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GLOBAL EXISTENCE AND BLOWUP OF SOLUTIONS
FOR A PARABOLIC EQUATION WITH A GRADIENT TERM

SHAOHUA CHEN

(Communicated by David S. Tartakoff)

ABSTRACT. The author discusses the semilinear parabolic equation ur = Au+
F(u) + g(uw)|Vu|? with u|pn = 0, u(z,0) = ¢(z). Under suitable assumptions
on f and g, he proves that, if 0 < ¢ < Ay with A < 1, then the solutions are
global, while if ¢ > A¢ with A > 1, then the solutions blow up in a finite time,
where 1 is a positive solution of At + f(1) + g(¥)| V|2 = 0, with ¥|sq = 0.

We study the solutions of the following semilinear parabolic problem:
u = Au+ f(u) + g(u)|Vul?, t>0, z€Q,
(1) u(z,t) =0, t>0, €9,
u(z,0) = ¢(x), x € Q,

where 2 C R™ is a bounded domain with smooth boundary 9.

Kawohl and Peletier [KP] discussed the blowup behaviors when f(u) = |u[P~tu
and g(u) = c. Galaktionov [G] obtained exact solutions of u; — uyz, = u? + |u,|? on
R x R. Many authors (see [KP|, [CW], [S], [E], and [D]) discussed the following
problem:

ur = Au+ |[ulP~lu —alVul?, t>0, z€Q,
(2) u(z,t) =0, t>0, z€0Q,
u(z,0) = ¢(z), x €.

Existence of global solutions of (@) depends upon the balance between the power
of the damping term and that of the source nonlinearity. In one dimension, Deng
[D] and Fila [F] proved that under suitable assumptions on p and ¢, the solutions
of ) blow up in a finite time if ¢(z) > 9 (z), Vz € Q, where 9 is the unique steady
state of [@). Deng [D] also proved that if ¢ < 1, the solutions of () approaches
zero as t — 0.

In the case where there is no gradient term, Brezis et al. [BC] discussed the rela-
tions between the existence of global, classical solutions and the existence of weak
solutions of the corresponding stationary problem. Under suitable assumptions on
f(u), they concluded for () with g(u) = 0 that:

(a) If there exists a global, classical solution of (), then there exists a weak
solution of the stationary problem.
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(b) If there is no weak solution of the stationary problem, then for any positive
initial value the solution of () blows up in finite time.

(c) If there is a weak solution w of the stationary problem, then for any ug €
L>(92) with 0 < ug < w, the solution of (@) with u(0) = g is global.

Chen and Derrick [CD] considered the system

(ui)t:Aui—i—fi(ul,... ,um), t >0, JJEQ,

with u;laq = 0, u;(x,0) = ¢;(x) and m > 1. Under suitable assumptions on the
nonlinear terms f;, they proved that, if 0 < ¢; < Ap; with A < 1, then the solutions
are global, while if ¢; > Ap; with A > 1, then the solutions blow up in a finite time,
where v; are positive solutions of Avy; + fi(¢1,... ,¥m) = 0, with 1;|sq = 0.

The purpose of this paper is to obtain similar results to those of [CD] for the
problem (). We assume that

(i) geCl g>0andg >0 for u>0and ug'(u)/g(u) is bounded as u — 07F.
(ii) 1 is a positive solution of Ay + () + g(v)|Ve|? = 0, with |sq = 0.
(iii) ¢(x) € C*P(Q), for B € (0,1), with @|aq = 0.
(iv) f is locally Lipschitz continuous, f(u) = o(u) as u — 0% and f(u)/u >
f(v)/v for any u > v > 0.

(v) f(u)/u® > ¢o > 0 for some o > 1 and u > 0.

Our result is:

Theorem 1. If0 < ¢ < M) with A < 1 and the assumptions (i)-(iv) hold, then the
solution v of (d) exists for all t > 0 and decays exponentially in t. If ¢ > M\ with
A > 1 and the assumptions (i)-(v) hold, then the solution u of (L)) must blow up in
a finite time.

