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ABSTRACT. In this paper the authors give a criterion on the weighted LP
boundedness of the multilinear oscillatory singular integral operators with
rough kernels.

§1. INTRODUCTION

It is well known that in 1987, Ricci and Stein [12] proved that a class of oscillatory
singular integral operator with polynomial phases and smooth kernel is bounded on
LP. In 1992, Lu and Zhang [I1] extended the above result to the case of the rough
kernel; see also [[f]. Moreover, in [I1] they established a simple criterion on L?
boundedness of the rough oscillatory singular integral operator. In 1996, Ding and
Lu [4] gave a criterion on weighted LP boundedness for the higher order commutator
of the oscillatory singular integral operator with rough kernel. Recently, Chen, Hu
and Lu [2] obtained a criterion on LP boundedness for a class of the multilinear
oscillatory singular integral operator with rough kernel.

In this paper we will extend the result in [2] to the weighted case. However, the
extension is not trivial. In fact, we will see that the proof of our main theorem
depends strongly on the weighted boundedness of multilinear maximal operator
with rough kernel. While the latter itself is also very interesting, since it is also an
extension of known results.

Before stating the results in this paper, let us first give some definitions. Sup-
pose that n > 2, P(z,y) is a real-valued polynomial defined on R™ x R", Q €
L9 (S™ 1) (¢ > 1) is homogeneous of degree zero on R". Then the multilinear oscil-
latory singular integral operator T4 is defined by

iP(x Qx—y
TAf(z) :p.v./n et ay)lx_(ylin_wg_lRm(A;x,y)f(y) dy,
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where R,,(A; x,y) denotes the m-th (m > 2) remainder of Taylor series of A at x
about y, more precisely,

1
R(4;2,y) = A(z) = D —D*A@y)(z —y)",
laj<m
and D*A € BMO(R") for all multi-indices |a| = m — 1.
A locally integrable nonnegative function w is said to belong to A, (1 < p < o)
if there is a constant C' > 0 such that

1 1 p-l
— d — -1/(p=1) g4 > ,
ok, <|Q| /Q“’(‘”) "”) (IQI /QW(x) r)o=C

where Q denotes a cube in R™ with its sides parallel to the coordinate axes. More-
over, the minimum constant such that the above inequality holds is called the A,
constant of w.
A real-valued polynomial P(z,y) is said to be non-trivial if P(x,y) cannot be
written as Py(x) + P1(y), where Py and P; are both polynomials defined on R™.
A non-trivial polynomial P(z,y) is said to have property P, if P(x,y) satisfies

P(m,y):P(x—h,y—h)—i—Ro(x,h)+R1(y,h), he]an

where Ry and R; are both real polynomials defined on R™ x R™.
A non-trivial polynomial P(z,y) is said to be non-degenerate if for positive
integers k and [

P(z,y) = Z aagx"yﬁ, and Z |aas| > 0.
la| <k, |B|<1 lal=k, |B|=l
Now, let us state our main result as follows.
Theorem. Suppose that Q € L1(S™~ 1) is homogeneous of degree zero on R™ and

A has derivatives of order m — 1 (m > 2) in BMO(R"™). If p, q and w satisfy one
of the following conditions:

(a) ¢ <p<oo, and we Ayq;
(b) 1<p<gq, and w‘%/(”_l) SRS
(c) 1<p<oo, and w? € A,

then the following two statements are equivalent:
(i) If P(z,y) is a non-degenerate polynomial having property P, then

(1.1) IT4fllpw <C Y ID ALl llpo-

|a]=m—1

(ii) The truncated operator

Qz —y)
SAf(x :p.v./ ——————Rn(A;z,y)f(y) dy
( ) lz—y|<1 |x_y|n+m—1 ( ) ( )
satisfies
(1.2) 154 f lpw <C >~ 1D ALl fllpe-

|a|=m—1
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The constants C in (1.1) and (1.2) depend only on n,p,q and the A, constant of w,
the total degree degP of the polynomial P(x,y). Moreover, ||b||. denotes the norm
of the function b in BMO.

