Ty 6= x and Tx 6= y. The linear manifolds
Mx and My are invariant under AlgL and, since x /∈ My and y /∈ Mx, we have
Mx *My and My *Mx.
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