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ABSTRACT. Complexity of geometric symmetry for differential operators with
mixed homogeniety is examined here. Sharp Sobolev estimates are calculated
for the Grushin operator in low dimensions using hyperbolic symmetry and
conformal geometry.

Considerable interest exists in understanding differential operators with mixed
homogeneity. A simple example is the Grushin operator on R?
0? 0?
Ag = — +42— .
97 o + 0x?
The purpose of this note is to demonstrate the complexity of geometric symmetry
that may exist for operators defined on Lie groups. Here the existence of an un-
derlying SL(2, R) symmetry for Ag is used to compute the sharp constant for the
associated L? Sobolev inequality.

Theorem 1. For f € C*(R?)

1) [Iflsn] <2 [ [(5) +ae2(Gh)| e

This inequality is sharp, and an extremal is given by [(1 + [¢|*)? + |z|?] e

This result follows from the analysis of a Sobolev inequality on SL(2, R)/SO(2).
But the hyperbolic embedding estimate requires some interpretation to take into
account cancellation effects. It will be essential to include contibutions to the
hyperbolic Dirichlet form from non-L? functions. Let z = x + iy denote a point
in the upper half-plane R} ~ H? ~ M ~ SL(2,R)/SO(2). Here the invariant
distance is given by the Poincaré metric

o=
1=

with the corresponding invariant gradient D = yV and left-invariant Haar measure
dv =y 2dydz.
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Theorem 2. For F € C}(M)

2
2 Fllrean| <4r 23 DFQdy—i F|?dv|,
(M)
M 16/

2 4 1
3) [I|F||L6<M>} < gw—m [/ IDFIQdu—Z/ |F|2du} .
M M

Both estimates are sharp as limiting forms.

These two estimates would seem to be contradictory, but it must be understood
that the right-hand sides are to be evaluated as limiting forms for functions that
may not be in L?(M). So the issue of which is the sharper Sobolev inequality
must be studied carefully. On the hyperbolic manifold the Dirichlet form can be
represented as a weighted Sobolev form so that for a > 0

/ Y2V f)P da dy = / DFPdv + afa— 1) / P
M M M

On the right-hand side of equation (3) observe the appearance of the spectral limit
% for the hyperbolic Laplacian —y2A:

() 1/ |F|2du§/ IDF2dv .
4 M M

Proof of Theorem 1. Let f denote the Fourier transform of f in the first variable.
That is, for integrable functions

fe.t) = / 2TE [ (i 1) di

so that by using the Plancherel identity, inequality (1) for some constant Ag is
equivalent to

o 1/3 df\2 _
2 214121¢121 £12
[/R Ffed dfdt} <A0/R2[(at) + 167°t21¢ |72 | d

where here convolution is only with respect to the first variable. Now one can apply
standard rearrangement arguments of Riesz-Sobolev type to see that it suffices to
consider this inequality only for non-negative functions f (&,t) that are symmetric
decreasing in each of the two variables separately. Hence, the function f(x,t) in (1)
can be taken to be symmetric in ¢. Moreover, f(z,t) can be taken to be symmetric
decreasing in x because the Dirichlet form in (1) taken only with respect to integra-
tion in z is diminished by a symmetric decreasing equimeasurable rearrangement
in the first variable.
Since f(x,t) is even in t, set y = > and let f(z, |t|) = y~/*F(z,y). Then

[fllzoe2y = [1FllLocar)

and inequality (1) is now equivalent to

2 3
[”FHLG(M)} <44 [/ |DF[* dv — E/ || dV} :
M M

This is an a priori inequality where the function F' can be taken to be smooth but
still the form will extend to functions that are not in L?(M). One can also restrict
this result to consideration of functions that are radial decreasing in the Poincaré
distance from the origin 0 = (0,1) = 4. Now Theorem 1 will follow from the first
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part of Theorem 2 with Ay = 7—2/3. To make this argument clearer, observe that
estimates for the Grushin operator are maximized on the class of even functions.
Every even function of compact support in ¢ can be smoothly approximated by a
Schwartz class function that is analytic in ¢2 through convolution with a Gaussian
function. This class of functions suffices to determine the Grushin bound (1).
But by using the functional transformation F(z,y) = y'/*f(x,|t|) to transfer the
estimate to hyperbolic space, one finds that both the L% norm and the Dirichlet
form for the elliptic operator L = —y?A—(3/16)1 are finite. Every smooth function
on M with suitable decay at infinity which vanishes to order one-quarter at the
boundary y = 0 has finite Dirichlet form for inequality (2).