The multilinear oscillatory singular integral operator T4 and the multilinear
maximal operator are closely related to the multilinear singular integral operator
defined by

Taf@) =po. [ HE IR (i) )

In 1986, Cohen and Gosselin [3] proved that if Q € Lip;(S™~!) and D*A €
BMO(R") for |a] = m — 1, then the multilinear singular integral T4 is bounded
on LP(R™). In 1994, after removing the smoothness condition on 2, Hofmann [9]
considered the weighted LP(R™) boundedness for the rough multilinear singular in-
tegral T4. He proved that if Q € L*°(S"~1) and D®A € BMO(R") for |a| = m—1,
then T4 is bounded on LP(w) for w € A,. Here and in what follows, L”(w) denotes
the weighted LP spaces.

The proof of our theorem is based on the weighted LP boundedness of the mul-
tilinear maximal operator with rough kernel which is defined by

Moaf(@) =swp s [ (0 = pl|Rn (A ) 170l do

r>07T lz—y|<r
where €2 is homogeneous of degree zero on R"™. Using this and the Stein-Weiss
interpolation theorem with change of measures (see [13]), we deduce a family of
weighted estimates with the geometric decay which can be summed. From this,
we can easily deduce that (ii) of our theorem implies (i). It is worth pointing out
that this way of applying the Stein-Weiss interpolation theorem first appears in
Duoandikoetxea and Rubio de Francia [6].

§2. PROOF OF THE THEOREM

We first establish the weighted LP boundedness of Mq 4, and it is also interesting
by itself.

Lemma 1. Let Q be homogeneous of degree zero on R™ with Q € L4(S™"~1) (¢ > 1).
Moreover, let |a| =m—1, m > 2, and D*A € BMO(R"). If p,q and w satisfy one
of the following conditions:

(a) ¢ <p<oo, and we Ay y;

(b) 1<p<gq, and w1 ¢ Ay g

(¢) 1<p< oo, and w? € Ap,
then the maximal operator Mq 4 is bounded on LP(w). That is, there is a constant
C > 0, independent of f, such that

(2.1) IMo.afllpw <C D IDYALIf Ipew-

|a]=m—1

To prove Lemma 1, we need the following relation between the maximal operators
Mgq 4 and Mg, where Mq denotes the rough maximal operator defined by

Mof(z) = sup — 2 — | F )] dy.

n
r>0T lz—y|<r
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Lemma 2. Suppose that for |af = m — 1 and D*A € BMO(R™). Then for any
1 <t < oo, we have

Moaf(@) <Cr Y 1D Au [Maf(z) + (Mo:(1£1%)(2)) /"],

|a]=m—1
where C' is independent of f.

To prove Lemma 2, we only need to use the following well-known lemma, Holder’s
inequality and a trick from [3] which is standard. We omit the details here.

Lemma 3 (see [B]). Let b(x) be a function on R™ with derivatives of order m in
L*(R™), n < s. Then

m 1 (07 S 1/8
Blti )] < Cnla o™ 3 (g [ 10 az)

|la]=m
where 1Y is the cube centered at x with sides paralled to the azes and whose diameter
is 2n/2|z — y).
To prove Lemma 1, we also need the following weighted LP boundedness of Mgq.

Lemma 4. Let Q be homogeneous of degree zero on R™ with Q € L4(S"~ 1) (¢ >
1). Then Mg is bounded from LP(w) to itself, when p,q and w satisfy one of the
following:

(a) ¢ <p<oo,p#1 and we Ay/y;

(b) 1<p<gq, p+# oo, and wi=?' e Ay g

(c) 1<p<ooand wi € A,.

Lemma 4 with cases (a) and (b) was obtained by Duoandikoetxea in [5], while
Lemma 4 with case (¢) can be obtained by using the Stein-Weiss interpolation
theorem with change measures (see [13]) between (a) and (b) and the method in
[10].

