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ABSTRACT. We prove that a Banach space X is uniformly smooth if and only
if, for every X-valued bounded function f on the unit sphere of X, the intrinsic
numerical range of f is equal to the closed convex hull of the spatial numerical
range of f.

1. INTRODUCTION

Let X be a Banach space over K (= R or C). We denote by Sx, Bx, and X* the
unit sphere of X, the closed unit ball of X, and the dual space of X, respectively.
For u in Sx, we denote by D(X,u) the set of all states of X relative to u, namely

D(X,u):={¢ € Sx~: ¢p(u) =1},

and then, for z in X, we define the numerical range V (X, u,x) of x relative to u
as the nonempty, convex, and compact subset of K given by the equality

V(X,u,z) :={o(x): ¢ € D(X,u)}.

Given a mapping f from Sx into X, we can consider the so-called spatial nu-
merical range W (f) of f, namely

W(f) = JIV(X u, f(w): ue Sx}.

If the mapping f above is bounded, then it also has an intrinsic numerical range
V(f), given by the equality

V(f) = V(B(Sx,X),l,f),

where B(Sx,X) denotes the Banach space of all bounded functions from Sx to
X, and 1 stands for the natural embedding Sx — X. In this case we have the
inclusion

coW(f) S V()

where €0 means closed convex hull. (Indeed, for uw in Sx and ¢ in D(X,u), the
mapping g — ¢(g(u)) from B(Sx,X) to K is an element of D(B(Sx, X),1).) The
inclusion above is known to be an equality whenever either f is (the restriction to
Sx of) a continuous linear operator on X [6], or K = C and f is (the restriction to
Sx of) a uniformly continuous function on Bx which is holomorphic on the interior
of BX [5]

Received by the editors October 19, 1998 and, in revised form, May 24, 1999.
2000 Mathematics Subject Classification. Primary 46B04, 46B20.

©2000 American Mathematical Society

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



816 ANGEL RODRIGUEZ PALACIOS

The aim of this note is to show that the equality €6 W(f) = V(f) can hold for
every f in B(Sx,X), but only if X lies in a very restrictive class of Banach spaces.
Actually, we prove that the equality o W (f) = V(f) holds for every f in B(Sx, X)
if and only if X is uniformly smooth. Note that every uniformly smooth Banach
space is super-reflexive, and that, in fact, super-reflexivity is the isomorphic side of
the uniform smoothness, i.e., every super-reflexive Banach space has a uniformly
smooth equivalent renorming (see for instance [2]).

2. THE RESULTS

Let X be a Banach space over K (= R or C), and u an element in Sx. For x
in X, the function a@ — |ju + az|| from R to R is convex, hence there exists the
number

—1 -1
M) = tim Jetoel =1 :mf{M: N €R+},
a—0t o o
and it is known that the equality
M*(z) = max{Re(\): A € V(X,u,z)}

holds (see for instance [3, Theorem V.9.5]). For a in R, we put
-1
o(X, u, ) :=sup {M —M“(x):z € BX} .
a

Theorem 1. Let I be an infinite set, {X;}icr a family of Banach spaces over K,
and, for each i in I, let u; be a fixed norm-one element in X;. Denote by Y the
loo-sum of the family {X;}icr, and by u the element of Sy given by u(i) := u; for
every i in I. Then the following assertions are equivalent:

i) the equality

V(¥uy) = (VX u),y(0): i € 1Y)

holds for every y in Y.
11) hm(z,a)—»(oo,O) @(sz U’(Z)7 Oé) =0.
In assertion ii) above, the symbol lim; o) (s0,0) means the limit along the filter
basis on I x R consisting of all subsets of I x R of the form J x (0,§), where J

is a co-finite subset of I and J is a positive number. We also note that, if the set I
in the theorem fails to be infinite, then, for every y in Y, the equality

V(Y,uyy) = co (VX uli),y(@): i € 1)
is automatically true.

