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COMPACT OPERATORS ON THE BERGMAN SPACE
OF MULTIPLY-CONNECTED DOMAINS

ROBERTO RAIMONDO

(Communicated by Joseph A. Ball)

Abstract. If Ω is a smoothly bounded multiply-connected domain in the

complex plane and A =
Pm
j=1

Qmj
k=1 Tϕj,k , where ϕj,k ∈ L∞(Ω, dν), we show

that A is compact if and only if its Berezin transform vanishes at the boundary.

1. Introduction

Let Ω be a bounded multiply-connected domain in the complex plane C, whose
boundary ∂Ω consists of finitely many simple closed smooth analytic curves. For
dν = 1

πdxdy we consider the usual L2-space L2(Ω) = L2(Ω, dν). The Bergman
Space H2(Ω, dν), consisting of all holomorphic functions which are L2-integrable, is
a closed subspace of L2(Ω, dν). The Bergman Projection is the orthogonal projection
P :L2(Ω, dν) −→ H2(Ω, dν). It is well known that for any f ∈ L2(Ω, dν) we have

Pf(w) =
∫

Ω

f(z)KΩ(z, w)dν(z),

where KΩ is the Bergman reproducing kernel of Ω. For ϕ ∈ L∞(Ω, dν) the Toeplitz
operator Tϕ from H2(Ω, dν) to itself is defined by Tϕ = PMϕ, where Mϕ is the
standard multiplication operator.

Axler and Zheng have proved (see [2]) that if D is the disk S =
∑m
j

∏mj
k Tϕi,k ,

where ϕi,k ∈ L∞(D), then S is compact if and only if its Berezin transform vanishes
at the boundary of the disk. Moreover, they asked if their result could hold if the
disk is replaced by other domains in C which “lack appropriate symmetry.” The
aim of this paper is to prove, using new techniques, that the same characterization
holds when Ω is a general smoothly bounded multiply-connected planar domain.
Such multiply-connected domains “lack appropriate symmetry”.

2. Preliminaries

Let Ω be a bounded multiply-connected domain in the complex plane C, whose
boundary ∂Ω consists of finitely many simple closed smooth analytic curves γj
(j = 1, 2, . . . , n), where γj are positively oriented with respect to Ω and γj ∩γi = ∅
if i 6= j. We also assume that γ1 is the boundary of the unbounded component
of C\Ω. Let Ω1 be the bounded component of C\γ1, and Ωj (j = 2, . . . , n) the
unbounded component of C\γj , respectively, so that Ω =

⋂n
j=1 Ωj . We use the
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740 ROBERTO RAIMONDO

symbol ∆ to indicate the punctured disk {z ∈ C|0 < |z| < 1}. Let Γ be any one of
the domains Ω, ∆, Ωj (j = 2, . . . , n). We call KΓ(z, w) the reproducing kernel of Γ
and we use the symbol kΓ(z, w) to indicate the normalized reproducing kernel, i.e.
kΓ(z, w) = KΓ(z, w)/KΓ(w,w)

1
2 .

For any A ∈ B(H2(Γ, dν)) we denote Ã, the Berezin transform of A (see [3] and
[2]), where Ã(w) = 〈AkΓ

w, k
Γ
w〉 =

∫
ΓAk

Γ
w(z)kΓ

w(z)dν(z). With these definitions in
mind we can state the main theorem:

Theorem 2.1. Let A be an operator in B(H2(Ω, dν)) which can be written as
A =

∑m
j=1

∏mj
k=1 Tϕj,k , where ϕj,k ∈ L∞(Ω, dν). Then A is compact if and only if

Ã(z)→ 0 as z → ∂Ω.

We remind the reader (see [6]) that any bounded multiply-connected domain
whose boundary consists of finitely many simple closed smooth analytic curves,
i.e. a regular domain, is conformally equivalent to a canonical bounded multiply-
connected domain whose boundary consists of finitely many circles. Moreover, it is
possible to prove (see [1]) the following

Theorem 2.2. Let Ω be a regular domain and let ψ be a conformal mapping from
Ω onto D. Then KD(ψ(z), ψ(w))ψ′(z)ψ′(w) = KΩ(z, w) and the operator Vψf =
ψ′ · f ◦ ψ is an isometry from L2(D) onto L2(Ω).

