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ABSTRACT. We consider the perturbation problem of wavelet frame (Riesz
basis) {1 k,aq,b0 ) = {agj/Qw(aéac — kbo)} about dilation and translation pa-
rameters ag and bg. For wavelet functions whose Fourier transforms have
small supports, we give a method to determine whether the perturbation sys-
tem {9}k a,b, ) is a frame (Riesz basis) and prove the stability about dilation
parameter ag on Paley-Wiener space. For a great deal of wavelet functions,
we give a definite answer to the stability about translation bg. Moreover, if
the Fourier transform Qﬁ has small support, we can estimate the frame bounds
about the perturbation of translation parameter bg. Our methods can be used
to handle nonhomogeneous frames (Riesz basis).

1. INTRODUCTION

Frame is an important topic in both harmonic analysis and wavelet theory. For
a general introduction, see [B], [BHW|, [BW], [D1], [D2], [HW] and [Y]. A set
of vectors {f;};en in a separable Hilbert space H is called a frame if there are
constants A and B such that for every f € ‘H

AN < S0P < BIFIR
JEN
The constants A and B are called frame bounds. If only the right-hand inequality
is satisfied for all f € H, then {f;} is called a Bessel sequence with bound B.
Many people considered the stability of frames. Duffin and Schaeffer introduced
frames and the frame algorithm which makes it possible to reconstruct any element
f € 'H from the sequence of coefficients (f, f;) uniquely and stably. Their algorithm
is stable if the elements f; are exactly known. Favier and Zalik [FZ] and Zhang
[Z1] considered the wavelet frames {a"//2¢)(a’x — kb)} je z xez» and Gabor frames
{0 ez — ka)};kezn, which are useful in many areas of mathematics, physics
and engineering, e.g., harmonic analysis, quantum mechanics, scattering theory,
signal and image processing. They studied under what conditions the frames are
stable if v is replaced by another function ¢ or the k are replaced by approximations
{\j.x}. Balan studied the perturbation of translation parameter b. This problem
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was first considered by Daubechies and Tchamichian for Meyer orthogonal wavelet
basis in 1990 [D2]. We quote Balan’s result as follows.

Theorem ([Ba)). Let {1} k,a0.60} be a wavelet Riesz basis on L?(R) with frame
bounds A and B. Furthermore, suppose that 1;, the Fourier tmrfsforonf 1, satisfies
the following requirements: 1 is in the class C* on R and both v and 1)’ are bounded

by
e
(1 +[€])”

for some C >0,y > 14+« > 1. Then there exists an € > 0 such that for any b with
|b—bo| < &, the set {1} k.aop} is a Riesz basis, where 1; k. ap(x) = a?/?(a’ z — kb).

[ 1 (€)] <

Christensen, Heil and Walnut studied the stability of frames in Hilbert space from
the point of view of a more general stability theory [C|, [CH], [HW]. Feichtinger
and Grochenig studied the stability theory for atoms in Banach spaces [FGI.

In this paper, we consider the stability problems, that is, the perturbation of
dilation a and translation b.

We first explain our notations in this paper. We use C' to denote constant and
do not distinguish different constants. N is the set of all positive integers, and Z
is the set of all integers. We define the Fourier transform, inner product and norm
by

O = [ f@e o, (f0) = [ f@ilds, If] =0

so that

/f dx—27r /f

where we omit the integral area R"™.
We need four lemmas; for the details, see [CH|, [EZ], [Z1] and [Z2].

de, |If]° = (2m) / ),

Lemma 1 ([CH|, [EZ]). Let {f;} be a frame (Riesz basis) in Hilbert space H with
frame bounds A and B. Assume {g;} C H and {f; — g;} is a Bessel sequence with
bound M < A. Then {g;} is a frame (Riesz basis) with frame bounds

A[l — (M/A)*]? and B[1 + (M/B)?]2.

Note that in Lemma 2, the coefficients are different from Theorem 2 in [Z1]
because we give a different inner product.

