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ABSTRACT. An almost independent set-valued process on a Loeb product
space is shown to be representable as the closure of a sequence of its selections
which are almost independent themselves. This provides a Castaing type rep-
resentation in terms of independent correspondences. Different definitions of
independence for correspondences in the literature are also unified in a general
setting.

1. INTRODUCTION

The study of set-valued analysis traces its history back to the first three decades
of this century. In his 1933 book Topologie, Kuratowski gave set-valued maps
their proper status. The research on the measurability of set-valued maps and
their selections was initiated by Von Neumann in the 1930’s. Set-valued maps,
which are also known as correspondences and multifunctions, have been extensively
studied in recent years, due to their rich applications in control theory, optimization,
mathematical economics, stochastic analysis and so on. See Aubin-Frankowska [3],
Khan-Sun [[7], Matheron [10], Wagner [I4] and their references.

A basic property of measurable correspondences is the so-called Castaing rep-
resentation, which says that a closed valued measurable correspondence can be
represented as the closure of a sequence of its selections. The first aim of this
paper is to study this type of representation in the setting of independent corre-
spondences. Note that the original version of the Castaing representation already
implies that independent correspondences can be represented in terms of possibly
non-independent selections. Our Theorem 1 presents an independence version of
the Castaing representation that guarantees the existence of independent selections
representing the correspondences.

In previous work, different definitions of independence for correspondences have
been used. For example, Artstein-Hart [2] defined independent correspondences via
the inverse images of closed sets in a Euclidean space R™, while Sun [13] used the
inverse images of open sets in a complete separable metric space. The second aim of
this paper is to unify these definitions of independent correspondences in a general
context. In particular, we characterize the condition of almost independence for
correspondences via inverse images of three different classes of sets in a complete
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separable metric space, namely, the closed sets, the open sets and the more general
Borel sets.

The plan of the paper is as follows. Section 2 contains some preliminaries, where
some relevant notation and definitions are given. The results are presented and
discussed in Section 3. Section 4 includes their proofs.

2. PRELIMINARIES

We shall first fix some notation and definitions. A correspondence is a mapping
whose values are nonempty sets. A selection of a correspondence G from a probabil-
ity space (A, X, u) to a complete separable metric space X is a measurable mapping
g: A — X with g(w) € G(w) for almost every w in A. The correspondence G is said
to be measurable if for any open set O in X, G71(0) is measurable (see [5]). Note
that for aset B in X, G~}(B) = {w : G(w)NB # (}. The distribution of a selection
g of G is the probability measure jug~! defined on the Borel o-algebra B(X) of X
by 1g=Y(C) = p{w : g(w) € C} for any C € B(X). For easy reference, we give
the definition of a Castaing representation for a closed valued correspondence (also
called an almost everywhere Castaing representation). Note that a correspondence
is called closed valued if it takes values in the space of closed sets in X.

Definition 1. A Castaing representation of a closed valued measurable correspon-
dence G from a probability space (A, X, ) to a complete separable metric space X
is a sequence {g'} of selections of G such that for y-almost all w € A, the set G(w)
is the closure {g*(w)} of the countable set {g*(w) :i =1,2,...}.

As shown in Proposition 1.1 in [12], joint measurability and independence are
not compatible with each other except for some trivial cases. One needs a suitable
framework to study independence using continuum methods. For this purpose,
we shall restrict our attention in this paper to correspondences on a special type
of probability space, namely, Loeb spaces (see Loeb [§]). Let (T, L(7),L())) and
(Q, L(A), L(P)) be Loeb probability spaces, where L(7) and L(A) are o-algebras of
subsets of T" and €2 respectively, and L(\) and L(P) are the corresponding countably
additive probability measures on the measurable spaces (T, L(7)) and (2, L(A)).
Let (T x Q,L(T ® A), L(A ® P)) be a Loeb product space; it is not only an ex-
tension of the usual product measure space but also a standard probability space
itself. As was first shown by Keisler, an important property of the Loeb product
space is that the Fubini Theorem still holds for this special product space (see
[6]). Another important property is that the incompatibility of joint measurability
and independence can be settled in this larger measure-theoretic framework (see
Theorem 6.2 in [I1]).

For this paper, a process is a measurable function f from the Loeb product space
(T'xQ,L(T®A), L(A®P)) to a complete separable metric space X. For each t € T,
w € Q, f; and f, denote the function f(¢,-) on 2 and f(-,w) on T respectively. A
set-valued process F' is a closed valued measurable correspondence from the Loeb
product space (T x Q,L(T ® A), L(A ® P)) to X. Similarly, for each w €  and
t € T, the correspondences F,,, F; are defined by F, = F(-,w) and F;, = F(t,-).