If A ∈ B(H2(Ω)) and we define AD ∈ B(H2(D)) as Vψ−1AVψ , where ψ is a
conformal mapping from Ω onto D, then we can prove the following

Proposition 2.3. Ã(z) = ÃD(ψ(z)).

Proof. We have, by definition, Ã(z) = 〈AkΩ
z , k

Ω
z 〉 =

∫
Ω
AkΩ

z (w)kΩ
z (w)dw, where

kΩ
z (·) = KΩ

z (·, z)KΩ
z (z, z)−

1
2 . Let us take ψ−1 : D → Ω. Since (JRψ

−1)(β) is
|(ψ−1)′(β)|2 and there exists ζ ∈ D such that ψ(z) = ζ we obtain

Ã(z) =
∫
D

((Vψ−1AVψ)(Vψ−1kΩ
ψ−1(ς)))(β)kΩ

ψ−1(ς)(ψ
−1(β))(ψ−1)′(β)dβ.

Since Theorem 1.2 implies that

kΩ
ψ−1(ζ)(ψ

−1(β)) = |(ψ−1)′(ζ)|((ψ−1)′(β)(ψ−1)′(ζ))−1 · kDζ (β),

then

Ã(z) =
∫
D

(ADkDζ )(β)kDζ (β)dβ;

it follows that Ã(z) = ÃD(ψ(z)).
Since every conformal map is an open map, we can conclude that it is enough

to prove the theorem when the domain is a canonical bounded multiply-connected
domain whose boundary consists of finitely many circles.

3. The structure of H2(Ω) and some estimates

about the Bergman kernel

In this section we state well-known facts which we will use in our work; for the
proofs the reader can see [1] or [7] and [4].

From now on we will assume that Ω =
⋂n
j=1 Ωj , where Ω1 = {z ∈ C : |z| < 1}

and Ωj = {z ∈ C : |z − aj| > rj} for j = 2, . . . , n. Here aj ∈ Ω1 and 0 < rj < 1
with |aj − ak| > rj + rk if j 6= k and 1− |aj| > rj . We will indicate with the symbol
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∆ the punctured disk Ω1\{0}. With the symbols KΩj (z, w), KΩ(z, w), K∆(z, w)
we denote the Bergman kernel on Ωj, Ω, and ∆ respectively.

Theorem 3.1. There exists an isomorphism I : L2(∆) −→ L2(Ω1) such that
H2(Ω1) = I(H2(∆)). Moreover, the Bergman kernels K∆ and KΩ1 satisfy the
equation K∆(z, w) = KΩ1(z, w).

We observe that the previous Theorem and the well-known fact that the repro-
ducing kernel of the unit disk is given by (1 − zw̄)−2 imply that, for j = 2, ..., n,
KΩj (z, w) = r2

j (r2
j − (z − aj) · (w − aj))−2. Moreover, Theorem 3.1 and Theorem

2.3 and the result of Axler and Zheng imply that if A =
∑m

j=1

∏mj
k=1 Tϕj,k , where

ϕj,k ∈ L∞(Ω`) and ` = 2, ..., n, then A is compact if and only if its Berezin trans-
form vanishes at the boundary.

We remind the reader that it has been proved that the kernel of Ω looks like the
kernel of Ωs near ∂Ωs. In fact, if we define KΩ

0 (z, w) = KΩ(z, w)−
∑n

`=1K
Ω`(z, w),

where for any z, w ∈ Ω× Ω KΩ
` (z, w) = KΩ`(z, w), we have the following

Lemma 3.2. 1. KΩ
0 is conjugate symmetric about z and w. For each w ∈ Ω,

KΩ
0 (·, w) is conjugate analytic on Ω and KΩ

0 ∈ C∞(Ω× Ω).
2. There are neighborhoods Uj of ∂Ωj (j = 1, . . . , n) and a constant C > 0 such

that Uj ∩ Uk is empty if j 6= k and
∣∣KΩ(z, w)−KΩ

j (z, w)
∣∣ < C for z ∈ Ω and

w ∈ Uj.
3. KΩ

0 ∈ L∞(Ω× Ω).
4. There are constants D > 0 and M > 0 such that for any (z, w) ∈ Gi × Ω ∪

Ω×Gi we have |KΩ(z, w)| < D|KΩ
j (z, w)| and |KΩ

j (z, w)| < |KΩ(z, w)|+M.