Proof of Theorem [ ii) = i) Fix y in Sy, and let € be a positive number. By
assumption ii), there exists 6 > 0, and a co-finite subset J of I, such that the
inequality

[u(f) + az;l| -1

o (zj) <e

holds whenever j is in J, x; is in Bx; for such a j, and 0 < a < . For k in I\J,
we can choose 0 > 0 such that

[[u(k) + ay(k)|| — 1

—M“B(y(k)) <e
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whenever 0 < a < d;. By putting p := min{d, min{d;: k € I\J}}, it follows that
the inequality

[u(@) + ay(@)] —

1 .
- < MO (y(i)) + ¢

is true for every ¢ in I and 0 < a < p. Therefore, for 0 < a < p we have

[[u+ ayl| -1

YL < sup{ MO (y(0)): i € T+,

and, by letting « — 0, we obtain
M*(y) < sup{M"D(y(i)): i € I} + <.
In view of the arbitrariness of €, we actually have
M (y) < sup{M“D(y(i)): i € I},

so that, replacing y by zy with z in Sk, the inclusion

V(Y,u,y) € o (VX uli),y(@): i € 1)

follows. The reverse inclusion is trivial.

i) = ii) Assume that ii) is not true. Then there is ¢ > 0 such that, for every
co-finite subset J of I, and for every § > 0, there exists 0 < o < ¢, j in J, and z;
in By, such that

lu(j) + ax;|| —1
o)
Take 0 < a1 < 1,4(1) in I, and () in Bx,,, such that

_ M“(j)(xj) > €.

[u(@(1)) + a1zl — 1

— M“(i(l))(xi(l)) > e

aq
Assume that, for some n in N, a1,...,ap, i(1),...,i(n), i), .., Tin) have been
found such that 0 < o, < %, i(m) is in I, x;(my,) belongs to X,

u(i(m)) + am@igm) || — 1 :
- i(m) . Mu(z(m))(xi(m)) > ¢
m
(forallmin {1,...,n}), and i(m) # i(m’) (for all m, m’ in {1,...,n} with m # m’).
Then we can choose 0 < ap41 < %_H, i(n+1) in I\{i(1),...,i(n)}, and x;;,,41) in
Bx, (., satistying
[u(i(n +1)) + ant1Zinrn) | — 1 _ M"(i(nﬂ))(ﬂvi(nﬂ)) >

Qn 41

In this way, we have constructed a sequence {(on,i(n), Z;n)) tnen with a, € RY,
{an} —0,i(n) € I, i(n) # i(m) for n # m, x4, € Bx,,,, and

u(i(n) + omaign || — 1

— M“(i("))(xi(n)) > e
Qp

Put 7 := lim supnﬂoo{M“(i("))(xi(n))}, so that, by discarding a finite number of
terms in the sequence {(an,i(n),z;y))}, we can assume that, in addition to the
above properties, we have

MU (5)) < 7+

N ™
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for every n. Now, consider the element y in Y defined by y(i) = z;¢,) if i = i(n)
for some n, and y(i) = ru(i) otherwise. Then, for every n in N we have
[ut anyl =1 Jlui(n) + any(i(n))]| —1
(7% B 70
 Juli(n)) + @il -

Qp

1 )
> Mu(l(n))(xi(n)) Te.

By taking upper limits as n — oo, we obtain
M*(y) >r+e.
On the other hand, the definition of y yields the inequality

sup{M“O (y(i)): i € I} <1+ %
It follows that
w(e . . € u
sup{M“ D (y(i)): i € I} + 5 < M"(y),

so that the equality in assertion i) cannot be true for y. [l

Let X be a Banach space. Given u in Sx, we say that the norm of X is strongly
subdifferentiable at w if

M*(z) = lim 7“1;—1— ozl -1

uniformly for z in By
a—0t o

(equivalently, if limy,—o @(X,u,«) = 0). Given a nonempty set I, we denote by
B(1,X) the Banach space of all bounded functions from I to X. A straightforward
consequence of Theorem [ is the following.

Corollary 2 ([1]). Let X be a Banach space, and let u be in Sx. For every
nonempty set I, denote by @ the element of B(I,X) defined by 4(i) = u for all
i in 1. Then the following assertions are equivalent:

i) For every nonempty set I and every f in B(I,X), the equality

V(B X), 0, ) = (VX u f(0)): i € 1Y)

holds.
ii) There exists an infinite set I such that

V(B X),a, ) = (VX u f(0)): i€ 1Y)

for every f in B(I,X).
iil) V(B(N, X), 4, f) =c(U{V(X,u, f(n)): n € N}) for all f in B(N, X).
iv) The norm of X is strongly subdifferentiable at u.

Given a Banach space X, and a subset D of Sx, we say that the norm of X is
uniformly strongly subdifferentiable on D if

-1
M*(z) = lim 7Hu+ozx|\

uniformly for (u,z) in D x Bx.
a—07t «Q

Proposition 3. Let E be a topological space without nonempty open finite sub-
sets (for instance, every topological Th-space without isolated points), X a Banach
space, and g: E — Sx a continuous function. Then the following assertions are
equivalent:
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i) For every f in B(E,X), the equality

V(B(E,X),9,f) = (| {V(X.9(t). S (1)): t € E})

holds.
il) The norm of X is uniformly strongly subdifferentiable on the range of g.