Next, we give a formal definition of independent correspondences (see also [13]).

Definition 2. For a set-valued process F' from (T x Q,L(T ® A),L(A ® P)) to
X, if for L(A ® A)-almost all (t1,t2) € T x T, the correspondences F;, and F,
are independent, i.e., for any open sets O; and O in X, the events thl(Ol) and
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F,;'(O,) are independent, where F, '(0;) = {w : I}, (w) N O; # 0} for i = 1,2.
Then the correspondences F; are said to be almost surely pairwise independent.

One can also define almost mutual independence for correspondences as in [13].
However, these two almost versions of independence of correspondences are actually
equivalent (see Theorem 1 in [13]). Thus, we shall refer to them simply as almost
independence. Almost independence of the selections can be defined in a similar
way, and the pairwise and mutual versions are equivalent as well (see Theorem 3
in [12]).

3. THE RESULTS

The well-known Castaing representation theorem provides a structural result for
a measurable correspondence. The following theorem is an independence version of
the Castaing representation, which shows the structure of an almost independent
set-valued process to be rather simple, i.e., the closure of a sequence of almost in-
dependent point-valued processes. The key point in the proof is to relate a result
of Artstein in [I] on a dense representation of a correspondence in terms of distri-
butions to a result of Sun in [I3] on the removal of widespread correlations through
a redistribution. Once this connection is made, the proof becomes simple.

Theorem 1. Let F be a set-valued process from the Loeb product space
(TxQL(T®A),LAN®P))

to a complete separable metric space X. Suppose that the correspondences F; are
almost independent. Then, there is a sequence {f(t,w)} of selections of F such
that for almost all (t,w), F(t,w) = {fi(t,w)}, and for any fized i and all t in T,
the random variables f{ are almost independent.

In Artstein-Hart [2], correspondences are said to be independent if the events
obtained from the inverse images of closed sets in a Euclidean space R™ are indepen-
dent. On the other hand, the inverse images of open sets in a complete separable
metric space are used in [13] and this paper to define independent correspondences.
A natural question is whether these definitions are equivalent in terms of almost
independent set-valued processes. Theorem 2 below answers this question and also
provides a more general characterization in terms of Borel sets.

Theorem 2. The following versions of almost independence of correspondences Fy
are equivalent:

(i) For any Borel sets B1 C X, By C X, and L(A®A)-almost all (t1,t2) € T x T,
F; Y(B1) and F;'(Bs) are independent;

(ii) For any closed sets C; C X, Cy C X, and L(A ® X\)-almost all (t1,t2) €
TxT, thl(Cl) and thl(Cg) are independent;

(iii) For any open sets O1 C X, Oz C X, and L(A®M)-almost all (t1,t2) € T x T,
thl(Ol) and thl(Og) are independent;

(iv) For L(A ® A)-almost all (t1,t2) € T x T, thl(Ol) and thl(Og) are inde-
pendent for any open sets O1 and O2 in X.

Note that Part (iv) above is simply Definition 2 in Section 2 and Part (ii) can
also be rewritten in the same form. While it is natural to conjecture the above
equivalence result, not all parts have a trivial proof. The most interesting part
of the proof is to show that (iv) implies (i). One may want to use open sets to
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approximate Borel sets in X. However, there is no natural distribution to mea-
sure such approximations. On the other hand, we have seen above that the almost
independent selections play an important role in an almost independent correspon-
dences. The idea is to construct some special selection to relate (i) to (iv). In
particular, we construct a selection g of the set-valued process F' such that the in-
verse image of a Borel set under g is the same as that under . Then the problem
on correspondences can be reduced to selections, on which many results can be
applied.

4. THE PROOFS

To prove our Theorems 1 and 2, we need Theorem 2 in [I3]. For the convenience
of the reader, we include that theorem as a lemma below. It says that for a given
selection of an almost independent set-valued process, one can always find another
selection inducing the same distribution as that of the given one and having almost
independent random variables.

Lemma 1. Let F be a set-valued process from the Loeb product space
(T'x Q,L(T ® A), L(A® P))

to a complete separable metric space X such that the correspondences Fy are almost
independent. Let u be the distribution of a selection f of F' as a random variable
on T x Q. Then there is a selection g of F' such that the random variables g; are
almost independent and the distribution of g viewed as a random variable on T X
1S [h.
Proof of Theorem 1. Let Fr denote the ensemble of selections of F. For selections
a and f of F, let P(«, 3) denote the Prohorov distance (see [4]) between distribu-
tions L(A ® P)a~! and L(A® P)3~1. Since the Prohorov metric on X is separable
(see [4]), one can find a sequence {g°}$°; of selections of F, dense in Fr with respect
to P(-,-). Such a sequence is called a P-dense representation of the correspondence
F in [IJ.