5. For any z ∈ Ω we have KΩ
j (z, z) < KΩ(z, z).

The next Lemma gives us a good insight into the structure of the space H2(Ω).
This lemma will play a special role in our construction.

Lemma 3.3. For f ∈ H2(Ω), we can write it uniquely as f(z) =
∑n

j=1(Pjf)(z) +
(P0f)(z) with Pjf ∈ H2(Ωj), P0f ∈ H2(Ω)∩C∞(Ω), Pk(Pjf) = 0 if j 6= k and there
exists a constant M1 such that, for j = 0, 1, . . . , n, we have ||Pjf ||Ω ≤ ||Pjf |||Ωj ≤
M1||f ||Ω. In particular, if f ∈ H2(Ωi), then Pif = f and ||f ||Ωi ≤ M1||f ||Ω for
i = 1, . . . , n.

Moreover, if {fn} is a bounded sequence in H2(Ω) and fn → 0 weakly in H2(Ω),
then Pjfn → 0 weakly on H2(Ωj) for j = 1, . . . , n and P0fn → 0 uniformly on Ω.

4. Multiply-connected domains

The goal of this section is to prove Theorem 2.1. We start with the following

Definition. Let Ω =
⋂n
i=1 Ωi be a bounded canonical multiply-connected domain.

We say that the set of n functions P = {p1, ..., pn} is a ∂-partition for Ω if
1. For every j = 1, . . . , n, pj : Ω→ [0, 1] is a Lipschitz, C∞-function.
2. For every j = 1, . . . , n there exists an εj > 0 such that if Uεj = {ζ ∈ Ω : rj <

|ζ − aj| < rj + εj}, then pj(ζ) = 1 ∀ζ ∈ Uεj and pj(ζ) = 0 if ζ ∈ Uεk and k 6= j.
3. For any ζ ∈ Ω,

∑n
i=1 pi(ζ) = 1.

From now on, in order to make our notation a little simpler, when we use a
kernel operator we will denote it by the name of its kernel function. For example,
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742 ROBERTO RAIMONDO

the Bergman Projection will be denoted by the symbol KΩ. Finally, we define the
operators Q`:L2(Ω) −→ L2(Ω), for ` = 1, 2, . . . , n, in the following way:

Q`f(z) =
∫

Ω

f(ζ)|KΩ
` (ζ, z)|dv(ζ).

It is important to notice that ∀` = 1, . . . , n, Q` is a bounded operator (see [7]).
We start with the following

Lemma 4.1. Let A =
∑N

j=1

(
Tφj,1 . . . Tφj,nj

)
, where φj,k ∈ L∞(Ω) for any j and

k. If P = {p1, . . . , pn} is a ∂-partition for Ω and Rs ∈ B(H2(Ω)), for s = 1, . . . , n,
is defined as

∑N
j=1

(
KΩ
s Mφj,1ps . . .K

Ω
s Mφj,nj ps

)
, then the following are equivalent:

1. A is a compact operator;
2. The operator R`P` is compact for ` = 1, . . . , n.

Proof. If we define Aj as Aj = Tφj,1 . . . Tφj,nj it follows that A =
∑N
j Aj . Since the

Bergman kernel of Ω is given by
∑n

s=0K
Ω
s and P = {p1, . . . , pn} is a ∂-partition

for Ω, then we have

Aj = (
n∑
s=0

KΩ
s )(

n∑
t=1

Mφj,1pt)...(
n∑
s=0

KΩ
s )(

n∑
t=1

Mφj,npt).

A simple calculation shows that there exists a compact operator Kj such that
Aj = Kj +

∑n
s=1 K

Ω
s Mφj,1ps . . .K

Ω
s Mφj,njps

. This implies that

A =
N∑
j=1

n∑
s=1

nj∏
k=1

KΩ
s Mφj,kps +

N∑
j=1

Kj

and, if we define K =
∑N

j=1Kj and Rs =
∑N

j=1

∏nj
k=1 K

Ω
s Mφj,kps , we have A =∑n

s=1 Rs+K. Since K is a sum of compact operators then it is a compact operator.
Hence this implies that A is compact if and only if

∑n
s=1Rs is compact.

