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Abstract. We consider the perturbation problem of wavelet frame (Riesz

basis) {ψj,k,a0,b0} = {anj/20 ψ(aj0x− kb0)} about dilation and translation pa-
rameters a0 and b0. For wavelet functions whose Fourier transforms have
small supports, we give a method to determine whether the perturbation sys-
tem {ψj,k,a,b0} is a frame (Riesz basis) and prove the stability about dilation
parameter a0 on Paley-Wiener space. For a great deal of wavelet functions,
we give a definite answer to the stability about translation b0. Moreover, if

the Fourier transform ψ̂ has small support, we can estimate the frame bounds
about the perturbation of translation parameter b0. Our methods can be used
to handle nonhomogeneous frames (Riesz basis).

1. Introduction

Frame is an important topic in both harmonic analysis and wavelet theory. For
a general introduction, see [B], [BHW], [BW], [D1], [D2], [HW] and [Y]. A set
of vectors {fj}j∈N in a separable Hilbert space H is called a frame if there are
constants A and B such that for every f ∈ H

A‖f‖2 ≤
∑
j∈N
|〈f, fj〉|2 ≤ B‖f‖2.

The constants A and B are called frame bounds. If only the right-hand inequality
is satisfied for all f ∈ H, then {fj} is called a Bessel sequence with bound B.
Many people considered the stability of frames. Duffin and Schaeffer introduced
frames and the frame algorithm which makes it possible to reconstruct any element
f ∈ H from the sequence of coefficients 〈f, fj〉 uniquely and stably. Their algorithm
is stable if the elements fj are exactly known. Favier and Zalik [FZ] and Zhang
[Z1] considered the wavelet frames {anj/2ψ(ajx− kb)}j∈Z,k∈Zn and Gabor frames
{ei〈jb,x〉ψ(x − ka)}j,k∈Zn , which are useful in many areas of mathematics, physics
and engineering, e.g., harmonic analysis, quantum mechanics, scattering theory,
signal and image processing. They studied under what conditions the frames are
stable if ψ is replaced by another function φ or the k are replaced by approximations
{λj,k}. Balan studied the perturbation of translation parameter b. This problem
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was first considered by Daubechies and Tchamichian for Meyer orthogonal wavelet
basis in 1990 [D2]. We quote Balan’s result as follows.

Theorem ([Ba]). Let {ψj,k,a0,b0} be a wavelet Riesz basis on L2(R) with frame
bounds A and B. Furthermore, suppose that ψ̂, the Fourier transform of ψ, satisfies
the following requirements: ψ̂ is in the class C1 on R and both ψ̂ and ψ̂′ are bounded
by

|ψ̂(ξ)|, |ψ̂′(ξ)| ≤ C |ξ|α
(1 + |ξ|)γ

for some C > 0, γ > 1 +α > 1. Then there exists an ε > 0 such that for any b with
|b− b0| < ε, the set {ψj,k,a0,b} is a Riesz basis, where ψj,k,a,b(x) = aj/2ψ(ajx− kb).

Christensen, Heil and Walnut studied the stability of frames in Hilbert space from
the point of view of a more general stability theory [C], [CH], [HW]. Feichtinger
and Gröchenig studied the stability theory for atoms in Banach spaces [FG].

In this paper, we consider the stability problems, that is, the perturbation of
dilation a and translation b.

We first explain our notations in this paper. We use C to denote constant and
do not distinguish different constants. N is the set of all positive integers, and Z
is the set of all integers. We define the Fourier transform, inner product and norm
by

f̂(ξ) =
∫
f(x)e−ix·ξdx, 〈f, g〉 =

∫
f(x)g(x)dx, ‖f‖ = 〈f, f〉 1

2 ,

so that∫
f(x)g(x)dx = (2π)−n

∫
f̂(ξ)ĝ(ξ)dξ, ‖f‖2 = (2π)−n

∫
|f̂(ξ)|2dξ,

where we omit the integral area Rn.
We need four lemmas; for the details, see [CH], [FZ], [Z1] and [Z2].