Since the correspondences F; are almost independent, Lemma 1 implies that one
can find a sequence {f1}5°; of selections of F' such that for each fixed i = 1,2, -,
the random variables f; are almost independent and

L@ P)(f) ' =LA@ P)(g") "

It is clear that the sequence {f?}$°; is also a P-dense representation of the corre-
spondence F. Proposition 2.3 in [I] says that a P-dense representation of F' is a
Castaing representation of F. Hence F(t,w) = {f(t,w)} for almost all (¢,w). The
theorem is thus proven. O

Proof of Theorem 2. (i)=-(ii): Obvious.
(ii)=-(iii): For any open set O;, i = 1, 2, there is an increasing sequence {C7"}5_,
of closed sets such that O; = |J;—; CI". Then

i

Fi N 0)={w: F,(w)NO0; # 0} = {w: F,(w)n | CF # 0}

= Ulw: P nep #0y = (J FHEr).
n=1 n=1
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By (ii), there exists A C T x T such that L(A ® A\)(A") = 0, and for any
(t1,t2) €T x T — A", F;/'(C}) and F,;'(C%) are independent. Let A = |J;—, A™.
Then L(A® A\)(A) = 0. For any (t1,t2) € T x T — A, F,/'(C}) and F,;'(C}) are
independent for all n > 1, and hence we have

L(P)(F; (01) N F, ' (02)) = lim L(P)(F; ' (CT) N F, (CF))
= lim L(P)(F;'(CT)) - L(P)(F,(C3)) = L(P)(F;; 1 (01)) - L(P)(F,, " (02)).

Thus, (ii) implies (iii).

(iii)=-(iv): Since X is a complete separable metric space, it has a countable
base By which is closed under the operation of finite unions. Thus, every open set
can be expressed as an increasing union of sets in By. Using the same idea as in
the proof of (ii)=-(iii), we can get a subset A of T' x T such that L(A ® A)(4) =0
and for any (t1,t2) € T x T — A, thl(Ol) and thl(Og) are independent for any
open sets O and Os in X.

We end the proof of the theorem by showing that (iv) implies (i).

(iv)=-(i): For the Borel set B; in X, i = 1,2, first, we shall construct a selection
g’ of F, such that (¢°)~%(B;) = F~%(B;). Let A; denote the set F~1(B;), i.e.,
A; = {(t,w) : F(t,w) N B; # (0}, and ¢’ a selection of F. Let F'(t,w) be a
correspondence defined on the space (4;, L(T @ A) N 4;), F'(t,w) = F(t,w) N B;.
Then the graph of F’ is the intersection of the graph of F with A; x B;, which is
measurable in the product o-algebra (L(7 ® A) N A4;) ® B(B;). By the measurable
selection theorems in [5] and [I4], there exists a measurable selection (! of F'.
Define a selection ¢* of F' as follows:

i _ @i(taw)a (taw) € A'L'
9'(h) = {g'(t,w), (tw) €T x Q- A;.

Since ¢ is a selection of F, (¢°)~(B;) € F~Y(B;) is obvious. For any (t,w) €
F~YB;) = A, ¢'(t,w) = ¢'(t,w) € F(t,w) N By, which implies (t,w) € (¢*)~*(B;),
so F~Y(B;) C (¢")~Y(B;). Therefore (¢)~1(B;) = F~1(B;).

Next, by Lemma 1, since the correspondences F; are almost independent, we
can find a selection f? of F', such that L(A ® P)(f)~! = L(A® P)(¢%)~*, and the
random variables f; are almost independent. Then

L@ P)F~1(By) = L(A® P)(g") "' (Bi) = LA ® P)(f')"(By).

But (f9)~1(B;) C F~Y(B;), so the two sets (f*)~!(B;) and F~1(B;) are L(A ® P)-
almost equal. Because the Fubini Theorem is still valid for the Loeb product space,
the events (f{)~(B;) and F, '(B;) are also L(P)-almost equal for L()\)-almost all
fixedt € T.

Finally, since the processes f! and f2 have almost independent random variables,
Proposition 4.9 in [IZ] implies that for L(A @ A)-almost all (t1,t2) € T x T, the
random variables ftl1 and ffz are independent. Note that the Extension Theorem
(Loeve [9], p. 237) implies that the independence of random variables can be
equivalently defined in terms of inverse images of open sets or closed sets or Borel
sets in X. Thus, for L(A® A)-almost all (¢1,t2) € T' x T, the events (f})~!(B1) and
(f2)7Y(B>) are independent, and so are the events F, '(Bi) and F,,'(B). Thus
we are done. O
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