We observe that I =
∑n
`=0 P` implies

n∑
t=1

Rt =
n∑
t=1

Rt

n∑
`=0

P` =
n∑
t=1

RtP0 +
n∑

t,`=1

RtP`,

where the P`’s are the operators studied in Lemma 3.3.

Claim I. The operator RtP0 is compact for t = 1, . . . , n.

Proof. Since RtP0 =
∑N
j=1 K

Ω
t Mφj,1pt . . .K

Ω
t Mφj,nj pt

P0, it is enough to prove that
for any nj with j = 1, . . . , N the operator KΩ

t Mφj,nj pt
P0 is compact. We observe

that if g ∈ L2(Ω), then

KΩ
t Mφj,njpt

P0g(z) =
∫

Ω

KΩ
t (w, z)φj,nj (w)pt(w)P0g(w) = Qt(φj,njptP0g).(∗)

Let {fn} be a bounded sequence in H2(Ω) such that fn → 0 weakly. Lemma 3.3
implies that P0fn → 0 uniformly on Ω; it follows that ||P0fn||∞ → 0. Therefore (∗)
and the fact that Qt is bounded imply that

||KΩ
t Mφj,njpt

P0fn||2 = ||Qt(φj,njptP0fn)||2 ≤ ||P0fn||∞||Qtφj,njpt||2 → 0.

This inequality together with a well-known theorem (see [5, Chap. 5]) implies that
the operator is compact.
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Claim II. The operator RsP` is compact if s 6= ` and s, ` = 1, . . . , n.

Proof. Since RsP` =
∑N

j=1K
Ω
s Mφj,1ps . . .K

Ω
s Mφj,njps

P`, it is enough to prove that
for any nj , with j = 1, . . . , N , the operator Rs,` = KΩ

s Mφj,njps
P` is compact. To

do so we consider a bounded sequence {fn} in L2(Ω) such that fn → 0 weakly
and we prove that ||Rs,`fn||2 → 0. We know that the continuity of P` implies that
P`fk → 0 weakly on H2(Ωl) and {||P`fk||Ω`} is bounded by Lemma 3.3. Since it
is a sequence of holomorphic functions we know that {P`fk} is uniformly bounded
on any compact subset of Ω`. Therefore the sequence {P`fk} is a normal family of
functions. Since P`fk(ζ)→ 0 for any ζ ∈ Ω`, then P`fk converges uniformly on any
compact subset of Ω` and consequently on F = supp(ps). Now we observe that

|Rs,`fk(ζ)| ≤ Sup{|P`fk(ζ)| : ζ ∈ F} · |Q`(|XFφj,njps|)(ζ)|.

Then, by using the fact that Q` is bounded, we have

||Rs,`fk||Ω ≤ Sup{|P`fk(ζ)| : ζ ∈ F} ·M · ||φj,1ps||Ω,2 → 0

and this completes the proof of our claim.

Finally, we observe that Claim I and Claim II imply that if, for any t, RtPt is
compact, then A is compact. Moreover, since P 2

t = Pt, PtPs = 0 if s 6= t, and I,
the identity operator on H2(Ω), is equal to

∑n
0 Pt, then A compact implies that

RtPt is compact for any t and this completes the proof of the theorem.

Remark. In the last Theorem we started with the operator

A =
N∑
j=1

(
Tφj,1 . . . Tφj,nj

)
and we have constructed the operator Rs =

∑N
j=1 K

Ω
s Mφj,1ps . . .K

Ω
s Mφj,njps

. Since
for any ζ, z ∈ ΩKΩ

s (ζ, z) = KΩs(ζ, z), we know thatRs is an element ofB(H2(Ωs)).
We also know that by construction φj,ips ∈ L∞(Ωs), so we can construct the
following bounded operator

AΩs =
N∑
j=1

KΩsMφj,1ps . . .K
ΩsMφj,njps

which acts on H2(Ωs).
We observe that Rs −AΩs is compact. In fact, since

AΩs =
N∑
j=1

nj∏
k=1

KΩsM(XΩ+XΩs−Ω)φj,kps ,

it follows that AΩs = Rs +
∑N

j=1

∑2nj−1
k=1 Tj,k, where each Tj,k is a product of

nj Toeplitz operators and at least one of them has the form KΩsMXΩs−ΩMφj,ips .