Proof of equation (2) in Theorem 2. By using equimeasurable radial decreasing re-
arrangement corresponding to the metric on hyperbolic space, it suffices to consider
this inequality for radial decreasing functions of the distance from the origin. Let
u = [d(z,1)]?. Then for functions depending on distance the gradient is given by

|DF|:\/u+u2‘d ‘

and the volume form restricted to integration for radial function is given by dv =
47 du. Then (2) is equivalent to

o0 1/3 oo 3 o0
U |F|6du} < 21073 U (u+ u?)|F'|? du — |F|2du} .

Let G € C%([0,00)) and set F(u) = (1 + u)"*/*G(u). Then inequality (2) is
equivalent to

o 1/3
[ | iara s du]
0

<210/‘3[/ ux/1+u|G'|2du+ T:

But now this estimate will be considered for all Llpschitz functions G such that
the right-hand side is finite. Make the change of variables u — 1/u with H(u) =

G(1/u);
[/OOO |H[S(1 + u) =3/ =1/ du] 1/3

- e 1 [ -
< 210/3[/ \/M|H’|2du+1—6/ [HI*(1+ )~ 2u2 du
0 0

By evaluating this estimate for H(u) = (1 + u)~¢ as ¢ — 0, one sees that the
constant cannot be smaller than 21%/3. This calculation also suggests that the
inequality should be associated with sharp Sobolev embedding on 2. Such intuition
is realized by the following argument.

Define a new variable w by setting

G214+ )2 du} .

(5)

1
(1+w) % dw= 5u71/2(1 +u) "2 du

so that
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and w = u + y/u(1l + u). With this change of variables (5) becomes
00 1/3
[TIer a2
0

(6) . o0
< 4/ (2w + 1)|G'|2dw+/ G121+ w) 2 dw .
0 0
This inequality is controlled by sharp Sobolev embedding on S?; more precisely,
the family of sharp Sobolev inequalities on S? that are determined by the Hardy-
Littlewood-Sobolev inequality (see Theorem 4 in [2])

2/p
p—2 2 2
) v <22 [ wrrace [ irta

for 2 < p < co and d¢ is a normalized surface measure on S2. Inequality (6) follows
from the case p = 6. Observe that the change of variables defined by stereographic
projection between R? and S2-{pole} can be realized for the polar angle on S
by cosf = (1 — |2|?)/(1 + |z|?) and w = |z|* in (6). Since inequality (6) then
corresponds to functions of the polar angle, it suffices simply to match up the
“radial coordinates” in each domain. Then
2 2
w(%) dw = %(%) sin 0 df
so that (7) for p = 6 and radial variables give a stronger inequality than (6):

0o 1/3 00 0o
(8) {/ |G15(1 + w) ™2 dw} < 2/ w|G'|2dw+/ IGI2(1 +w) 2 dw .
0 0 0

This shows that equality is achieved in (6) only for constants.