Lemma 1 ([CH], [FZ]). Let {fj} be a frame (Riesz basis) in Hilbert space H with
frame bounds A and B. Assume {gj} ⊂ H and {fj − gj} is a Bessel sequence with
bound M < A. Then {gj} is a frame (Riesz basis) with frame bounds
A[1− (M/A)

1
2 ]2 and B[1 + (M/B)

1
2 ]2.

Note that in Lemma 2, the coefficients are different from Theorem 2 in [Z1]
because we give a different inner product.

Lemma 2 ([CS], [D1], [L], [Z1]). If {ψj,k,a,b} is a wavelet frame with frame bounds
A and B, then

bnA ≤
∑
j∈Z
|ψ̂(ajξ)|2 ≤ bnB a.e. ξ ∈ Rn,

where ψj,k,a,b(x) = anj/2ψ(ajx− kb).

Definition. If φ, ψ ∈ L2(Rn),
∫
ψ(x)dx = 0 but

∫
φ(x)dx 6= 0, {φk,b(x),

ψj,k,a,b(x)}j∈N,k∈Zn is a frame (Riesz basis) on L2(Rn), then we call it a non-
homogeneous frame (Riesz basis), where φk,b(x) = φ(x − kb).
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Lemma 3 ([Z2]). If {φk,b(x), ψj,k,a,b(x)}j∈N,k∈Zn is a nonhomogeneous frame on
L2(Rn) with frame bounds A and B, we have a necessary condition

Abn ≤ |φ̂(ξ)|2 +
∑
j∈N
|ψ̂(a−jξ)|2 ≤ Bbn a.e. ξ ∈ Rn.

Using the triangle inequality, the next lemma obviously holds.

Lemma 4. Assume that {fj}j∈N is a frame on L2(Rn) with frame bounds A and
B. If

|
∑
j

|〈f, fj〉|2 −
∑
j

|〈f, gj〉|2| ≤M‖f‖2 < A‖f‖2,

then {gj} is a frame with frame bounds A−M and B +M.

We first consider the perturbation of translation parameter b in Theorem 1 and
Theorem 2, and then dilation a in Theorem 3. We prove similar results for nonho-
mogeneous frames in Theorem 4 and Theorem 5.

Theorem 1. If {ψj,k,a0,b0} is a frame (Riesz basis) on L2(Rn) with frame bounds
A and B, ψ̂ is continuous and bounded by

|ψ̂(ξ)| ≤ C |ξ|α
(1 + |ξ|)n+γ

,

where γ > α > 0. Then there exists a δ > 0 such that for any b with |b − b0| <
δ, {ψj,k,a0,b} is a frame (Riesz Basis) on L2(Rn).

If ψ̂ has a small support, we can compute the frame bounds as follows.

Theorem 2. Suppose that {ψj,k,a0,b0} is a frame on L2(Rn) with frame bounds
A and B. Then there exists a δ > 0 such that for any b with |b − b0| < δ and
supp ψ̂ ⊂ [−π/(b0∨b), π/(b0∨b)]n, {ψj,k,a0,b} is a frame with frame bounds A−M
and B +M , where M = |1− ( b0b )n|B < A, b0 ∨ b = max(b0, b).

Theorem 3. Suppose that {ψj,k,a0,b0} is a frame on L2(Rn), supp ψ̂ ⊂ [−π/b0,
π/b0]n, and

m = esssup|
∑
j

(|ψ̂(a−j0 ξ)|2 − ψ̂(a−jξ)|2)| < bn0A.

Then {ψj,k,a,b0} is a frame on L2(Rn) with frame bounds A−b−n0 m and B+b−n0 m.
In particular, if ψ̂ is continuous and

|ψ̂(ξ)| ≤ C |ξ|α
(1 + |ξ|)γ , γ > α > 0.

Then {ψj,k,a,b0} is a frame on Paley-Wiener space for all a in some neighborhood
of a0.