Since
∫

Ωs

∫
Ωs
|KΩs |2|XΩs−Ω|2|φj,ips|2dzdw < ∞, Tj,k is compact for any j and k.

Therefore Rs −AΩs is compact. With the definition of AΩs in mind, the fact that
Ps(H2(Ω)) = H2(Ωs) and the result proved in the last theorem, we can state the
following.
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Corollary 4.2. If A is a member of B(H2(Ω)) which can be written as
N∑
j=1

mj∏
k=1

Tφj,k ,

then A is compact if and only if AΩs ∈ B(H2(Ωs)) is compact for s = 1, . . . , n.

To prove the main theorem it is important to observe that

Lemma 4.3. Suppose that φ ∈ C∞(Ω̄) and it is a Lipschitz function; then the
operator [P,Mφ] is compact.

Proof. We observe that [P,Mφ] is an integral operator, the kernel of which has the
form F (z, w) = (φ(z) − φ(w))KΩ(z, w). Using the same decomposition of Ω as in
Lemma 3.3 we can write that Ω = H∪(

⋃n
`=G`), where ∀` = 1, . . . , n, G` = {z|r` <

|z − a`| ≤ r` + ε}, ε is such that ∀j 6= k Ḡk ∩ Ḡj = ∅ and H = Ω − (
⋃n
j=1 Gj.).

Observe that H 6= ∅. Given such a partition of Ω we can conclude that [P,Mφ] is
compact if and only if the operator

∑n
`=1 XG`(z)XG`(w)(φ(z) − φ(w))KΩ(z, w) is

a compact operator.

Claim. The operator S`(z, w) = XG`(z)XG`(w)(φ(z) − φ(w))KΩ(z, w) is in the
Schatten class Cq, where q = p(p− 1)−1, p ∈ (1, 2) and ` = 1, . . . , n.

Proof. We know (see [9]) that to prove our claim it is enough to show that S` ∈
 Lp(G` ×G`) for 1 < p < 2. By Lemma 3.2 we know that in G` ×G` the inequality
|KΩ(z, w)|p|KΩ`(z, w)|−p ≤ Dp holds and since φ is a Lipschitz function, there
exists a constant M such that∫

G`

∫
G`

|φ(w) − φ(z)|p|KΩ(z, w)|pdzdw ≤
∫
G`

∫
G`

|z − w|pDpMpr2p
` dzdw

|r2
` − (z − a`)(w − a`)|2p

.

If we define ς = (z − a`)r−1
` and ω = (w − a`)r−1

` , then we can write∫
G`

∫
G`

DpMpr2p
`

|z − w|pdzdw
|r2
` − (z − a`)(w − a`)|2p

=
∫
G̃`

∫
G̃`

DpMprp`
|ζ − ω|p

|1− ζω|2p
dζdω,

where G̃` = {ζ|1 < |ζ| ≤ 1 + εr−1
` }. Since | (ζ − ω)(1 − ζ̄ω)−1 | is bounded in

G̃` × G̃`, we can conclude that
∫
G`

∫
G`
|φ(w) − φ(z)|p|KΩ(z, w)|pdzdw < ∞ if and

only if

I =
∫
G̃`

∫
G̃`

dζdω

|1− ζω|p
<∞.

A simple calculation shows that I is finite if p < 2; then we can conclude that the
operator S` is a Cq operator. Therefore the operator is a compact operator and
this implies that [P,Mφ] is compact.

Lemma 4.4. Let Ω =
⋂n
t=1 Ωt be a canonical multiply-connected domain. Suppose

that A ∈ B(H2(Ω)) is an operator which can be written as A = Tφ1 . . . Tφm , where
φi ∈ L∞(Ω) for i = 1, . . . ,m and ps ∈ P , where P = {p1, · · · , pn} is a ∂-partition.
If we define Aps to be Tφ1ps . . . Tφmps , then limζ→∂Ωs Ã(ζ) = limζ→∂Ωs Ãps(ζ).