Proof of equation (3) in Theorem 2. This result is a special case of an argument in
[4] that uses axial symmetry and SL(2, R) to derive the sharp Sobolev embedding
constant on R™ and characterize the extremals for that problem. The motivation
for this approach came from problems in fluid mechanics and vortex dynamics (see
the discussion concerning the Stokes stream function on page 829 in [4] and [10]).
Forn>2and 1/p=1/2—-1/n

9) I fllLeeny < AplIV fllL2@ny,
Ay = [mn(n — 2)] 720 (n) /T (n/2)]"/"

and up to the action of the conformal group, the sharp constant is only attained
for functions of the form A(1 4 |z|>)~"/?. By using the technique of symmetriza-
tion (equimeasurable radial decreasing rearrangement), it suffices to consider this
inequality for non-negative radial decreasing functions. For radial functions use
the product structure for Euclidean space R* ~ R x R"~! with = (¢,2') and
set y = |2|. Being radial in z means that the function is also radial in a’. Let
g(t,y) = y™Pf(t,2') and inequality (9) becomes

(10) UM |g|pdy] o < B, [/M \Dgl? dv + g(% - 1) /M 1g[? du}

where

n—112/n
By=— )[ 1} .

nn—2)L 27
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For the case n = 3, p = 6 and Bg = (4/3)7~%/3, and equation (3) is proved.
The argument in [4] to obtain extremals for the Sobolev inequality (9) is a nice
application of the competing radial and cylindrical symmetry.

This result on sharp Grushin estimates is interesting because (a) the solution does
match the pattern suggested by the Heisenberg group (see [3]), (b) the analysis is
controlled by the two-dimensional sharp Hardy-Littlewood-Sobolev inequality, and
(c) the identification of SL(2, R) symmetry is related to the role of analyticity in
the Lewy example.

For higher dimensions this problem has corresponding behavior. Consider (z,t) €
R x R? ~ R? with

Ag = Ay + 4]t s

G =4t + |t| w .

The homogeneous dimension of this operator is 4. Here one can also use the un-

derlying SL(2, R) symmetry to compute the sharp constant for the associated L?
Sobolev inequality with a similar analysis.

Theorem 3. For f € C'(R3)

(11) Wflsen) < gz [ [0 aie(5)] awar

- 27 RxR2
This inequality is sharp, and an extremal is given by [(1 + [t|*)* + |z|?] 1z,

Theorem 4. For F € C}(M)

(12) [||F||L4(M>}2 < % UM \DF|? dv — E/M |F|2du} .

Proof of Theorem 3. Let f denote the Fourier transform of f in the first variable
x. Using the Plancherel identity, inequality (11) for some constant Ag is equivalent
to

- 1/2 . ~
[ ipaca) <o [ [V orleplePl ] dea
R3 R3

where here convolution is only with respect to the first variable. By applying
Riesz-Sobolev rearrangement arguments, it suffices to consider this inequality only
for non-negative functions f (&,t) that are radial decreasing in each of the two
variables separately. Hence, the function f(z,t) in (11) can be taken to be radial in
t and symmetric decreasing in x. The second part of this remark follows from the
fact that the Dirichlet form in (11) taken only with respect to integration in z is
diminished by a symmetric decreasing equimeasurable rearrangement with respect
to the first variable.
Since f(z,t) is radial in ¢, set y = |t|? and let f(z,|t|) =y~ /2F(x,y). Then

1/4

||f||L4(]R3) =7 ||FHL4(M)

and inequality (11) is now equivalent to

2 1
(1Flon)” < avmaol [ prpas-g [ ppa] .

This is an a priori inequality where the function F' can be taken to be smooth with
compact support. Now Theorem 3 will follow from Theorem 4 with Ag = 1/(27).
One simply calculates that equality is attained for the indicated extremal. The
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details of the argument to show equivalence follow the method outlined in the
proof of Theorem 1. Estimates for the Grushin operator are maximized on the
class of functions that are radial in the variable t. Every radial function of compact
support in ¢ can be smoothly approximated by a Schwartz class function that
is analytic in [t|> through convolution with a Gaussian function. This class of
functions suffices to determine the Grushin bound (11). By using the functional
transformation F(x,y) = y'/2f(z,|t|) to transfer the estimate to hyperbolic space,
one finds that both the L* norm and the Dirichlet form for the elliptic operator
L = —y?A — (1/4)1 are finite. Every smooth function on M with suitable decay at
infinity which vanishes to order one-half at the boundary y = 0 has finite Dirichlet
form for inequality (12).