Theorem 4. Let {φk,b0 , ψj,k,a0,b0} be a nonhomogeneous frame (Riesz basis) on
L2(Rn) with frame bounds A and B. Suppose φ̂ and ψ̂ are continuous and

|φ̂(ξ)|, |ψ̂(ξ)| ≤ C 1
(1 + |ξ|)n+γ

, γ > 0.

Then there exists a δ > 0 such that for any b with |b − b0| < δ, {φk,b, ψj,k,a0,b} is
a frame (Riesz basis). Moreover, if supp φ̂ ⊂ [−π/(b0 ∨ b), π/(b0 ∨ b)]n, supp ψ̂ ⊂
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[−π/(b0∨b), π/(b0∨b)]n, and for b with M = |1−( b0b )n|B < A, then {φk,b, ψj,k,a0,b}
is a frame on L2(Rn) with frame bounds A−M and B +M .

Theorem 5. Let {φk,b0 , ψj,k,a0,b0} be a nonhomogeneous frame on L2(Rn) with
frame bounds A and B, supp φ̂ ⊂ [−π/b0, π/b0]n, supp ψ̂ ⊂ [−π/b0, π/b0]n, if

m = esssup|
∑
j∈N
|ψ̂(a−j0 ξ)|2 −

∑
j∈N
|ψ̂(a−jξ)|2| < Abn0 .

Then {φk,b0 , ψj,k,a,b0} is a frame on L2(Rn) with frame bounds A − m/bn0 and
B +m/bn0 . Especially, if ψ̂ is continuous and

|ψ̂(ξ)| ≤ C|ξ|α, α > 0,

then there exists a δ > 0 such that for any a with |a − a0| < δ, {φk,b0 , ψj,k,a,b0} is
a frame on Paley-Wiener space.

2. Proof of main results

Proof of Theorem 1. We use Balan’s idea to define a unitary operator

Ub : L2(Rn)→ L2(Rn), (Ubψ)(x) = (
b

b0
)n/2ψ(

b

b0
x) = φ(x).

Then it is easy to see that

φ̂(ξ) = (
b

b0
)−n/2ψ̂(

b0
b
ξ), Ubψj,k,a0,b = φj,k,a0,b0 .

Therefore, {ψj,k,a0,b} is a frame if and only if {φj,k,a0,b0} is a frame. For all f, g ∈
L2(Rn), by Plancherel Theorem and Parseval identity, we have∑
j∈Z

∑
k∈Zn

|〈f, gj,k,a,b〉|2

= (2π)−2n
∑
j∈Z

∑
k∈Zn

|
∫
f̂(ξ)a−nj/2ĝ(a−jξ)eia

−jbk·ξdξ|2

= (2πb)−2n
∑
j∈Z

∑
k∈Zn

anj |
∫
f̂(ajξ/b)ĝ(ξ/b)eik·ξdξ|2

= (2πb)−2n
∑
j∈Z

∑
k∈Zn

anj |
∫

[−π,π]n

∑
l∈Zn

f̂(aj(ξ + 2lπ)/b)ĝ((ξ + 2lπ)/b)eik·ξdξ|2

= (2π)−nb−2n
∑
j∈Z

anj
∫

[−π,π]n
|
∑
l∈Zn

f̂(aj(ξ + 2lπ)/b)ĝ((ξ + 2lπ)/b)|2dξ

= (2π)−nb−2n
∑
j∈Z

anj
∫
f̂(ajξ/b)ĝ(ξ/b)

∑
l∈Zn

f̂(aj(ξ + 2lπ)/b)ĝ((ξ + 2lπ)/b)dξ

= (2πb)−n
∑
j∈Z

∑
l∈Zn

∫
f̂(ξ)ĝ(a−jξ)f̂(ξ + aj2lπ/b)ĝ(a−jξ + 2lπ/b)dξ.

