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A SHORT PROOF OF ELLENTUCK’S THEOREM
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(Communicated by Carl G. Jockusch, Jr.)

Dedicated to Adrian Mathias

Abstract. We combine standard arguments to give a shorter proof of Ellen-
tuck’s Theorem.

ω denotes the set of nonnegative integers. Given A ⊆ ω, [A]ω (respectively,
[A]<ω) denotes the set of all infinite (respectively, finite) subsets of A.

Given a ∈ [ω]<ω and A ∈ [ω]ω, we let 〈a,A〉 denote the set of all B ∈ [ω]ω such
that a ⊆ B ⊆ a ∪ {n ∈ A : ∀m ∈ a n > m}.
W ⊆ [ω]ω is completely Ramsey if for all a ∈ [ω]<ω and A ∈ [ω]ω, there is a

B ∈ [A]ω such that either 〈a,B〉 ⊆W , or else 〈a,B〉 ∩W = ∅.
Given a topological space X , an open set O is dense if O∩U 6= ∅ for every open

set U 6= ∅. Given W ⊆ X , W is nowhere dense if it is disjoint from some dense
open set. W is meager if it is a countable union of nowhere dense sets. W has the
Baire property if (O −W ) ∪ (W −O) is meager for some open set O.

The Ellentuck topology on [ω]ω is defined by taking as basic open sets ∅ and all
〈a,A〉 for a ∈ [ω]<ω and A ∈ [ω]ω.

Ellentuck’s Theorem ([2]). Given W ⊆ [ω]ω, W is completely Ramsey if and
only if W has the Baire property with respect to the Ellentuck topology.

Ellentuck’s proof of his theorem reuses part of the proof of an earlier, weaker
result of Galvin and Prikry ([1]). The (shorter) proof given below is obtained
by combining well-known arguments. For instance the proof of the following is
reminiscent of that of Proposition 1.5 in [3].

Lemma 1. Let a ∈ [ω]<ω, A ∈ [ω]ω and Wi ⊆ [ω]ω for i ∈ ω be such that for every
B ∈ [A]ω, 〈a,B〉 6⊆

⋂
i∈ωWi. Then there are i ∈ ω, c ∈ [ω]<ω and C ∈ [ω]ω such

that 〈c, C〉 ⊆ 〈a,A〉, |c| ≤ |a| + i and 〈d,D〉 6⊆ Wi for all d ∈ [ω]<ω and D ∈ [ω]ω

such that 〈d,D〉 ⊆ 〈c, C〉.

Proof. For d ∈ [ω]<ω and i ∈ ω, let S(d, i) = {D ∈ [ω]ω : 〈d,D〉 ⊆ Wi}. Assume
w.l.o.g. that min(A) > k for all k ∈ a. Let A−1 = A, n−1 = 0. Define Aj and nj
for j ∈ ω so that:

(i) Aj ∈ [Aj−1]ω;
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(ii) for each pair (d, i) where a ⊆ d ⊆ a ∪ {nk : k < j} and i ≤ j, either Aj is in
S(d, i), or else no subset of Aj is in S(d, i);

(iii) nj ∈ Aj and nj > nj−1.
Now let B = {nj : j ∈ ω}. There is an i ∈ ω such that 〈a,B〉 * Wi. Select E ∈
〈a,B〉−Wi, and put c = a∪ (E ∩{nj : j < i}) and H = E− c. For each b ∈ [H ]<ω,
set Tb = {m ∈ H : 〈c ∪ b ∪ {m}, H〉 ⊆Wi} and Kb = {D ∈ [H ]ω : 〈c ∪ b,D〉 ⊆Wi}.

Notice that if b ∈ [H ]<ω is such that Tb is infinite, then Tb ∈ Kb, as 〈c∪ b, Tb〉 ⊆⋃
m∈Tb〈c ∪ b ∪ {m}, H〉.
Moreover, we have the following. Suppose b ∈ [H ]<ω is such that Kb 6= ∅.

Select D ∈ Kb. Let x ∈ [ω]<ω be such that (c ∪ b) − a = {nj : j ∈ x}, and
let p be the least nonnegative integer ≥ i such that j < p for every j ∈ x. As
{m ∈ D : m ≥ np} ∈ P (Ap) ∩ S(c ∪ b, i), we have that Ap ∈ S(c ∪ b, i). Hence
〈c ∪ b,H〉 ⊆Wi, and therefore b 6= ∅ and max(b) ∈ Tb−{max(b)}.

Now define mj by induction for j ∈ ω so that:
(0) m0 ∈ H − T∅;
(1) mj < mj+1;
(2) Tb is finite for all b ⊆ {mr : r ≤ j};
(3) mj+1 ∈ H −

⋃
b⊆{mr : r≤j} Tb.

Then set C = {mj : j ∈ ω}. Given b ∈ [C]<ω, we clearly have that Kb = ∅ and
therefore for every D ∈ [C]ω , 〈c ∪ b,D〉 6⊆Wi.

We define N ⊆ P ([ω]ω) by letting W ∈ N if and only if for all a ∈ [ω]<ω and
A ∈ [ω]ω, there are b ∈ [ω]<ω and B ∈ [ω]ω such that 〈b, B〉 ⊆ 〈a,A〉 −W .

The following is immediate from Lemma 1.

Lemma 2 ([3]). N is closed under countable unions.

We define C ⊆ P ([ω]ω) by letting W ∈ C if and only if for all a ∈ [ω]<ω and
A ∈ [ω]ω, there are b ∈ [ω]<ω and B ∈ [ω]ω such that 〈b, B〉 ⊆ 〈a,A〉 and either
〈b, B〉 ⊆W , or else 〈b, B〉 ∩W = ∅.

Lemma 3 ([3], Proposition 4.12). Every member of C is completely Ramsey.

Proof. Let W ∈ C, a ∈ [ω]<ω and A ∈ [ω]ω be such that for every B ∈ [A]ω,
〈a,B〉 6⊆ W . Define Wi for i ∈ ω by letting Wi = W in case i = 0, and Wi = [ω]ω

otherwise. By Lemma 1, there is a C ∈ [A]ω such that 〈d,D〉 6⊆W0 for all 〈d,D〉 ⊆
〈a, C〉. Now set W i = [ω]ω −W for all i ∈ ω. Since W ∈ C, there is by Lemma 1 a
B ∈ [C]ω such that 〈a,B〉 ⊆

⋂
i∈ωW i.

Proof of Ellentuck’s Theorem. For each Y ⊆ [ω]ω, let OY be the open set defined
by letting

OY =
⋃
{〈a,A〉 : a ∈ [ω]<ω, A ∈ [ω]ω and 〈a,A〉 ⊆ Y }.

If W ⊆ [ω]ω is completely Ramsey, then OW ∪ O[ω]ω−W is dense and therefore
W has the Baire property, as (W −OW ) ∩ (OW ∪O[ω]ω−W ) = ∅.

Conversely, if W ⊆ [ω]ω has the Baire property, then there is an open set O such
that (O −W ) ∪ (W −O) is meager. As every nowhere dense set clearly lies in N ,
we have by Lemma 2 that (O −W ) ∪ (W − O) ∈ N . Therefore W ∈ C, as clearly
O ∈ C. Hence W is completely Ramsey by Lemma 3.
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