Lemma 2 ([CS], [D1], [, [Z1]). If {%j kab} is a wavelet frame with frame bounds
A and B, then

PTASY [P <V"B ae. EE€R"
jez
where ¥j i.a.(2) = a™/?p(a’z — kb).
Definition. If ¢, ¢ € L?*(R"), [4¢(z)dz = 0 but [¢(z)dx # 0, {dkp(z),

Y k,ab(T)}jeN kezn 18 a frame (Rlesz ba81s) on L?(R"), then we call it a non-
homogeneous frame (Riesz basis), where ¢ (z) = ¢(z — kb).
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Lemma 3 ([Z2]). If {¢rs(2), V) k,a0(x)}jenkezn is a nonhomogeneous frame on
L2(R™) with frame bounds A and B, we have a necessary condition

A" < GO + D [P(a P < BV ae. {eR™
JEN
Using the triangle inequality, the next lemma obviously holds.

Lemma 4. Assume that {f;}jen is a frame on L?(R™) with frame bounds A and
B. If

D WP = D1 an P < MIFI? < AlLFIP,
J j

then {g;} is a frame with frame bounds A — M and B + M.

We first consider the perturbation of translation parameter b in Theorem 1 and
Theorem 2, and then dilation a in Theorem 3. We prove similar results for nonho-
mogeneous frames in Theorem 4 and Theorem 5.

Theorem 1. If {1} y.a0.60 } 5 a frame (Riesz basis) on L*(R™) with frame bounds
A and B, 1; s continuous and bounded by
p €l
<o—S___
961 < C e

where v > a > 0. Then there exists a 6 > 0 such that for any b with |b — by| <
8, {®jk.aob} 15 a frame (Riesz Basis) on L*(R™).

If 1[) has a small support, we can compute the frame bounds as follows.

Theorem 2. Suppose that {1 k.ae.be} 5 a frame on L*(R™) with frame bounds
A and B. Then there exists a § > 0 such that for any b with |b — bo| < 6 and

supp 1 C [—7/(bo V), 7/ (bo VD)™, {Wj k.a0} is a frame with frame bounds A— M
and B+ M, where M = |1 — (%0)”|B < A, by V b= max(bg,b).

Theorem 3. Suppose that {1 j.aypo} s a frame on L*(R™), supp ¢ C [—m/bo,
7 /bo]™, and

m = esssup| Y (|$(ag?€)[2 = P(a~IEP)| < b A.
J

Then {Y; k.a.bo } 15 a frame on L*(R™) with frame bounds A—by™m and B+ by "m.
In particular, if ¥ is continuous and
1"

9] < O

Then {W; k.ap,} 5 a frame on Paley-Wiener space for all a in some neighborhood
of ag.

¥ >a>0.

Theorem 4. Let {¢r by, Vjkao,bo) D€ @ nonhomogeneous frame (Riesz basis) on
L?(R™) with frame bounds A and B. Suppose ¢ and 1) are continuous and

n N 1
B (6)] < C g

Then there exists a 6 > 0 such that for any b with |b — bo| < &, {@Pk.b, Vi k.ao,b} 1
a frame (Riesz basis). Moreover, if supp éC [—7/(bo V b),7/(by V b)]", supp ¥ C

v > 0.
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[—W/(bo\/b), W/(bo\/b)]n, andfor b with M = |1—(b70)n|B < A, then {¢k,b7wj,k,ao,b}
is a frame on L?(R™) with frame bounds A — M and B + M.
Theorem 5. Let {¢i o, V) k ao,bo} be a nonhomogeneous frame on L*(R" ) with
frame bounds A and B, supp ¢ C [—7/bo, 7/bo)™, supp v C [—7/bo, 7 /D)™, if

m = esssup| ) [$(ag’€)* = D [(a~IE)?| < Abg.

JEN JEN

Then {@k.bo, Vjk.aby} 5 a frame on L*(R™) with frame bounds A — m/b} and
B+ m/bjy. Especially, if 1 is continuous and

()] <ClE*,  a>0,

then there exists a 6 > 0 such that for any a with |a — ao| < 6, {Pk by, Vj k.abo} 1S
a frame on Paley- Wiener space.