Thus,

(1)
∑
j∈Z

∑
k∈Zn

|〈f, gj,k,a,b〉|2

= (2πb)−n
∑
j∈Z

∑
l∈Zn

∫
f̂(ξ)ĝ(a−jξ)f̂(ξ + aj2lπ/b)ĝ(a−jξ + 2lπ/b)dξ.
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By the Cauchy-Schwarz inequality we have∑
j∈Z

∑
k∈Zn

|〈f, gj,k,a,b〉|2

≤ (2πb)−n
∑
j∈Z

∑
l∈Zn

(
∫
|f̂(ξ)|2|ĝ(a−jξ)ĝ(a−jξ + 2lπ/b)|dξ)1/2

(
∫
|f̂(ξ + aj2lπ/b)|2|ĝ(a−jξ)ĝ(a−jξ + 2lπ/b)|dξ)1/2

≤ (2πb)−n(
∑
j∈Z

∑
l∈Zn

∫
|f̂(ξ)|2|ĝ(a−jξ)ĝ(a−jξ + 2lπ/b)|dξ)1/2

(
∑
j∈Z

∑
l∈Zn

∫
|f̂(ξ)|2|ĝ(a−jξ − 2lπ/b)ĝ(a−jξ)|dξ)1/2

= (2πb)−n
∑
j∈Z

∑
l∈Zn

∫
|f̂(ξ)|2|ĝ(a−jξ)ĝ(a−jξ + 2lπ/b)|dξ

≤ b−n sup
ξ∈Rn

∑
j∈Z

∑
l∈Zn

|ĝ(a−jξ)ĝ(a−jξ + 2lπ/b)|‖f‖2

= b−n sup
1≤|ξ|≤a

∑
j∈Z

∑
l∈Zn

|ĝ(a−jξ)ĝ(a−jξ + 2lπ/b)|‖f‖2.

Let g = ψ − φ. We have∑
j∈Z

∑
k∈Zn

|〈f, (ψ − φ)j,k,a0,b0〉|2

≤ b−n0 sup
1≤|ξ|≤a0

∑
j∈Z

∑
l∈Zn

|ψ̂(a−j0 ξ)− φ̂(a−j0 ξ)|

· |ψ̂(a−j0 ξ + 2lπ/b0)− φ̂(a−j0 ξ + 2lπ/b0)|‖f‖2

= b−n0 sup
1≤|ξ|≤a0

∑
j∈Z
|ψ̂(a−j0 ξ)− φ̂(a−j0 ξ)|

·
∑
l∈Zn

|ψ̂(a−j0 ξ + 2lπ/b0)− φ̂(a−j0 ξ + 2lπ/b0)|‖f‖2.

For all j and ξ,

sup
1≤|ξ|≤a0

∑
l∈Zn

|ψ̂(a−j0 ξ + 2lπ/b0)|

≤ C sup
1≤|ξ|≤a0

∑
l∈Zn

1
(1 + |a−j0 ξ + 2lπ/b0|)n+γ−α

≤ C
∑
l∈Zn

1
(1 + |l|)n+γ−α ≤ C <∞.

For the same reason, the second term is bounded uniformly, that is,

sup
1≤|ξ|≤a0

∑
l∈Zn

|φ̂(a−j0 ξ + 2lπ/b0)| ≤ C <∞.
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For all J ∈ N,

sup
1≤|ξ|≤a0

∑
j∈Z
|ψ̂(a−j0 ξ)− φ̂(a−j0 ξ)|

≤ sup
1≤|ξ|≤a0

∑
|j|≤J

|ψ̂(a−j0 ξ)− (
b

b0
)−n/2ψ̂(a−j0

b0
b
ξ)|

+ sup
1≤|ξ|≤a0

∑
j<−J

(|ψ̂(a−j0 ξ)|+ |φ̂(a−j0 ξ)|)

+ sup
1≤|ξ|≤a0

∑
j>J

(|ψ̂(a−j0 ξ)|+ |φ̂(a−j0 ξ)|)

= I + II + III.

For every ε > 0, choose J such that a−J0 < ε. Since 1 ≤ |ξ| ≤ a0, |j| ≤ J , and
ψ̂(a−j0 ξ) is continuous uniformly on ξ, we can choose δ small enough so that if
|b− b0| < δ, then

|ψ̂(a−j0 ξ)− ψ̂(a−j0

b0
b
ξ)| < ε, ∀|j| ≤ J.

