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A NOTE ON TRIANGULAR DERIVATIONS OF k[X;, X5, X3, X4]
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(Communicated by Wolmer V. Vasconcelos)

ABSTRACT. For a field k of characteristic zero, and for each integer n > 4, we
construct a triangular derivation of k[X1, X2, X3, X4] whose ring of constants,
though finitely generated over k, cannot be generated by fewer than n elements.

1. INTRODUCTION

Let k be a field of characteristic zero. If R is a finitely generated k-algebra, we
write #(R) = s to indicate that R can be generated by s elements but not by s — 1.
The purpose of this note is to show:

Theorem. Given any integer n > 3, there exists a triangular derivation A of the
polynomial ring k[ X1, Xo, X3, X4] whose kernel satisfies n < #(ker A) <n + 1.

Equivalently, the theorem asserts that, given n > 3, there exists a triangular
action of G, = (k,+) on A* whose ring of invariants satisfies n < #O(A*)% <
n + 1. The theorem is proved by constructing A explicitly for n > 4 (for n = 3,
just use a partial derivative).

In contrast to our present result, the well-known theorem of Miyanishi [2] states
that, for any locally nilpotent k-derivation D of k[X7, Xa, X3], #(ker D) = 2. At
the other extreme, the authors recently found a triangular derivation of the ring
k[X1, X5, X3, X4, X5] whose kernel is not finitely generated as a k-algebra [1]. It
is not known whether such kernels in dimension four are always finitely generated,
even for triangular derivations.

2. PRELIMINARIES

A triangular derivation of k[X1,...,X,] is a k-derivation A : k[X7,...,X,] —
k[X1,...,X,] satisfying A(X;) € k[Xq,...,X; 1] foralli=1,...,n.

An element of a submonoid T" of (N, +) is primitive if it is positive and cannot
be written as the sum of two positive elements of I'. It is easy to see that the set
of primitive elements in I is a finite set which generates I' and which is contained
in every generating set.

The support of an element f = > °° a; X" of the power series ring k[[X]] is
Supp(f) = {i € N|a; # 0}. Given a submonoid I' of (N, +), the elements f of
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k[[X]] satisfying Supp(f) C I' form a subalgebra of k[[X]] which we denote k[[T']].
We observe:

If g1,...,9- € X[[T]] and P € k[[T1,...,T;]] satisfy ord(g;) >1 for
(1) all ¢ and ord(P) > 2, then no primitive element of I belongs to the
support of P(g1,...,9r)-

Indeed, let ~v € Supp P(g1,...,9-); then v must be in the support of some
monomial g* - - -gir with i1 + -+ 4+ 14, > 2, so 7y is the sum of i1 + - - - + i, elements
of |J;_, Supp(g;) C '\ {0} and hence is not primitive.

Lemma 1. Let T’ be a submonoid of (N,+), let e < --- < ey}, be the primitive
elements of T', let R = k[X*,..., X ] and let T be an indeterminate over R.
Then:

#(R)=h and #(R[T])=h+1.

Proof. Given f € R[T], let f(0) € k[X] be the result of evaluating f at T'= 0, and
let ord(f) € NU {oo} be the X-order of f(0), i.e., the largest s > 0 such that X*
divides f(0) in k[X]. Note that #(R) = h is a consequence of #(R[T]) = h+ 1, so
it suffices to prove the latter.

Assume that #(R[T]) # h + 1; then R[T] can be generated by h elements,
say R[T] = Kk[f1,..., fn]. We begin by showing that, replacing if necessary the

generating set {fi1,..., fn} by another one with the same cardinality h, we may
arrange that ord(f;) = e; for all j = 1,...,h. To see this, consider an integer ¢
satisfying 1 <4 < h and

(2) ord(f;) = ej, for all j <

(this certainly holds for ¢ = 1). Observe that every element of I" strictly less than e;
belongs to the monoid generated by {e1,...,e;—1}; hence, replacing each f; (with
j > i) by f; plus a suitable polynomial in (f1,..., fi—1), we may arrange that
ord(f;) > e; for all j > 4. After relabelling, we obtain that f;, ..., fj, satisfy

e; < ord(f;) <ord(fiy1) < -+ < ord(fr).
Since X € R[T], we may write
X =M+ +Mfa+Plfr, .. fn),

where \; € k, P € k[T, ..., T}] (the T} are indeterminates) and where every mono-
mial occuring in P(T%,...,Ty) has degree at least two. Now P(fy,..., fh)‘T .=
P(f1(0),..., fn(0)) = Ej w; X7, where u; € k and v; € I', but none of these o7
can be a primitive element of I' by (1). It follows that A; = 0 for all j < i; also,
ord(f;) = e;, so we arranged that (2] holds for a larger value of i. Thus we may
arrange that

