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GENERALIZED FRAMES AND THEIR REDUNDANCY
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(Communicated by David R. Larson)

Abstract. Let h be a generalized frame in a separable Hilbert space H in-
dexed by a measure space (M,S, µ), and assume its analysing operator is
surjective. It is shown that h is essentially discrete; that is, the correspond-
ing index measure space (M,S, µ) can be decomposed into atoms E1, E2, · · ·
such that L2(µ) is isometrically isomorphic to the weighted space `2w of all
sequences {ci} of complex numbers with ||{ci}||2 =

∑
|ci|2wi < ∞, where

wi = µ(Ei), i = 1, 2, · · · . This provides a new proof for the redundancy of the
windowed Fourier transform as well as any wavelet family in L2(R).

1. Introduction

Any windowed Fourier transform {gω,t : (ω, t) ∈ R2} defined by gω,t(u) =
g(u− t) exp(2πiωu) for a suitable g as well as the family of wavelets {ψs,t : (s, t) ∈
R2, s 6= 0} defined by ψs,t(u) = |s|−1/2ψ(u−ts ) for certain mother wavelets ψ are
members of the class of generalized frames defined as follows. Let H be a Hilbert
space and let (M,S, µ) be a measure space. A generalized frame [9], [10] in H
indexed by M is a family h = {hm ∈ H : m ∈M} such that

(a) for any f ∈ H , the function f̃ : M → C defined by f̃(m) = 〈hm, f〉 is
measurable,

(b) there is a pair of constants 0 < A ≤ B <∞ such that, for any f ∈ H ,

A‖f‖2H ≤ ‖f̃‖2L2(µ) ≤ B‖f‖2H .(1)

A typical windowed Fourier transform is indexed by (R2,B, dxdy), and a typical
wavelet transform is indexed by ((R\{0})× R,B, s−2dsdt), where B is the class of
planar Borel sets.

Each vector hm is called a frame vector, (1) is called the frame condition, and A
and B are called frame bounds. The function f̃ will be called the dual function of
f with respect to the frame, and the map Tf = f̃ is called the analysing operator.
If M is at most countable and µ is the counting measure, {hm : m ∈ M} is called
a discrete frame [4]. (See also [2], [7], [8].) The orthogonal complement (ImT )⊥

of the range of T can be viewed as a measure of the so-called “redundancy” of the
frame. (See [11, pp. 129-138] in the discrete case.)
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For the continuous case we refer to [3], [5], [6], [11], [13], [14], [15], [16], [18]
whose views are summarized in [13, p. 144] as follows: “The continuous wavelet
transform is the natural extension of the redundant discrete wavelet transform. This
transform is analogous to the Fourier transform, which is redundant, and results
in a transform that is easier to interpret, is shift invariant, and is valuable for
time-frequency/scale analysis.”

Our goal is to show that continuous generalized frames, just like windowed
Fourier transforms and continuous wavelet transforms, must be redundant. Aside
from the intrinsic interest in the theoretical study of the frames, the study of the
windowed Fourier transform as well as the wavelets in the general context of frames
help us to have a new insight into these useful tools employed in diverse technolog-
ical and scientific areas.

More precisely, the main result of the paper is to show that if h ⊂ H is a
generalised frame indexed by a measure space (M,S, µ), and if its redundancy is
zero, then L2(µ) is isometrically isomorphic to a weighted space `2w consisting of all
sequences {ci} with ||{ci}|| =

∑
|ci|2wi <∞, where wi = µ(Ei) for some µ-atoms

E1, E2, · · · . This will, in particular, provide a new proof of the fact that windowed
Fourier transforms as well as the wavelet transforms are redundant.

Note that the frame condition (1) implies that ImT is closed. Also, (ImT )⊥ 6=
{0} if and only if there exists a nonzero g ∈ L2(µ) such that

∫
dµ(m)〈hm, f〉g(m) =

0 for all f ∈ H ; this is referred to as the “linear dependence” of the generalized
frame h by Kaiser [10].