2. PROOF OF MAIN RESULTS

Proof of Theorem 1. We use Balan’s idea to define a unitary operator

b b

Uy: L*R")— L*(R"), (Ubw(x):<E>"/Qw<gx>=¢(x>-

Then it is easy to see that
b

- ~ b
(&) = (%)w/%/}(?of)a Upj k,a0,0 = D k.ao,bo-

Therefore, {1} k,a0,6} is a frame if and only if {¢; k405, } is & frame. For all f,g €
L?*(R™), by Plancherel Theorem and Parseval identity, we have

Z Z |<f7 gj,k,a,b>|2

jezZ kezr
e e
JEZ keZn
(2rb) 2 3 3 4| / F(a e b)FED) < de?
JEZ kezZ™

e Y @l [ 3 e o) T A e S

JEZ kezZn " e gzn

= (2m) ") e / 1Y Fa? (& + 2m) /b)g((€ + 20m) /b)|dg

jez (=™ jezn
2n) S [ o/t )/0)a((€ + 21) )
JjEZ lEZ"
@2rb) ™y Y /f (a1 f(€ + al20m /b)g(a™ € + 2 /b)deE
JjEZlezm
Thus,
Z Z |<fvgj,k,a,b>|2
jE€EZ kezn

@2rb) ™"y Y /f (a3 f (€4 ai20m /b)g(a™ € + 2 /b)dE

JEZ leZn
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By the Cauchy-Schwarz inequality we have

Z Z |<f7 gj,k,a,b>|2

jEZ kezZn

@2mb) ™"y Y /If )2g(a™7€)g(a™E + 21m /b)|dE) /2

JEZ leZn

( / (€ + ad2tm ) Pla(a9€)g(a ¢ + 20 /b)]de)/?
(2mb) ™ Z Z/If )2G(a™7€)g(a™7€ + 21w /b)|dE) /2

jeZlezn
X [1HOP I e - 2im/p)gta o))
JEZ leZn
@rb) > Y /If )Plg(a™7€)g(a™7€ + 2Im/b)|d¢
jeZlezn
<b " sup > >4 a~7¢+ 20 /)| 17
EER" ez 1ezn
_pn a ™I+ 20m /b)||| £)?
1<S\l§\p<a]€z;l§ |9(a /O fII

Let g =9 — ¢. We have

ZZ| (v — ¢jkaobo>|2

JEZ keZn

<bp" sup Y0 (ag’é) — dlag’€)|

1=lél<ao jez 1ezn
(ag?€ + 2w /bo) — Plag? € + 21 /bo) ||| £
=by" sup Y [d(ag’€) — dlag?9)|

1<é<a0 jo7

S [ihlag? €+ 2lm/bo) — dlag” € + 20m /bo) ||| £

lezn

For all j and &,

sup Z |w aojf+217r/bo)|

1<[¢|<a0 j 7n

1
<C sup —
1<[€1<a0 o7 (14 Jag? € + 20w [bo| )ty

<03 FrpE S0

lezm

For the same reason, the second term is bounded uniformly, that is,

sup Z |plag?€ + 21m/bo)| < C < o0.
1<(€]<ao je7n
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For all J € N,

sup > [(ag?€) — dlag”9)]

1<|§|<a0]€Z

sup Y [h(ag’€) - ) "/ (a5 5l

1<\E\<a0 1i1<J

+ sup Y (JW(ag?E)| + [dlag €)))

IS‘E‘San<7J
sup Y ([$(ag”€)| + |d(ag "))
1<‘5‘<GOJ>J
=I+1I+1II.

For every € > 0, choose J such that aa‘] < e. Since 1 < [¢] < ag, |j] < J, and

1[’(@6 J €) is continuous uniformly on &, we can choose ¢ small enough so that if
|b—bo| < 4, then

bo

[9(ag”€) = dlag” ) < e, Vi <.

Thus,

1< 50w (1= GO A+ GO e )~ e 0

l71<J 1<[¢|<ao

<@+ 1(1- <%>*n/2| " (%r”% —o(l), b b

We now turn to II. We will just estimate the first term in the series, since the
other term can be handled similarly.

Jag ’€1°
sup |1/) ao sup C _
1<[€|<a0 ;J 1<|€|§ao JZ_:J (1 + lag” g+
< sup C 1 Z a](nJW )

1<jel<a0 S (L4 |ag e)mtre = e

< Can(n-i-’y—a) =o(1), J — 4o00.

Finally, the last part is also small, since if J is large,

sup Y [i(ag?6)| < O3 Jaglagl® < Cag?® =o(1),  J — +oo.