Proof. ii) = i) The uniform strong subdifferentiability of the norm of X on the
range of g implies lim 4y (s0,0) ©(X, g(t), ) = 0. Now, apply Theorem [

i) = ii) Let € > 0. By assumption i) and Theorem [ there exist 6 > 0 and a
co-finite subset J of E such that the inequality

||g(t) +am|\ —1 _Mg(t)(x) < g
« 2
is true whenever ¢ is in J, z is in Bx, and 0 < a < §. Then, for 0 < a < §,
0< @B<d,tinJ, and x in Bx, we have

lg(®) +axl =1 _ Jlg(t) + Ball = 1)
a 3 -
Since J is dense in E and ¢ is continuous, the last inequality remains true for
0<a<d,0<f<d,tin F, and z in Bx. By letting 8 — 0, we obtain

”g(t) —l—Osz -1 _ Mg(t)(l‘) <e
Q@
whenever ¢ is in F, x is in Bx, and 0 < o < 4. |

We note that Proposition [3] generalizes Corollary [@. Indeed, if I is an infinite
set, and if we endow I with the trivial topology, then I becomes a topological space
with no nonempty open finite subsets, and the unique continuous functions on [
are the constant ones.

Let X be a Banach space. Recall that, given u in Sx, the norm of X is said
to be Fréchet differentiable at w if there exists a continuous R-linear mapping
7(u,-): X — R such that

iy Mt Al =1 —7(u,h)l
l[A] =0 [|A]]

= 0.

It is easy to see that the norm of X is Fréchet differentiable at w if and only if X
is smooth at u (i.e., D(X,u) reduces to a singleton) and the norm of X is strongly
subdifferentiable at u. If this is the case, then the unique element ¢ in D(X, u) and
the real-valued functional 7(u, -) are mutually determined by means of the equality
Reog = 7(u,-). If the norm of X is Fréchet differentiable at every point of Sx, and
if we have

Ll Bl =1 = ()

lIh]—0 17l

= 0 uniformly for w in Sx,

then we say that X is uniformly smooth. The notion of uniform smoothness of
X is apparently stronger than that of uniform strong subdifferentiability of the
norm of X on Sx, but, as proved in [4] Proposition 4.1], both notions actually are
equivalent. Noticing also that the uniform strong subdifferentiability of the norm
of X on some subset D of Sx implies the uniform strong subdifferentiability of the
norm of X on the closure of D (argue like in the proof of Proposition 3], we derive
the next corollary.
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Corollary 4. Let E be a topological space without nonempty open finite subsets,
X a Banach space, and g a continuous function from E onto a dense subset of Sx.
Then the following assertions are equivalent:

i) For every f in B(E,X), the equality

V(B(E,X),9,f) = (| J{V(X.9(t). f(1): t € E})

holds.
i) X is uniformly smooth.

Taking in Corollary[@ E = Sx and g equal to the inclusion mapping Sx — X,
we obtain the characterization of uniformly smooth Banach spaces announced in
the introduction.

Theorem 5. For a Banach space X, the following assertions are equivalent:

i) For every bounded function f: Sx — X, the equality W (f) = V (f) is true.
i) X is uniformly smooth.

To conclude the paper, let us show an elemental example of a Banach space X,
together with a bounded function f: Sx — X, such that the inclusion 6 W (f) C
V(f) is strict.

Example 6. Take X = R? with norm ||(\, p)| := max{|A|,|u|}. For z,y in X, put
Jz,y[:={az+ (1 —a)y: 0 < a < 1}, and define a function f: Sx — X by

(0,0) ifwe{(1,1),(1,-1),(-1,-1),(-1,1)},
f(u) = (Oal) ifue ](1’1)7(1’_1)[U](_17_1)7(_171)[7
(1,0) fue](1,-1),(-1,-D)[U](-1,1),(1,1)[.

Then f is bounded with || f|| = 1. Moreover, it is easily checked that the equality
11+ f] = 1+ |a| holds for every a in R, and therefore V(f) is equal to the closed
real interval [—1, 1]. However, we have V (X, u, f(u)) = {0} for every u in Sx, and
hence W(f) = {0}.
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