In the proof of Lemma 1, we also need to use some elementary properties of A4,
weight; see [8] for the proof.

Lemma 5. Let 1 < p < co. Then the following properties on A, weights hold:
(2.2) Ay, CAp,,if 1<p1 <ps<o0.

(2.3) w(x) € A, if and only if w(x)' P € Ay.

(2.4) Ifw(zx) € Ap, then there is an e (0 < e < 1) such that pe > 1 and w(z) € Ap..
(2.5) Ifw(x) € Ay, then there is an € > 0 such that w(z)'Te € A,.

(2.6) Ifw(z) € Ap, then for any 0 < e <1, w(x)® € A,.

Now let us turn to the proof of Lemma 1. By Lemma 4, we know that when
one of the conditions (a), (b) and (c) of Lemma 1 is satisfied, Mg is bounded on
L?(w). Therefore, in order to prove (2.1), by Lemma 2 we only need to show that
under the conditions (a), (b) and (c) of Lemma 1, we may appropriately choose
t > 1 such that

S CHf”pw

H[Mm<|f|t><-ﬂ "
1/t
p/t,w} .

Note that

(27) [ETMOTTE)

1/t

{HMQt(IfIt)(-)

pb,w
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Thus, by (2.7) it is enough to show that under the conditions (a), (b) and (c) of
Lemma 1, we can choose an appropriate t > 1 such that Mg is a bounded operator
on LP/t(w), which can be done by using Lemmas 4 and 5. We omit the details.
This finishes the proof of Lemma 1.
Before proving our main theorem, we first establish the following lemma.

Lemma 6. Suppose that K(x,y) is a distribution which agrees with a function
away from the diagonal {x =y} satisfying

2z — y)|

Moreover, let 2, A be the same as the assumption in Theorem 1. If one of the
conditions (a), (b) and (c) in Theorem 1 is satisfied, and the operator defined by

Ti@)=po. [ K@y fy)dy
is bounded on LP(w), then the truncated operator
Tof() =po. [ K@iy
|z—y|<1

is also bounded on LP(w) with bound C(||T||+ ||D*A||.), where C is independent of
T, and ||T|| denotes the operator norm of T from LP(w) to itself.

Proof. The main idea of the proof is taken from [12]. If we can prove
es) [ hf@PeEdr<c )Pty
lt—h|<1/4 ly—h|<5/4

holds for all h € R™ with the bound independent of h, then integrating the above
inequality with respect to h yields that

/ ITof (2) Puo(z)dz < C / £ @) Pely)dy.
Rn Rn

To prove (2.8), for any fixed h € R™, we split f into three parts f = f1 + fa + f3,
where

F1y) = FWxqy—ni<1/2:(¥),

f2(y) = FW)X11/2<|y—n|<5/43 (Y)
and
fs(W) = FW)X{1y—ni>5/1) (¥)-

Since |x — h| < 1/4 and |y — h| < 1/2 imply |z — y| < 1, it is obvious that
Tof1(z) = T fi1(x) when |z — h| < 1/4. By the weighted LP boundedness of T, we
obtain

/ |Tof1(z)Pw(z)de = / |T f1(z)Pw(z)dx
lo—h|<1/4

|e—h|<1/4

<717 [ 15ty

AL / 1) Poy)dy.
ly—h|<5/4
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When |z — h| < 1/4 and 1/2 < |y — h| < 5/4, we have |z —y| > 1/4. Thus

2z —y)l
y|n+m—1

Iﬂh@ﬂé/

lz—y|<1 |J) -

| R (A; 2, 9)|| f2(y)|dy < C Mg, a fo().