1=lel<a0 55 j>J

From the estimates above, we conclude that for every € > 0, there exists 6 > 0
such that for all |b — bo| < 4,

Z Z |<f7 (¥ — ¢)j,k,ao,bo>|2 < ngHQa

JEZ kezZn

which shows {@; k.ae.b, } is a frame (Riesz basis) on L?(R") for b sufficiently close
to byp by Lemma 1. The proof is finished.
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Proof of Theorem 2. Since supp ¢ C [—7/(bo V b), 7/ (b \V b)]",

|Z Z |<fawj,k,ao,bo>|2_z Z |<f7wj,k,a0,b>|2|

JEZ kezn JjEZ kezZn
= 2m) " =5 [ 1FOP X 1la o) de.
J
By Lemma 2 the last term above is dominated by
bg™ = b "log BIIfII* =1 — (b—o)"IBHfH2~

Choosing those b such that |1— (70) |B < A and applying Lemma 4, the conclusion
follows. .

Proof of Theorem 3. By the same computation as in the proof of Theorem 2, we

have
DY ko) =D D 1 ¥ikabe)’]

jeZ kezn j€Z kezn
— (2mbo) " / FORY 1iage) Z i(a€)P)del,
J

and the first assertion in the theorem follows. If f is a function in Paley-Wiener
space, more precisely, there exist two constants 0 < m < M < oo, such that
suppf C {&€:m < |§] < M}, then for big enough J, if |j| > J, we have

_ eI
Z [baOP <0 Z (1+]a—ig))>

i<—=J j<—J
<C Z “Im)2@) < Cam?!0mY) = o(1), J— —oo,
j<—=J
Y @R <O [a I MPY < Cam¥? = o(1), J — ox.
i>J i>J

For |j| < J, we have

| D (W(ag’ €)= (7))

i<
< Y (Wag” &) + [d(a ™€) (ag 7€) — Pla7€)]
i<
<C(2J4+1)e=0(1), lap — al <4,

where we used the fact that if |j| < J, m < || < M, then 1[)((1’9'5) is uniformly
continuous, so for every € > 0, there exists 0, such that for all |ag — a| < 4§,
l1h(ag?€) —1h(a=7€)| < e. Theorem 3 is proved.

Proof of Theorem 4. The idea of the proof of Theorem 4 is the same as in the proof
of Theorem 1. We just describe the main steps. We again use the unitary operator
U, defined by

Up:  LA(R") — LX(R"), (Up)(2)=(-)"*P(-2) = U(2), (Upg)(z)=0p(x).
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By a similar computation as in Theorem 1, we have

STUL ke P+ D0 > 1 hikaobe)

kezn JEN keZm
= (2nb0) (3 [ FOFE+ 2m/bo)E00(6 + 21m b
lezm
+> ) / FEOF (€ + ad2lm /bo)h(ag? €)h(ag € + 2 /bo)dE)
JEN lez™
< (2mbo) (D /|f )§(€ + 217 /bo)|d€
lezm

+3 [IFOPIa Ohtag € + 20m/b0)lae).

JEN leZ™
Let g=¢ — ¢, h =19 — U. Then

DA =Pnpa) P+ D D I (W= )jikag o)

kezn jJEN kezn
< b "I 1P (sup $(€) — G(E)] D 16(€ + 2m/bo) — G(€ + 2 /b))
lezn
_ —Jj
1<S\32ao§v|w ag’¢ 3l
Y [ihlag?€ + 2im/bo) — U(ag T + 2w /bo))).
lezn

By the continuity and decay conditions, we obtain our first claim as in Theorem 1.
We obtain our second claim by Lemma 3 since

|( Z |<f7 ¢k,bo>|2 + Z Z |<fa wj7k,ao,bo>|2)

kezr JEN kezn
= (> K rn) P+ D K Yikaon) )]

kezn JEN kezn
— (2m) "5 — b ”I/If 2100 + 3 [ha—7€))de.

JEN

Proof of Theorem 5. The first result is easily seen by

|ZZ|f7kaaobo |2 ZZlfwjkabo |

JEN kezn JEN kezn

— (2bo) "] / FOR S ($(ag78)? — [d(a7€) )de].
JEN

The second part is similar to the proof of Theorem 3. We leave these details to the
reader.
We complete our proof of Theorem 1-Theorem 5.
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