Although every orthonormal basis is a discrete frame, it is not necessary for a
frame to be even a set of independent vectors. An example is given in [10] in which
H = R2 with the standard inner product, M = {1, 2, 3}, µ is the counting measure,
and

h =
{
h(1) =

[
1
0

]
, h(2) =

[
0
1

]
, h(3) =

[
a
b

]}
for some (a, b) ∈ R2.

Also, note that a measurable subset E of M is called an atom if 0 < µ(E) <∞
and E contains no measurable subset F such that 0 < µ(F ) < µ(E) [1, p.98]. It is
easy to prove the following lemma concerning atoms.

1.1. Lemma. Let (M,S, µ) be a measure space, and define η = inf{µ(E)) : E ∈
S, 0 < µ(E) <∞}. The following assertions are true:

(a) If η = 0, then there exists a sequence of disjoint measurable sets F1, F2, . . .
such that µ(Fn) > 0 and lim

n→∞
µ(Fn) = 0.

(b) If η > 0, then every set of positive finite measure is a finite union of disjoint
atoms.

(c) Every measurable function is µ-almost constant on an atom.

2. Main result

Our main result studies the structure of (M,S, µ) when h = {hm}m∈M has
zero redundancy. In the proof, we will need the fact that if ‖hm‖ is a measurable
function, which is the case when H is separable [12], [17], one can modify µ to a
new measure dµ′(m) = (1 + ‖hm‖)dµ(m) to replace h by a bounded frame h′m =
hm/(1 + ‖hm‖)2 in H indexed by (M,S, µ′) ([10, p. 82]).
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To prove the main result we need the following lemma, which is obvious from
(1), and is a standard fact for discrete frames.

2.1. Lemma ([10, p. 87]). Let h be a frame in H indexed by (M,S, µ) and let T be
the corresponding analysing operator. Then T is bijective if and only if (ImT )⊥ =
{0}.

2.2. Theorem. Let h be a generalized frame in H indexed by (M,S, µ), and as-
sume ImT = H, where T is the corresponding analysis operator. Then for every
countable subset L of H, there exists a countable collection {Ei : i ∈ Λ} of disjoint
measurable sets such that f̃ =

∑
cfiχi for all f in the closed linear span of L,

where {cfi : i ∈ Λ} is a set of complex numbers depending on f , and χi denotes the
characteristic function of Ei.

In particular, if H is an infinite dimensional separable space, then L2(µ) is
isometrically isomorphic to the weighted space `2w consisting of all sequences {ci}
with ‖{ci}‖2 =

∑
|ci|2wi < ∞, where wi = µ(Ei) for a fixed collection of disjoint

µ-atoms {E1, E2, . . . }.

Proof. Let {0} 6= L ⊂ H and assume L is countable. Let S1 be the σ-algebra
generated by the collection of all sets of µ-measure 0 as well as the sets Efrst
consisting of all m ∈ M such that r/2t ≤ |f̃(m)| < (r + 1)/2t and 2π(s − 1)/2t ≤
arg f̃(m) < 2πs/2t for f ∈ L, r ∈ N, t ∈ N, and s = 1, 2, 3, . . . , 2t.

Let T be the analysing operator (corresponding to h). By Lemma 2.1, T is
invertible and hence the closed subspace K of H spanned by {T−1(χfrst) : f ∈
L; r, t ∈ N; s = 1, 2, . . . , 2t} is separable and contains L, where χfrst denotes the
characteristic function of Efrst. Note that 〈hm, f〉 is S1-measurable for all f ∈ K.

Let P : H → K be the orthogonal projection onto K. Then, for every f ∈ K,
〈Phm, f〉 = 〈hm, f〉 for all m ∈M , and hence Phm is weakly S1-measurable. Since
K is separable, it follows from the Pettis theorem [12], [17], or from the Parseval’s
equality ‖Phm‖2 =

∑
n

|〈hm, en〉|2 for some orthonormal basis {en} of K, that

‖Phm‖ is S1-measurable. Define

km = Phm/(1 + ‖Phm‖) (m ∈M),

and

µ1(E) =
∫
E

dµ(m)(1 + ‖Phm‖)2 (E ∈ S1).