Proof of Theorem 4. Using equimeasurable radial decreasing rearrangement corre-
sponding to the metric on hyperbolic space, it suffices to consider this inequality for
radial decreasing functions of the distance from the origin. Set u = d?(z,4). Then
the volume form restricted to integration for radial functions is given by dv = 4w du
and inequality (12) becomes (see [5])

00 1/2 00 9 00
(13) [/ |F|4du] g4U (U2 + ) d—F‘ du — l/ |F|2du] .
0 0 d’u 4 0

If one can show that this is a good upper bound, then the sequence of functions
F.(u) = (14 u)~¢ for € > 1 shows that the estimate is sharp. Let G € C2([0,00))
and set F(u) = (14 u)~/2G(u). Then inequality (13) takes the form

(14) [/000 |G|4ﬁ du} v < 4/000 u(G")? du + /000 |G|2ﬁ du .

This inequality is controlled by sharp Sobolev embedding on S?; more precisely,
the family of sharp Sobolev inequalities on S? that are determined by the Hardy-
Littlewood-Sobolev inequality (see Theorem 4 in [2])

2/p
p—2 2 2
(15) v <252 [ wrrace [ ireac

for 2 < p < oo and d¢ is a normalized surface measure on S2. Inequality (14)
follows from the case p = 4. Observe that change of variables defined by stereo-
graphic projection between R? and S2-{pole} can be realized for the polar angle on
S2 by cosf = (1 —|z]?)/(1 + |z|?) and u = |x|? in (14). Since inequality (14) cor-
responds to functions of the polar angle, it suffices simply to match up the “radial
coordinates” in each domain. Then
2 2
u(%) du = %(%) sin 0 df

so that (15) for p = 4 and radial variables gives a stronger inequality than (14):

(16) UOOO|G|4ﬁ du]1/2 </()wu(G’)2du+/Om|G|2ﬁdu.

This shows that Theorem 4 is sharp as a limiting form. However, the limit “ex-
tremal”

F(a,y) = [1+d*(z40)] 7/
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is not in L2(M). This observation emphasizes that the appropriate Dirichlet form
for Sobolev embedding on hyperbolic space H? should correspond to the intrinsic
positive elliptic differential operator

Ly=—y*A+s(s—1)1.

These two results illustrate the complexity and interdependence of Sobolev es-
timates on Lie groups and symmetric spaces, and demonstrate that there is still
much to understand about the geometry of Grushin operators. The elementary
nature of these calculations was facilitated by the capability to use rearrangement
arguments which here depended on the Sobolev index being an even integer. An
interesting aspect of the analysis is that the intermediate estimate on hyperbolic
space must be defined as a limiting form using the positive elliptic operator L, at
the critical exponent for the Grushin embedding estimate.

APPENDIX

The argument used here to relate sharp Sobolev embedding on 52 to embedding
estimates on hyperbolic space determines a more general family of such estimates.

Theorem 5. For F€ C}(M),0<s<1andp=2+1>14

2
(17) (1Fllran)| < 4, UM IDF|* dv + s(s — 1) /M Tak du},
A, = (2#)%715717% .

Proof. By using equimeasurable radial decreasing rearrangement corresponding to
the metric on hyperbolic space, it suffices to consider this inequality for radial
decreasing functions of the distance from the origin. Let u = [d(2,4)]?. Then (17)
is equivalent to

[/OOO |g|pdu]2/p§ (4m)' % p[/ooo(u+u2)|g’|2du+s(5_1)/000 |g|2du} .