When w satisfies one of the conditions (a), (b) and (c) in the theorem, by Lemma
1 we have

/ Tofa(@)Pu(@)de < C [ [Moafo(e)Pw(z)dz
lo—h|<1/4 R
P
C D* Al P dy.
so 3 wran) [ rwrsma

|al]=m—1
Finally, note that if |x — h| < 1/4 and |y — h| > 5/4, then |x — y| > 1. Hence
Tofs(x) = 0 when |z — h| < 1/4. Thus, we complete the proof of Lemma 6. O

Now let us turn to the proof the theorem. In the following proof we use some
basic ideas in [11] and [12].

The proof that (ii) implies (i). Let k and [ be two positive integers and P(x,y)
be a non-degenarate real-valued polynomial with degree k in =z and [ in y. Write
P(z,y) = ngk,\mgzavﬁxvyﬁ- By the dilation invariance, we may assume that

> |y|=k,|8|=t |@v8] = 1. Decompose T4 as

iP(x Q(x —
TAf(x)=/| | lep( ’”F _(y|nf£1Rm(A;x7y)f(y) dy
z—y|<

iy /2 eiP(x,y)MRm(z‘h z,y)f(y) dy

) _ —1
o Jai<jay|<ai |z —y[tm

= T3 @)+ YT @)

Below we will estimate the operator Tj' and TJA (j > 1), respectively. First we
prove

(2.9) 176 fllpw < CldegPin) Y |ID*All|f pw-

la]=m—1

Let us begin with a double induction on the degree in x and y of the polynomial.
If P(z,y) depends only on z or only on y, it is obvious that the condition (ii)
implies (2.9). We assume that (2.9) holds for all polynomials which are sums of
monomials of degree less than &k in x times monomials of any degree in y, together
with monomials which are of degree k£ in = times monomials which are of degree
less than [ in y. Rewrite

Plx,y)= Y ayp(ay’ —y"*) + Po(x,y),
NENEE
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where Py(z,y) satisfies the inductive assumption. We split T64 into

. Qlz —
T5 f () =/ 6’P°(”’y)%3m(14;w,y)f(y) dy
lz—y|<1 |£L‘ - y|

i i Qx —vy
+ /|Iy|<1 (ezP(:c,y) _ ezPo(x,y))Lr_(an?lRm(A;x,y)f(y) dy

= Toh f(2) + Toa f(2).
Now our induction assumption states that
(2.10) Tehfllpw <C Y0 ID*ALl fllpe
|a]=m—1
On the other hand, if |z| < 1 and |z — y| < 1, then it is easy to see that
P~ @RED| <0 Y agalle -yl = Cla — gl
|v|=k,|B]=l
Denote fo(y) = f(y)x{jy<2}, then Ty f(z) = Tgk fo(z) if || < 1. Hence,

Qz —y)

A
|T0,2f(x)| <C W

lz—y|<1

R (A x,y)fo(y)‘ dy < CMoafola).

When w satisfies one of the conditions (a), (b) and (c), by Lemma 1 we have

A F(@)|Pw(z)d A, : P .
/m<1|T0’2f( )Pw(z)d gc( > D A||) /|y|<2|f(y)| (y)dy

|a]=m—1

Using the same argument as in [IT], p. 189], we may obtain

A F(@)|Pw(x)d Al ! Py, .
[ meraese( 5 ) [ s

|a|=m—1

Integrating the above inequality with respect to h, we have

(2.11) 1T llpe <C D7 ID* Al fllpe
|al]=m—1

Thus, (2.9) follows from (2.10) and (2.11).
Now we turn our attention to the operator TJA, j = 1. Obviously,

T < [ =9k s )1 () dy < CMaaf (),

291 <|o—y|<2i [T —y[r Tl

where C' is independent of j. If w satisfies one of the conditions (a), (b) and (c),
then by (2.5) there is an € > 0 such that w!™® satisfies the same condition, too.
Hence, it follows from Lemma 1 that

(2.12) IT/ fllpwrse <C > 1D AL f]
la]=m—1

where C' is independent of j. On the other hand, we know (see (2.7) in [1, p. 171])
that there are C,0 > 0 depending only on the total degree of P(x,y) such that for
allj > 1