Thus,

I ≤
∑
|j|≤J

sup
1≤|ξ|≤a0

(|1− (
b

b0
)−n/2||ψ̂(a−j0 ξ)|+ (

b

b0
)−n/2||ψ̂(a−j0 ξ)− ψ̂(a−j0

b0
b
ξ)|)

≤ C(2J + 1)(|1− (
b

b0
)−n/2|+ (

b

b0
)−n/2ε) = o(1), b→ b0.

We now turn to II. We will just estimate the first term in the series, since the
other term can be handled similarly.

sup
1≤|ξ|≤a0

∑
j<−J

|ψ̂(a−j0 ξ)| ≤ sup
1≤|ξ|≤a0

C
∑
j<−J

|a−j0 ξ|α

(1 + |a−j0 ξ|)n+γ

≤ sup
1≤|ξ|≤a0

C
∑
j<−J

1
(1 + |a−j0 ξ|)n+γ−α

≤ C
∑
j<−J

a
j(n+γ−α)
0

≤ Ca−J(n+γ−α)
0 = o(1), J → +∞.

Finally, the last part is also small, since if J is large,

sup
1≤|ξ|≤a0

∑
j>J

|ψ̂(a−j0 ξ)| ≤ C
∑
j>J

|a−j0 a0|α ≤ Ca−Jα0 = o(1), J → +∞.

From the estimates above, we conclude that for every ε > 0, there exists δ > 0
such that for all |b− b0| < δ,∑

j∈Z

∑
k∈Zn

|〈f, (ψ − φ)j,k,a0,b0〉|2 ≤ ε‖f‖2,

which shows {φj,k,a0,b0} is a frame (Riesz basis) on L2(Rn) for b sufficiently close
to b0 by Lemma 1. The proof is finished.
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Proof of Theorem 2. Since supp ψ̂ ⊂ [−π/(b0 ∨ b), π/(b0 ∨ b)]n,

|
∑
j∈Z

∑
k∈Zn

|〈f, ψj,k,a0,b0〉|2 −
∑
j∈Z

∑
k∈Zn

|〈f, ψj,k,a0,b〉|2|

= (2π)−n|b−n0 − b−n|
∫
|f̂(ξ)|2

∑
j

|ψ̂(a−j0 ξ)|2dξ.

By Lemma 2 the last term above is dominated by

|b−n0 − b−n|bn0B‖f‖2 = |1− (
b0
b

)n|B‖f‖2.

Choosing those b such that |1−( b0b )n|B < A and applying Lemma 4, the conclusion
follows.

Proof of Theorem 3. By the same computation as in the proof of Theorem 2, we
have

|
∑
j∈Z

∑
k∈Zn

|〈f, ψj,k,a0,b0〉|2 −
∑
j∈Z

∑
k∈Zn

|〈f, ψj,k,a,b0〉|2|

= (2πb0)−n|
∫
|f̂(ξ)|2(

∑
j

|ψ̂(a−j0 ξ)|2 −
∑
j

|ψ̂(a−jξ)|2)dξ|,

and the first assertion in the theorem follows. If f is a function in Paley-Wiener
space, more precisely, there exist two constants 0 < m < M < ∞, such that
suppf̂ ⊂ {ξ : m ≤ |ξ| ≤M}, then for big enough J, if |j| > J , we have∑

j<−J
|ψ̂(a−jξ)|2 ≤ C

∑
j<−J

|a−jξ|2α
(1 + |a−jξ|)2γ

≤ C
∑
j<−J

(a−jm)2(α−γ) ≤ Ca−2J(γ−α) = o(1), J → −∞,

∑
j>J

|ψ̂(a−jξ)|2 ≤ C
∑
j>J

|a−jM |2α ≤ Ca−2Jα = o(1), J →∞.