Set g = (1+u)~%h and C, = (47)P=2/PA,. Then
e e} 2/p 0
[/ [h|P(1 + u)~P du} <C, [/ u(1 +u) 72| W ? du
0 o
+a2/ |R)?(1 4 u) ™ 2 du
0
+(s?—s+a— on)/ |R|? (1 4 u) 2 du] .
0
Set @« = s, pa =2+ 1 and = 2« > 0. Then
e8] 2/p e8]
U |h|P(1 +u)'31du] <G, U u(1 4 u) P02 du
0 0
ﬂQ e8]
+ —/ WP (14 u)~ 7P du} .
4 Jo
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Make the change of variables v — 1/u with H(u) = h(1/u) so that |h/(1/u)| =
u?|H'(u)| and

[/OOO |[HP(1 4 u) P~ 1yt du]

2/10 )
<G, U uP (14 w) P\ H'|? du
0

2 o0
+%/ |H2(1 4 u) PP~ du
0

Now set (1 4+ w) 2 dw = B(1 4+ u)#~ P! du so that

W u A
14w \l+4u

which gives for G(w) = H(u), 2/p = 8/(1+ ) and B, = 1p1+28)/0+6)C,
o B8/(1+8)
U IGPP(1+w)~2 dw}
0
(18) <B, [4/ w? B [(1 + w)t/P — wl/ﬁ} |G’ |? dw
0

+/OO<|>G|2(1+w)_2dw} :

This equation can be simplified using the change of variables w — 1/w and setting

G(w) = G(1/w):
[/O(Xiév’(l +w) "2 dw

<B, [4/000 [(1+w)1/ﬁ —1} |§’|2dw+/00<[é|2(1+w)2 dw] .

]ﬁ/(lJrﬁ)

(19)

Now this estimate should be compared with the sharp Sobolev embedding on 52
that is determined by the Hardy-Littlewood-Sobolev inequality:

2/p p_2
[arra <22 [ vreacs [ rra
S2 S2 S2

where d§ denotes normalized surface measure and p > 2, and in turn gives for radial
functions and p = 2(1 + 1/5)

oo B/(148)
[/ |F|P(1 4 w)~? dw]
0

(20)

1 (o) o0

< —/ Wl F'P dw +/ FP(L+ w) dw

B Jo 0
Now set B, =1 in (19) which corresponds to the value of A, in (17) and observe
that for r = 1/8 and w > 0, then (1 4+ w)” > 1+ rw for r > 1. Hence the estimate
(20) derived from a Sobolev embedding on S? implies that (19) holds for B, = 1
and § > 1. The proof of Theorem 5 is then complete for 0 < s < 1/2.

A discrete set of hyperbolic embedding estimates can be obtained in the analysis
of a Sobolev embedding on the Heisenberg group H,, realized as the manifold C" xR
and restricted to radial symmetry in the complex variables (see Theorem 18 in [3]).
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_ _ 1
Theorem 6. For F € C'(M)NL*(M), s=n/2 forneNandp=2+1 <4

2
[1Flran) < 4, U IDF|? dv + 5(s — 1)/ P2 du,
M M
A, = (2m)FlsTiE
Forn > 1 and up to the “conformal structure” of M, an extremal is given by
F(z) = [1 + dz(z,i)r

This family of hyperbolic embedding estimates can be extended to include val-
ues of s > 1 by using duality and the fundamental solution corresponding to the
differential operator L. Note that in this case an L? extremal function will exist.
The fundamental solution for Ly = —y2A + s(s — 1)1 for s > 1 is given by

1 ! s—1
s = — t(l—t t “odt
ww =3 [ =00+
T'(s)T'(s) _ 1
=2 °F Py ——
T2 LY HEEET
where u = [d(z,i)]> and F is the hypergeometric function. The transition from

Sobolev embedding estimates to a Hardy-Littlewood-Sobolev convolution inequality
is made using the following lemma.