(2.13) 1T flla < 027 Y7 DA fll2:

|a]=m—1

p,w1+5 3
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Hence, using the Stein-Weiss interpolation theorem with change of measures [13]
between (2.12) and (2.13), we may obtain

(2.14) 1T fllpw < €277 %7 DAL S

|a|=m—1

pb,w

with 0 < 8 < 1. Thus, summing (2.14) over all j > 1 and combining the estimate
(2.9) for T§!, we have

IT4f|lpw <C > D AllL|£]

|a|=m—1

p,ws

where C' depends only on n, p, ¢, A, constant of w and the total degree deg P of
P(z,y). Therefore, we finish the proof that (ii) implies (i).

The proof that (i) implies (ii). Suppose that P(x,y) has property P. Decom-
pose

T4 f(z) = / <1eip(x’y)MRm(A;x,y)f(y)dy
T—y

|z —y|rtmt

iPay)_2E=Y) ooy
! /Ix—ylzl ‘ 7 — g[rrmT R (A;2,y) f(y) dy
= T3 f(x) + TA f(2).

By the process of the proof that (i) implies (i), we see that T4 is bounded on LP(w)
if w satisfies one of the conditions (a), (b) and (c) in the theorem. Therefore, if w
satisfies one of the conditions (a), (b) and (c), then T is also bounded on LP(w).
Taking an h € R", for [z — h| < 1, we have T3 f(z) = T5'[f(-)XB(n,2)(-)](z), where
B(h,2) = {y : |y — h| < 2}. The same argument as the proof of Lemma 6 tells us

that
1/p
([ imtrwprea)
lz—h|<1

<c ¥ vl /lyh<2|f<y>|pw<y>dy)l/p,

|a|=m—1

(2.15)

where C is independent of h and f. Since P(z,y) has property P, we write

S4f(z) = eiRo(x,mp.U./l | GPED K, (2, y)e— PE=hu=h) iR W) £(y) dy
z—y|<1
for h € R"™, where K,,(z,y) = %Rm(fl;x,y). Expanding e *F@—hv—h)

into the Taylor series, we have

—i)k
CO S et =y — )"
a,B

e—iP(x—h,y—h)

M8

k

0

I
M8
T

LS bl = 1y — )

W,V

=~
Il
=]
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Thus, we have

( [ 5 @)Puta)de "

=1
< p S bul( [
=0 n r
4 4 P 1/p
X / eip(”’y)Km(x,y)e_iRl(y’h)(y —h)" f(y) dy W(JU)dx)
lz—y|<1

- 1 —1 . v p /p
<kZ_OE§;|wa§“|( [ e e )i

z—h|<

(z — h)*

—h|<1

where £ = (1,1,---,1). By (2.15), we have

.- 1 123 v pw 1/10
<o g Sbulel( [ - nrrai)

W,V

> 1 1/p
<o p S mule ([ fwlemay)
k=0 " n, \

—h|<2

> 1/p
<O (Sl ') ([ rwrewa)

k=0~ .8
where n = (2,2,---,2). Note that
=0

oo

1
> (D laaslie - n?)" = exp (3 laaslle™ - n°l) < €,

k a,3 o,

we have

</””h'<1 |SAf(x)|pw(x)dm> N =C ( /yh|<2 |f(y)|pw(y)dy> 1/p.

Thus, (ii) follows from integrating the last inequality with respect to h and the
proof of the theorem is complete.

Remark. Consider the multilinear oscillatory singular integral operator defined by

2
; Qz —y)
Ta, 4, f(x) =po. /n ezP(m’y)W H R, (Aj;2,9) f(y) dy,
j=1

where n,my, mg > 2, M = mi+mg and D*A;, DP Ay € BMO for |a| = m;—1 and
|B] = ma — 1, respectively. Repeating the arguments of the theorem and Lemma
1, we can obtain the same conclusions as the theorem and Lemma 1. We omit the
details here.
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