For |j| ≤ J , we have

|
∑
|j|≤J

(|ψ̂(a−j0 ξ)|2 − |ψ̂(a−jξ)|2|

≤
∑
|j|≤J

(|ψ̂(a−j0 ξ)|+ |ψ̂(a−jξ)|)|ψ̂(a−j0 ξ)− ψ̂(a−jξ)|

≤ C(2J + 1)ε = o(1), |a0 − a| < δ,

where we used the fact that if |j| ≤ J , m < |ξ| < M , then ψ̂(a−jξ) is uniformly
continuous, so for every ε > 0, there exists δ, such that for all |a0 − a| < δ,
|ψ̂(a−j0 ξ)− ψ̂(a−jξ)| < ε. Theorem 3 is proved.

Proof of Theorem 4. The idea of the proof of Theorem 4 is the same as in the proof
of Theorem 1. We just describe the main steps. We again use the unitary operator
Ub defined by

Ub : L2(Rn)→ L2(Rn), (Ubψ)(x)=(
b

b0
)n/2ψ(

b

b0
x) = Ψ(x), (Ubφ)(x)=ϕ(x).
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By a similar computation as in Theorem 1, we have∑
k∈Zn

|〈f, gk,b0〉|2 +
∑
j∈N

∑
k∈Zn

|〈f, hj,k,a0,b0〉|2

= (2πb0)−n(
∑
l∈Zn

∫
f̂(ξ)f̂ (ξ + 2lπ/b0)ĝ(ξ)ĝ(ξ + 2lπ/b0)dξ

+
∑
j∈N

∑
l∈Zn

∫
f̂(ξ)f̂(ξ + aj02lπ/b0)ĥ(a−j0 ξ)ĥ(a−j0 ξ + 2lπ/b0)dξ)

≤ (2πb0)−n(
∑
l∈Zn

∫
|f̂(ξ)|2|ĝ(ξ)ĝ(ξ + 2lπ/b0)|dξ

+
∑
j∈N

∑
l∈Zn

∫
|f̂(ξ)|2|ĥ(a−j0 ξ)ĥ(a−j0 ξ + 2lπ/b0)|dξ).

Let g = φ− ϕ, h = ψ −Ψ. Then∑
k∈Zn

|〈f, (φ − ϕ)k,b0〉|2 +
∑
j∈N

∑
k∈Zn

|〈f, (ψ −Ψ)j,k,a0,b0〉|2

≤ b−n0 ‖f‖2(sup |φ̂(ξ)− ϕ̂(ξ)|
∑
l∈Zn

|φ̂(ξ + 2lπ/b0)− ϕ̂(ξ + 2lπ/b0)|

+ sup
1≤|ξ|≤a0

∑
j∈N
|ψ̂(a−j0 ξ)− Ψ̂(a−j0 ξ)|

·
∑
l∈Zn

|ψ̂(a−j0 ξ + 2lπ/b0)− Ψ̂(a−j0 ξ + 2lπ/b0)|).

By the continuity and decay conditions, we obtain our first claim as in Theorem 1.
We obtain our second claim by Lemma 3 since

|(
∑
k∈Zn

|〈f, φk,b0 〉|2 +
∑
j∈N

∑
k∈Zn

|〈f, ψj,k,a0,b0〉|2)

− (
∑
k∈Zn

|〈f, φk,b〉|2 +
∑
j∈N

∑
k∈Zn

|〈f, ψj,k,a0,b〉|2)|

= (2π)−n|b−n0 − b−n|
∫
|f̂(ξ)|2(|φ̂(ξ)|2 +

∑
j∈N
|ψ̂(a−jξ)|2)dξ.

Proof of Theorem 5. The first result is easily seen by

|
∑
j∈N

∑
k∈Zn

|〈f, ψj,k,a0,b0〉|2 −
∑
j∈N

∑
k∈Zn

|〈f, ψj,k,a,b0〉|2|

= (2πb0)−n|
∫
|f̂(ξ)|2

∑
j∈N

(|ψ̂(a−j0 ξ)|2 − |ψ̂(a−jξ)|2)dξ|.

The second part is similar to the proof of Theorem 3. We leave these details to the
reader.

We complete our proof of Theorem 1–Theorem 5.
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