Then 〈km, f〉 is S1-measurable, µ1 is a measure on S1, µ1 and µ|S1 are absolutely
continuous with respect to each other, and

A‖f‖2 ≤
∫
dµ(m)|〈hm, f〉|2 =

∫
dµ1(m)|〈km, f〉|2 ≤ B‖f‖2

for all f ∈ K. Hence k = {km}m∈M is a strongly measurable frame on K indexed
by (M,S1, µ1) and ‖km‖ ≤ 1 for all m ∈M .

We prove k is linearly independent. Let g ∈ L2(µ1) be such that∫
dµ(m)〈km, f〉g(m) = 0

for all f ∈ K. Then ∫
dµ(m)(1 + ‖Phm‖)χfrst(m)g(m) = 0
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for all f ∈ L, r ∈ N, and s = 1, 2, . . . , 2t. Thus g = 0 a.e. [µ1].
Now, due to the S1-measurability of ‖Phm‖, we can further refine Efrst as the

countable union of {Efrstn : n ∈ N}, where

Efrstn = {m ∈ Efrst : n− 1 ≤ ‖Phm‖ < n}.
The set Efrstn has a finite µ1-measure for all f ∈ L, (r, t, n) ∈ N3, and 1 ≤ s ≤

2t. Let
η1 = inf{µ1(E) : E ∈ S1, 0 < µ1(E) <∞}.

Since 0 < ‖f‖ < ∞ for some f ∈ L, at least one Efrstn must have a positive
measure which implies that η1 is well-defined and 0 ≤ η1 <∞. We claim η1 > 0.

If η1 = 0, it follows from Lemma 1.1 that there exists a sequence of disjoint
measurable sets F1, F2, . . . such that 0 < µ1(Fn) < 5−n(n = 1, 2, . . . ). Define
g =

∑
2ngn, where gn denotes the characteristic function of Fn. Then∫

dµ1|g(m)|2 =
∑

4nµ1(Fn) ≤
∑

(4/5)n <∞.

Thus g ∈ L2(µ1). Let g = T (u) for some u ∈ K. Then, for µ1-almost all m ∈ Fn,

2n = g(m) = 〈km, u〉 ≤ ‖u‖ (n = 1, 2, . . . ),

a contradiction. Hence η1 > 0 and, by Lemma 1.1, every Efrstn is either of measure
zero or a disjoint union of a finite number of µ1-atoms. Let {Ei : i ∈ Λ} be
the collection of all such µ1-atoms. Then Λ is countable and S1 is generated by
{Ei : i ∈ Λ} as well as the sets of µ-measure 0. Moreover, by ignoring subsets
of measure zero, one can assume without loss of generality that Ei ∩ Ej = φ for
i 6= j. Now, for each f ∈ K, it follows from Lemma 1.1 that f̃ =

∑
cfiχi for some

constants {cfi : i ∈ Λ}, where χi denotes the characteristic function of Ei.
In the special case that H is separable, it follows from the Pettis theorem, or

from the Parseval’s equality, that ‖hm‖ is measurable and hence one can directly
define µ1(E) for every E ∈ S1 as

µ1(E) =
∫
E

dµ(m)(1 + ‖hm‖)2.

Then km = hm/(1 + ‖hm‖) is a bounded frame in H indexed by (M,S, µ1) and
every µ1-atom is also a µ-atom. If dimH = ∞, then Λ can be chosen to be N.
Now, the proof is concluded by observing that g ∈ L2(µ) if and only if g =

∑
ciχEi

for some constants c1, c2, . . . satisfying
∑
|ci|2µ(Ei) <∞.

2.3. Corollary (Kaiser [10, pp. 79-80]). Every windowed Fourier transform as
well as every wavelet family is a linearly dependent generalized frame.

The proof follows from the fact that the corresponding measures have no atoms.
The authors thank the referee for the helpful comments enriching the content of

the paper.
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