ord(f;) =e; forall j=1,... h.
Since T' € R[T], we may write
(3) T=Nfi+-+ XS+ P (fr,.--, fn),

where X; € k, P’ € Kk[T1,...,Ty], and where every monomial occurring in
P'(Ty,...,Ty) has degree at least two. Evaluating (@) at 7' = 0 shows that \; =0
for all j (as before, P'(f1(0),...,fn(0)) can’t produce a term X%, by (1)). On
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the other hand, each f; evaluated at X = 0 is an element of Tk[T]. Thus, eval-
uating the equation T = P'(f,..., fn) at X = 0 yields T = T?Q(T) for some
Q(T) € k[T]. This is a contradiction, so #(R[T]) = h + 1 cannot be false. O

Lemma 2. Let h,p,q be positive integers. If ged(p,q) = 1, then the ideal
(Iy —17, 17 — 1%, ..., T} | —TP)
of k[Ty, ..., Ty is prime.

Proof. Consider the ideals p = (T¢§ —17,...,T)/_; = T}) of k[Ty, ..., Ty] and p’ =
(T§-=T7,...., 70 ,—TF |) ofK[Ty,...,Th—1]. By induction, we may assume that p’
is prime. This allows us to identify R’ = k[Ty, ..., Th—1]/p’ with k[ X ... Xen-1]
where X is an indeterminate and e; = p"~3g7. Let K’ be the field of fractions of
R’ and note that K’ = k(XP?). Since k[T, ...,Tx]/p = R'[T}]/(TF — 07), where
0 = Tp—1 +p' € R, it suffices to show that T} — 67 is an irreducible element of
K'[Ty]; for this, it’s enough to verify that (89)"/? ¢ K’ for alli=1,...,p— 1. But
0 = X1, s0 (§9)i/P = X" ¢ k(XP) foralli=1,...,p—1. O

The following is a well-known fact about extracting roots in a power series ring.

Lemma 3. Let q be a positive integer, R a domain containing Q, W an indeter-
minate over R and o an element of R[[W]] with constant term equal to 1 (i.e.,
o=1+sW +s3W?+--- where s; € R). Then there exists a unique p € R[[W]]
satisfying p? = o and having constant term equal to 1.

Lemma 4. Let h > 2 be an integer and p, q prime numbers such that p*> < q. Then
there exist fo,..., fn € K[W, X] satisfying:

(i) £;(0,X) = X?P"7’7 for all j such that 0 < j < h;

(i) fj+1 = % (mod W"=7) for all j such that 0 < j < h;

(iif) fy_,—fr =0.

Proof. Define f, = X" and fho1 = xra" Suppose that f,..., f; € k[W, X]
have been defined (where 0 < ¢ < h) and satisfy (i)—(iii) and

h—

) X gy << h).
Note that the assumption p? < ¢ implies that f¥+ W fi11 is divisible by X phf”lqi;
define

o fL+ Wi

Xph*i*lqi

€ k[W, X] C k[X][[W]]

and note that ¢ has the form o = 1 + ;W + s, W?2 + ... (with s; € k[X]). By
Lemma 8] we may consider p = 1+ W +r2W?2+- - € k[X][[W]] (with r; € k[X])

such that p? = . Then f;_1 := X?" 77" p € kK[X][[W]] satisfics
A"Lqil - flp _ f d XP}L7i+1qi71 | f
W = Ji+1 an i—1
so, if f;—1 € k[W,X] is a suitable truncation of fi_1, then fn,..., fi_1 satisfy
(i)—(iii) and @). So we are done by induction. O
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3. THE EXAMPLES

Given an integer h > 2, we construct a triangular derivation A : k[W, XY, Z] —
k[W, XY, Z] whose kernel satisfies h + 2 < #(ker A) < h + 3.

Choose prime numbers p, g satisfying p? < g; consider fo, ..., frn € k[W, X] as in
Lemma [ and define Fy = fo + YW" T F| = £ + ZW" and

FL, - F .
Fi_,_l:T (1 <i<h).
Let A =k[W, Fy, ..., F,+1]. We have to prove the following two claims:
(5) h+2<#(A) <h+3;
A is the kernel of some triangular derivation
(6) A KW, X,Y, Z] - KW, X,Y, Z].