Lemma. Let K and A be densely defined, positive-definite, self-adjoint operators
acting on functions defined on a o-finite measure space M and satisfying the relation

AK=KA=1.
Then the following two inequalities are equivalent:
(*) LK Fll Lo ary < Cpll Fll oy
(%) I9ll Lo (ary < VCollA?gll L2(ar) -

Here 1 < p <2 and 1l/p+1/p = 1. Extremal functions for one inequality will
determine extremal functions for the other inequality if the operator forms are well-

defined.
Proof. In (xx) substitute g = K f so that

2
KA lgan] <€y [ HAGER am=C, [ (K fam
< ClIK Fllw an Il oo,

which is now (x). For equivalence in the reverse direction, K is a positive-definite
self-adjoint operator and notice that (x) implies

12 Fllz2any < V/Coll fll o cany
which by duality implies
K2R Lo (ary < V/Collll L2 -

Now substitute h = K'/2(Ag) which results in (+x). The full equivalence is obtained
by taking limits on dense domains.
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For s > 0 define the fractional integral operator

(21) /ws (2, w)] Glw) do .

The symmetric space SL(2, R)/SO(2) ~ H? can be identified with the subgroup of
SL(2,R) given by all matrices of the form

<\/§ z/ \/§>

0 1/vE

with 4 > 0 and 2 € R which act via fractional linear transformations on R? ~ H?Z.
ikl

cz+d

for (¢%) € SL(2,R). The modular function is A(z,y) = 1/y and dv = y~2dz dy
is a left-invariant Haar measure on the group. Observe that the group action here
corresponds to the multiplication rule

(=, y)(u,v) = (x + yu, yv)

for z,u € R and y,v > 0. This SL(2, R) subgroup is the “ax+b group”, namely the
group of all linear transformations of the real line to itself that preserve orientation.
With this framework, the operator I;G can be represented as a convolution operator

(22) ISG: G*l/Js

z:x+iy€Ri—>

where convolution for the left-invariant Haar measure on a locally compact group

is defined by
~ [ 1wt
G

Observe that Ls(IsG) = G for s > 1. The Riesz-Sobolev inequality and an extension
of Young’s inequality to non-unimodular groups provide good estimates for the
fractional integral operator I.

Riesz-Sobolev Inequality on SL(2,R)/SO(2).

(23) /M(f ) (w)h(w) dv < / (" * g*)(w)h* (w) dv

M

where f, g and h are non-negative measurable functions with f*, ¢* and A* denoting
their respective equimeasurable, geodesically decreasing rearrangements on M ~
SL(2,R)/SO(2) ~ H? and dv is a left-invariant Haar measure on M.

Young’s inequality. Let G be a locally compact group with the left-invariant Haar
measure denoted by m. For 1 <p < oo

I1f * gllze) < NF e IAT7 gl iq),

If *gllr@y < Ifllerellgllzecy,

I1f % gl < 1 lr@ A7 gl Lae)

where A denotes the modular function defined by m(Ey) = A(y)m(E), 1/p+1/p =
land1/r=1/p+1/q—1.



THE GRUSHIN OPERATOR AND HYPERBOLIC SYMMETRY 1243
Proof. Consider the form

/ ha)(f * g)(x) do = / W) f (y)g(y ) de dy
G GxG
- / h(@)f (ay)g(y™") do dy
GxG

- / W) f ey g () Aly~) de dy
GxG

Then apply Holder’s inequality.

It is natural here to consider fractional integration as a map from a space to
its dual. The asymptotic behavior of ¥5 combined with Young’s inequality provide
the necessary estimates to show that I, is a bounded map from LI(M) to LP(M)
where 1/g+1/p=1,p=2+4+1/sand ¢ =2—-1/(1 + s):

I'(s)’
s (u) ~ Mu_s as u — 0o

~——1nu asu— 0.

Hence, any power of 15 is locally integrable and using Young’s inequality

24) N f * sl < 1 el AP0l porzary = 1 Fllaan 19 P0sll oz ary -

The critical estimate is now reduced to the fact that y*~!(y + 1)~2¢ is integrable
on [0,00) for s > 0. So the map I, is bounded from L?(M) to LP(M). The sharp
constant for this estimate will be obtained using duality.