Proof. We observe that A = (Tφ1(1−ps)+Tφ1ps)...(Tφm(1−ps)+Tφmps). If we perform
all the products we obtain 2m terms. One of them is Aps . If we write Aj for the oth-
ers j = 1, ..., (2m− 1) summands, this means that A = Aps +

∑2m−1
j=1 Aj . Then it is
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easy to see that each Aj can be written as Tψj1 ...Tψj`(1−ps)...Tψjm , where ψjk ∈ L∞(Ω)
for any j, k. The point here is that one of the Toeplitz operators which appears
in the product has as its symbol a function which vanishes in a neighborhood of
∂Ωs. We claim that for any j = 1, . . . , (2m − 1) there exists a compact operator
Kj such that Tψj1 ...Tψj` (1−ps)Tψj`+1

...Tψjm = Tψj1
...Tψj

`
Tψj

`+1(1−ps)...Tψjm +Kj. Let us
prove this claim. We observe that to prove this claim it is enough to show that
the operator B = Tψj` (1−ps)

Tψj`+1
- Tψj`Tψj`+1(1−ps) is compact. Since Lemma 4.3

implies that B1 = Tψj`
T(1−ps) − Tψj` (1−ps) and B1 = T(1−ps)Tψj`+1

− Tψj` (1−ps) are
both compact operators, then we can conclude that B1Tψj

`+1
and Tψj

`
B2 are both

compact and this fact proves our claim. If we repeat this process we can conclude
that for any j = 1, . . . , (2m − 1) there exists a compact operator Kj such that
Aj = Tψj1

...Tψj`
...Tψjm(1−ps)+ Kj. If we define Arj = Tψj1

...Tψj`
...Tψjm(1−ps), then A−

Aps =
∑2m−1

j=1 Arj+
∑2m−1

j=1 Kj. Therefore to prove our lemma it is enough to show
that limζ→∂Ωs ‖ Tψjm(1−ps)k

Ω
ζ ‖= 0. Since KΩ

0 (w, z) = KΩ(w, z)−
∑n
`=1K

Ω`(w, z)
simple calculations imply that

lim
z→∂Ωs

n∑
` 6=s

||ψjm(1− ps)KΩ`
z ||2

||KΩ
z ||2

= 0 and lim
z→∂Ωs

||ψjm(1− ps)KΩ
0,z||2

||KΩ
z ||2

= 0.

To complete our proof we need to prove that

lim
z→∂Ωs

||Tψjm(1−ps)
KΩs
z

||KΩ
z ||2
||2 = 0.

We have ||Tψjm(1−ps)K
Ωs
z ||KΩ

z ||−1
2 ‖22≤ ||Mψjm(1−ps)K

Ωs
z ||KΩ

z ||−1
2 ||22 and this implies

that

||Tψjm(1−ps)
KΩs
z

||KΩ
z ||2
||22 ≤ ||ψjm||2∞

||KΩs
z ||22

||KΩ
z ||22

∫
Ωs

|(1− ps)(w)|2|kΩs
z (w)|2.

Using the definition of the Berezin Transform we can write that

||ψjm||2∞
||KΩs

z ||22
||KΩ

z ||22

∫
Ωs

|(1− ps)(w)|2 |K
Ωs
z (w)|2

||KΩs
z ||22

= ||ψjm||2∞
||KΩs

z ||22
||KΩ

z ||22
T̃|1−ps|2(z).

To complete our proof, we observe that ||KΩs
z ||22||KΩ

z ||−2
2 ≤ 1 ∀z ∈ Ω and T̃|1−ps|2(z)

→ 0 as z → ∂Ωs since T|1−ps|2 ∈ B(H2(Ωs)) is compact and this implies that

lim
z→∂Ωs

||Tψjm(1−ps)
KΩs
z

||KΩ
z ||2
||2 = 0.

Remark 1. We observe that A = (
∑n

0 K
Ω`)Mψ1ps ...(

∑n
0 K

Ω`)Mψmps . Moreover,
since ∀` 6= s and j = 1, . . . ,m we have that KΩ

` Mψjps and MψjpsK
Ω
` are compact,

therefore Aps = KΩ
s Mψ1ps . . .K

Ω
s Mψmps + k, where k ∈ B(H2(Ω)) is a compact

operator.
If we define As = KΩ

s Mψ1ps . . .K
Ω
s Mψmps , then we obtain that Ãps(z) = Ãs(z)+

k̃(z). Therefore limz→∂Ωs Ãps(z) = limz→∂Ωs Ãs(z).