Proof._ From standard pirabolic PDE theory, there exists a unique solution u(zx,t) €
CHO(Q x [0,7]) N C*1 (2 x (0,7]) for some 7 > 0 (see [Al]). By the maximum
principle, since v = A is a supersolution of () if ¢ < Ay, we have

(3) 0<u< A\,
and since v = A is a subsolution of () if ¢ > A, we have
(4) u > .

We first prove the blowup property. Let T* be the maximal time such that
u(x,t) exists. For any number n, set

5 hn(t) = z\7)
for t € [0,7*). Differentiating (H), substituting in the equation () and integrating
by parts (notice that the boundary values are always zero), we have

d n+2
—halt) = —n/Q wnﬂ (Au+f(u)+g(u)|Vu|2) dQ

B wn 0 1Z)nJrl
= —n(n+1) [ —5|Vul? dQ + n(n +2) -VuVy dQ

w"+2 P2 2
(6) —n/ﬂ () s - n/Q ()| Vul? 4.
To simplify (@], we write
V?|Vul? = [ Vu — uVp |2+ 2uhVuVey — u?| Vi
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It follows from ([ that

%hn(t) = —n/ qﬁ+2|¢vu—uvw|2 n—l—l—l—(l—%)ug(u) dQ
Q
—n / wnJeruVi/)dQ—i—n n+1) / wn|Vw|2 dQ
Q
Prt? 2 Y 2
-, ()| Vul” dQ + (n — 1) = 79(w) VY[~ dQ
n+1 n+2
(7) —Z(n—l)/Q wun (W) VUV dQ—n/Q wnﬂf( ) .

Using the identity
n+1
—n / ¥ _VuVi dQ = n/ w“v( )w a0
Q

n n+1
_n(n+1)/Q z—nww’ dQ—n/Q wun A dQ,

and Ay = —f(1) — g(¢)|Vy|?, we obtain from ()

d wnJrl wn+2 0 Q
—h, < - Ay dQ — —_— d
i) < n [ Lavan [ v

. g can o [0, o
(n+3) | Se@IveR de—2 [ o wvave

= fﬁ"ﬂ (Wav a2 —n [ fﬁ::ff(u) i9

- w;f(ﬁ”—@”) s
—/Q %g(u) YV + “zg(lu(;‘) vwrdg
) [ L giver a2 [ Ut i

g : v g2
2 [ oawiver ans [ 500

V20

O Y P )N _ u?g”(u)
< -n [ Seivil (1 O~ vet) ngz(w)cm
) e fw)( o —1—§ug<u>> a0

Using (@) and assumptions (i) and (iv), we can take n sufficiently large that for
t €[0,7* — 6] with § > 0

o) O

o TRz >0,
L) 2 W)
(10) W)~ 2ot - L
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Thus we obtain A, (t) < 0 or h,(t) < hyp(s) for 0 < s <t < T* —§. Taking nth
roots and letting n — oo, we have

max 28 o o Y@ 7
a u(zt) " o u,s)
which implies that
o Y()
v(t) = sgp u(x,t)

is decreasing.

To prove that w(z,t) blows up in a finite time we first show that T* < oo.
Suppose instead that T* = co and lim;_,o, v(t) = b. For any € > 0, let Q. = {x €
Q| dist(x,00) < €}. If b > 0, then u(z, t) is bounded in @ — Q.. It follows from (8],
(I0) and assumption (v) that

n+1

wun f(w) dQ S —ne”enco/ 'lp1+a dQ,

Q—-Q,

(11) Rt < —nen/ﬂ

for sufficiently large but fixed n, where € satisfies

> €,

for x € Q — Q, (notice that we temporarily assume u is bounded). Integrating (1)
from 0 to ¢ yields

ho(t) + ne"encot/ Y7 dQ < hy,(0).
Q—Q,

Letting t — oo, we get a contradiction. If b = 0, then for any N > 1, we have

<w(t1) < = or u(x,t;) > Nip(x),

for sufficiently large ¢1. If we use this w(z,t1) as the initial value to solve the
problem (), then the solution must blow up. Since the solution of () is unique
by the maximum principle, we still have a contradiction. Thus T* < oco. If u is
bounded in (0,77*), then, by [A2], so is |Vu|, and u can be extended to a time
greater than T, which is impossible from the definition of 7*. Hence u(x,t) blows
up ast — T*.