Theorem 7. Fors>1,p=2+1/s,q=2—-1/(1+ )
(25) ILGlleary < ApllGllLacar),
A, = (2m)rlsTITh
This inequality is sharp and an extremal is given by [1 + d?(z,i)]"17%. For F €
C*(M)
2
(26) [IPIsan] <4, [ P

Here the extremal is [1 + d?(z,i)]~%. Because s > 1, this latter result can be repre-
sented for F € C*(M) N L*(M) as

@) [IFlsan] < 4| [ 0FPast - [ FRa).

Proof. The plan of the argument is to use the Riesz-Sobolev inequality to show that
an extremal function exists for (25) and hence by duality an extremal function exists
for (26) which can be calculated using the Euler-Lagrange variational equation. To
show the existence of an extremal for (25), it suffices to consider the functional

/ F(a)s[d?(z,w)|G(w) dv dv
M x M

for F,G > 0 and || F|lq = |G|l = 1. By (24) this form is bounded above and by
applying the Riesz-Sobolev inequality one can restrict attention to the case where
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F and G are geodesically radial decreasing functions. Then consider sequences of
functions {F,, G, } with || F,||q = ||Grllq = 1 so that

/ P (2)005[d2 (2, )]G () dv dv
Mx M

converges to its maximum value. Since these functions are decreasing, one can use
the Helly selection principle to choose subsequences that converge almost every-
where to functions F, G € LY(M). By Fatou’s lemma ||F||, < 1, ||G|l4 < 1. Notice
that F,(z) < (4mu)~ Y9, G, (2) < (47u)~1/9 using the radial variable u = d?(z,1)
since Haar measure restricted to the radial variable is dv = 47 du. Observe that

[d(z, D))/ T [d? (2, w)][d(w, 1))~/ € L' (M x M) .

Re-label the subsequences to have index n. By the dominated convergence theorem

/ Fo(2)s[d? (2, w)]|Gyp (w) dv dv — F(2)s[d*(z,w)]G(w) dv dv,
MxM Mx M

and so || F||pa(ar) = ||Gl|La(ary = 1 and F, G must be extremal functions for (25).
A somewhat similar argument is given in [3], page 40.

From the lemma above, one sees that if G is an extremal for (25), then F' =
I,G is an extremal for (26). Moreover, if G is radial decreasing, then F will be
radial decreasing since the convolution of two radial decreasing functions is radial
decreasing. Hence, such an extremal F' must satisfy the Euler-Lagrange variational
equation for (26):

LF =~yFP~' ||F|lpeary = 1.

For F a decreasing function of the radial variable u = d?(z, ), one looks for solutions
of the differential equation

d dF
2 -—— 1)— —1)F = cFP! =2+1/s.
@) g [t D] - DF = o2
Note that if F = I,G for G € LY(M) with ¢ =2 —1/(1 + s), then F is bounded.
Hence, there will be a unique solution to (28) that is bounded and monotonically
decreasing on [0, 00). This solution is

Fluy=B(1l+u)"*

where the constant B is determined by the condition that || F||, = 1. Now one can
calculate the value of the sharp constant A,. An extremal for (25) is obtained by

L.F=L,I,G)=G .

This calculation completes the proof of Theorem 7. The argument developed here
complements the result of Theorem 5. Similar methods can also be applied for the
case 0 < s < 1 and will be discussed in a more comprehensive treatment of Riesz
potentials and Sobolev embedding on hyperbolic space [6].

Postscript. After this work was completed, I received in April 1999 three inter-
esting papers (see [12], [20] and [2I]) that treat some issues discussed here using
complementary methods. Mugelli and Talenti also recognize the relation of the
Fraenkel inequality to Sobolev inequalities on hyperbolic space and the usefulness
of geodesic rearrangement in the hyperbolic setting. Their approach emphasizes
geometric aspects, and they do not use the Hardy-Littlewood-Sobolev framework
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of duality. The Garofalo-Vassilev paper considers a broad class of nonlinear sub-
elliptic problems that arise from geometric function theory on nilpotent Lie groups.
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