Claim. If AΩs ∈ B(H2(Ωs)), where AΩs =
∏m
`=1(KΩsMψ`ps), and Ãps(z) → 0 as

z → ∂Ωs, then limz→∂Ωs ÃΩs(z) = 0.

Before we prove the claim we observe that in the first limit we take the Berezin
Transform in Ω and in the second limit we take the Berezin Transform in Ωs.
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Proof. We know that limz→∂Ωs Ãps(z) = limz→∂Ωs Ãs(z) and that Ãs(z) =
〈AskΩ

z , k
Ω
z 〉. A direct calculation implies that limz→∂Ωs ||(

∑
` 6=sK

Ω
`,z)||KΩ

z ||−1
2 || = 0;

therefore

lim
z→∂Ωs

As(z) = lim
z→∂Ωs

〈As
KΩ
s,z

||KΩ
z ||2

,
KΩ
s,z

||KΩ
z ||2
〉

= lim
z→∂Ωs

(
||KΩs

z ||2
||KΩ

z ||2

)2

〈AskΩs
z , kΩs

z 〉.

By Lemma 3.2 we know that there exists a constant D > 0 such that 0 < D−1 ≤
||KΩs

z ||22||KΩ
z ‖−2

2 ≤ 1 if z is close enough to ∂Ωs. Therefore we have proved that
limz→∂Ωs Ãps(z) = 0 implies limz→∂Ωs〈AskΩs

z , kΩs
z 〉 = 0. Now we observe that As−

AΩs = KΩ
s Mφ1ps . . .K

Ω
s Mφnps − KΩsMφ1ps . . .K

ΩsMφnps is a compact operator.
In fact, for any j we have

KΩ
s Mφjpsf(w) = KΩsMφjpsf(w)−KΩ

s MXΩs−ΩMφjpsf(w)

and ∫
Ωs

∫
Ωs

|KΩs(z, w)|2|XΩs−Ω(z)|2dzdw <∞.

It follows that limz→∂Ωs〈AskΩs
z , kΩs

z 〉 = limz→∂Ωs〈AΩsk
Ωs
z , kΩs

z 〉 and this completes
the proof of the claim.

Remark 2. If A is an operator on H2(Ω) which can be written as
∑m

j=1

∏mj
k=1 Tuj,k ,

where uj,k ∈ L∞(Ω), ps ∈ P , where P = {p1, · · · , pn} is a ∂-partition and Aps =∑m
j=1

∏mj
k=1 Tuj,kps , then limζ→∂Ωs Ã(ζ) = limζ→∂Ωs Ãps(ζ). Moreover, if AΩs is de-

fined as before, then it follows that limz→∂Ωs Ãps(z) = 0 implies limz→∂Ωs ÃΩs(z) =
0.

Proof. Since the operator A can be written as a finite sum of finite products of
Toeplitz operators it is enough to rewrite Lemma 4.4 and Remark 1 with the obvious
modifications.

Theorem 4.5. Let Ω be a bounded multiply-connected domain in the complex plain
C. If A is an operator on H2(Ω) which can be written as

∑m
j=1

∏mj
k=1 Tuj,k , where

uj,k ∈ L∞(Ω), then A is a compact operator if and only if Ã(ζ)→ 0 as z → ∂Ω.

Proof. Since kΩ
λ → 0 weakly in L2(Ω) and A is compact we have ||AkΩ

λ ||2 → 0
and this implies that limζ→∂Ω Ã(ζ) = 0. Now let us suppose that Ã(ζ) → 0; then
for any s = 1, . . . , n we have limζ→∂Ωs Ã(ζ) = 0. Then Lemma 4.4 implies that
limζ→∂Ωs Ãps(ζ) = 0, where ps ∈ P and P = {p1, . . . , pn} is a ∂-partition of Ω.

Using the remarks which follow Lemma 4.4 and the definition of AΩs we can
conclude that limζ→∂Ωs ÃΩs(ζ) = 0. Since AΩs ∈ B(H2(Ωs)), the observation af-
ter Thorem 3.1 implies that AΩs is compact. Since this is true for s = 1, . . . , n,
Corollary 4.2 implies that A is compact and we are done.
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