Now we prove that u(x,t) decays exponentially if ¢ < Ay with A < 1. Similar
to the argument above, setting
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we have
d n+1
G = w2 [T (k) + o) Val?) d
= —(n+2)/ Z—Z|Vu|2<n+1 — Z—Bug(u)) s
un 1
+n(n+2)/ EE ——VuVy dQ2
W ()| Vul® d + (n + 2) / o (u) dQ
- (42 / “"+1f<u> w0 [ gwIvul a0
o Y o Y
—(n+2)/ w:—ZQWVu—uVMQ(n—i—l - Zi;ug(u)> dQ
un+2
+(n +2) ¢n+1M’ dQ — (n+3) / W“g( u)|Vip|? dQ
un+2
+2(n—|—3)/ Wﬂg(u)wvw dQ
Q
_ ut? f)fu 2
- ~m+2 wnﬂf(w)(l— o —n+2ug(u)> a0
—(n+2)/ wn+2|1qu—uV¢|2< +1- Zi;ug(u)> dQ
_ ﬁ 2[4 _ ug(u)
(n+2) | Sratw) vl (1 e
2 ug"(u)
- - o
w2 T G 2y >>
un+1 u2g/(u) 9
_/ wn+2g(u)|z/1Vu+ Gy Ve ae
(12) —3/ wn+29 (w)|Vy[* dQ.

Using (B) and assumption (iv), we can take n sufficiently large such that for suffi-
ciently small €, > 0

flu)/u 2
F@)/ n+2

U'g(u) > €n,

n
n+1-—
n

ug(u udg?(u
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Define 2 as before. Using (IZ), we obtain

n+2
izn(t) < —(71—1—2)671/Q :Z,H_lfW) df

dt
u" 2 (z, 1)
< —n+266n/ ——12dQ=—(n+2) e €, 25 (1),
e [ L (4261 ez 1)

where €; = min f(¢)/¢ on Q — Q.. Then

2 (8) < 2n(t) < 2n(0) = (n+2) €1 en /0 2 (),

which implies for fixed n that
1

max "

/ u”*z(:c,t) dQ < z25(t) — 0, as t— oo.
Q-Q.

Since u = 0 on the boundary and u(z,t) < ¥(z), we have [, u"*? dQ — 0 as
t — oco. By [H], u(z,t) decays exponentially.

Example. For n = 1, the problem
Up = Uy + (0 +u)u  in (0,7),
u(0,t) = u(m,t) =0,
with the initial value ¢(x) = sinx/y/1 + ¢ has exact solution
u(z,t) = 1 sin z.

The corresponding steady state is ¢(z) = sin(z) in (0, 7). If ¢ > 0, then ¢ < v and
the solution is global and exponentially decays. If —1 < ¢ < 0, then ¢ > 1 and the
solution blows up in a finite time.

Remark. If the problem A+ f () +ap?|Vip|? = 0, with ¢|pq = 0, has two positive
solutions, then they must have intersection points by the results of Theorem [Il In
fact, assume ¢y (x) and 2 (x) are solutions with ¢ (z) > 12 (x) in Q. We first show
that

sup 22(®)
o Yi(x)
If ([I3) it not true, then there is a point zo € 9 such that
1= pim ¥2(®) —¥a(x0) _ 2(z0)/0n
T—xo 1/)1 ((E) - 1/)1 (LL'()) 81/11 (i[,‘())/an7

where 91 (z)/0n < 0 by the strong maximum principle. Let ¢ = 1)1 — 3. Then
1) satisfies

(13) < 1.

1
A+ /0 [f/ (b2 4+ 0(h1 — 1a)) + g’ (Y2 + 0(1 — 2)) [V [?] dOY

+9(2)(Vip1 + Vipo )V = 0,

P|oq = 0 and 09 (x¢)/On = 0. But the strong maximum principle says 9y (x)/dn <
0 for all x € 99, which is a contradiction. Thus (I3) is true. Now we can choose
two numbers A\; < 1 < Ay and the initial value ¢(x) such that Aatpe(z) < ¢(z) <
A1 (x), leading to a contradiction by Theorem [II Hence the two solutions must
have intersection points in 2.
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