We begin by showing that
(7) Fy=f+bW" =7 (0<j<h+1),

where b; € k[W, XY, Z] and b;(0,X,Y, Z) ¢ k[X], and where we define f5+1 = 0.
We proceed by induction and note that the assertion is clear for j < 1. Assume that
(@) holds for 0 < j < i, for some i such that 1 <i < h. Then F; = f; + b;Wh+i-i
and F;_1 = f_1 + b1 W"T27% 50

Fly — FP = (fic1 + b W20 — (fi 4+ bW 0P
= ([l = 1) = pf7 oW e W
for some e; € k[W, X,Y, Z]. Write Lw_fp = fir1 +eaWh i with &9 € k[W, X];
then dividing (F}, — FF) by W gives
Fior = (fiyr + W) —pfP o Wh=" 4 gyt
= fir1 + (e2 —pff b+ W)W,

which proves (). (In particular, the F;’s are polynomials.)
Let 7 : k[W, X, Y, Z] — Kk[X,Y, Z] be the surjective k-homomorphism defined by

W—0, X—X, Y—Y Z—Z
Then (7) implies that 7(A) = k[X®,..., X¢ 7] where ¢; = p"~i¢’ and where 7 is
transcendental over k(X). Let R = k[X®, ..., X°®"]; since R[7] is a homomorphic

image of A, #(A) > #(R[7]); since #(R[7]) = h+ 2 by Lemmal[Il (@) holds. Define
a derivation A : k[W, X, Y, Z] — k[W, XY, Z] by

o2 0 9
oX oY 0oz
(8) A = |9Fy, 09Fy 0OF]|.

o0X oY 0Z

OF,  0F  9F

o0X oY 0Z
Then AZ = —WH1 LAY = —Wh S AX = W2'+! and AW = 0, so A is
a triangular derivation of k[W, XY, Z]. Tt is clear that k[W, Fy, F1] C ker A, so
A C ker A; let us now argue that ker A C Ayy. Write B = k[W, XY, Z]; since

BW 2 AW[X] 2 k[VV, WﬁlevFO;Fl] = k[VV, W717X7Y7 Z] = BW;

By is a polynomial ring over Ayy. On the other hand, (ker A)y, contains Ay and
is the kernel of the nonzero derivation Ay : By — By, so (ker A)y = Ay and
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we have shown that A C ker A C Aw . So, in order to prove (@), there remains only
to prove

(9) ANWB=WA.

It is easy to see that the proof of (@) reduces to that of the following: if
To, ..., Tht+1 are indeterminates and ¢ € k[T, ..., Thy1], then (Fo, ..., Fri1) €
WB implies ¢(Fy,...,Fry1) € WA, Write ¢ = > ¢,y with ¢, €
k[Ty,...,Th]. Then -

0= ﬂ—(w(FOa"'thJrl)) = an(Xeov"erh)Tna

n>0

where 7 = w(Fp41) is transcendental over k(X), and consequently ,, € ker ¢ for
all n, where ¢ : k[Ty,...,T)] — k[X] is the k-homomorphism which maps T; to
X¢. By LemmafPl kerp = (T§ —17,..., T}, —=TF), so ¢, = E?Zl o (T, =T7)
for some o € k[Tp,...,Ts). Then

wn(FOw--)Fh): O[j(FOM"th)(qul_F;))

J

M-

<
Il
—

[
M=

aj(Fo, ceey Fh)WFjJrl c WA.

ECH
I
-

So (@) holds and, consequently, ker(A) = A. So (B) and (@) are proved.

Example. We exhibit a triangular derivation A of k[W, X, Y, Z] whose kernel can-
not be generated by five elements over k. Let p = 2, ¢ = 5 and h = 4 and, following
the proof of Lemma Hl successively define fy, f3, fo, f1, fo by:ﬁ

fo= X0 fg— X0 f, = X100 L X225y
fl _ X4O T (2_25X165 T %XQO) W+ (_6_35)(290 _ 1;;5)(215 _ %X140) W2
and
fO:X16+ (2—25X66+%X36+%X141)W

92 w191 _ 23 116 _ _42 266 , 9 Y161 _ 8 Y86 _ 2 y56 2
"'( 3195 % 25X o5 T g X 15 X 55X )W

408 241 68 166 666 316 328 211 132 136
+ ( 78125X + 15625X + 390625X + 15625X + 3125X

36 v106 _ 72 286 _ 28 Y181 , 6 76 244 391 3
+ a5 X 7R3N 55X T 15X+ Tgsaes X ) we.

Define A as in (8) or, equivalently, by

9fo

AW =0, AX =W, AY:—W48—X and AZ:—W5%

ox’
Then, by (@) and (), we have 6 < #(ker A) < 7.

INote that the fj’s are not unique.
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