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ABSTRACT. In this paper we characterize those compact Hausdorff spaces K
such that C(K)®C(K) (and C(K)&sC(K)) have the Dunford-Pettis Property,
answering thus in the negative a question posed by Castillo and Gonzalez who
asked if £oo®foo and C[0,1]®C[0, 1] have this property.

1. INTRODUCTION

In [7] it is asked if £o®{s and C[0, 1]®C|0, 1] have the Dunford-Pettis Property
(DPP). The purpose of this paper is to show that this is not the case, and to
characterize those C'(K) spaces such that ©,,C(K) or @, sC(K) have the Dunford-
Pettis Property, when n > 1.

Let us recall that a Banach space E has the DPP if, for any Banach space F,
every weakly compact operator from F into F is completely continuous. In this
paper we will need the following facts about the DPP; they are all well known, and
can be found, for instance, in [9]: (a) C'(K) spaces and Schur spaces have the DPP,
(b) if a dual Banach space E* has the DPP, then so does E (but the reciprocal is
not true), (c¢) the DPP is stable under complemented subspaces.

We will now explain our notation. Throughout the paper K will denote a com-
pact Hausdorff space and C(K) the space of continuous scalar functions defined
on it. We will write £(E; X) to indicate the linear operators from E into X, and
L"(Eq,...,E,; X) will denote the space of continuous multilinear operators from
Ey x---x E, into X. When F; = --- = E,, = E we will write this as L"(E; X)
and in this case L7(E; X) will refer to those of the previous operators which are
symmetric. In all the cases, if X = K, the scalar field, we will not write it. We will
write the projective tensor product of E1,... , FE, as E1®---QF,. We will write
@nE to denote the n-fold projective tensor product of E, and ®n,sE will denote
the symmetric n-fold projective tensor product of E. If n = 2, we will sometimes
also write this as EQE.

We consider to be well known that £"(E1, ..., E,; X) is naturally isometric to
L(E1® - ®E,; X) and that £L?(E; X) is naturally isometric to £(®,, sE; X).

We will use the convention .. to indicate that the i*" coordinate is not involved.
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2. THE RESULTS

As is well known, every linear operator from any C(K) space into the dual of
another C(K) space is weakly compact, and therefore completely continuous. Using
that, we can prove the following lemma.

Lemma 2.1. Let K1, Ky be two compact Hausdor(f spaces. Let (f,) C C(K1)
be a weakly null sequence and let (gn) C C(Kz2) be a bounded sequence. Then the
sequence (fn ® gn) C C(K1)®C(Kz2) is weakly null.

Proof. Let ¢ € (C(K1)®C(K2))*, and let us consider the linear operator S €
L(C(K1); C(K2)*) associated to it defined by

S(f)g) =o(f @g).

Let us suppose without loss of generality that sup,, ||g»|| < 1. Since S is completely
continuous, we get that

lim |¢(fn ®gn)| < lim HS(.fn)H =0.
n— 00 n—oo
O
In [4] it can be seen that, if K is scattered, then (©,C(K))* and (®,, sC(K))*
are Schur spaces for every n € N. With analogous proof it can be proved that, in

case K1, ..., K, are scattered, (C(K1)®---®C(K,))* is a Schur space.
We now state our main result.

Theorem 2.2. Let K1, Ko be two infinite compact Hausdorff spaces. Then C(K1)
®C(K3) has the DPP if and only if both K1 and Ko are scattered.

Proof. 1f both K; and K, are scattered, then (C(K;)®C(K32))* is a Schur space
and therefore C'(K;)®@C(Kz) has the DPP. Now, let us suppose that one of them,
say Ko, is not scattered. Since K is infinite, C(K7) is not Schur, and therefore
there exist two sequences (f,) C Beok,) and (&) C Bc(k,))~ such that (fy) is
weakly null and &, (f,) =1 for every n € N. Also, since K> is not scattered, C(Kz)
contains an isomorphic copy of £1, and therefore there exists a continuous surjective
operator q : C(K3) — £ ([10, Corollary 4.16]). Then let us consider the trilinear
form

T: C(Kl) X C(KQ) X C(KQ) — K
defined by

T(f,9,0) =Y &n()a(9)ng(h)n
n=1

and let us consider the linear operator

T": C(K1)@C(K,) — (C(K3))*
canonically associated to it given by

T'(f @ g)(h) =T(f.g,h).
It is clear that 7' = ¢* o ¢ o ¢ where
(b : C(K1)®C(K2) — 62
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is given by

o(f @ g) = (&a(f)a(g)n)n

and ¢ € L(€2;¢5) is the canonical linear isometry identifying both spaces. Since v,
¢ and ¢* are all weakly compact, so is 1.

So we now just have to see that T is not completely continuous. Let us consider
a sequence of bounded functions (gn), C C(K32) such that ¢(gn) = e, where
(en) is the canonical basis of 5. Then, according to Lemma [ZT] the sequence
(fn ® gn)n C C(K1)®C(K3) weakly converges to zero, but, for each n € N,

1T (fn © g) sup gnll = 17" (fa © g0)(90)| = T (frs gns 9a)| = 1,

a contradiction. O

Remark 2.3. In [2], the following definition is stated: a multilinear form T €
LM(Eq,...,E,) is said to be regular if every one of the associated linear opera-
tors

T} : Ei— LY (B, L E,)
is weakly compact, and this is shown to be equivalent to every one of the associated
(n — 1)-linear operators

T: | :E;x . X Ep — L(F;)

being weakly compact. From the proof it is clear that, given an i € (1,...,k), T}
is weakly compact if and only if T _; is also, but there is no reason to believe that,
for nonsymmetric multilinear forms, the fact that 77} is weakly compact should
imply that le is weakly compact, too. The main idea behind our proof is to find
a trilinear form such that (using the notation of [2]) T} is weakly compact but T}
is not. In [I1], a trilinear form on ¢ is used, which is a slight modification of a

trilinear form defined in [I]. This form does exactly what we want it to do.

Remark 2.4. Although T is not completely continuous when considered as a linear
operator, its bilinear counterpart

T : C(Ky) x C(Ka3) — (C(K>))*
given by
T'(f,9)(h) =T(f,g,h)

is completely continuous, according to the usual definition of completely continuous
bilinear operator (i.e., if (ff*) € C(K1) and (ff) C C(K3) are weakly Cauchy
sequences, then T (f*, 1) is a norm Cauchy sequence), as follows from [12] (indeed,
it follows from [I5] that every bilinear continuous operator from C(K;) x C(K32)
into (C(K32))* is completely continuous). This proves a conjecture of [I5] that
states that the fact that a multilinear operator from the product of C'(K) spaces is
completely continuous (considered as a multilinear mapping) does not imply that
the same operator, when considered as a linear mapping from the projective tensor
product of the spaces, has to be completely continuous.

It is well known that, for every Banach space Ey,... ,E, (n > 1), E1® -+ - ®FE,_;
is complemented in E1® ---®F,. Using this, the next corollary follows easily.
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Corollary 2.5. Let Kq,... , K, be infinite compact Hausdor[f spaces. Then C(K7)
®---®C(Ky,) has the DPP if and only if K1, ... ,K, are all scattered.

The theorem and corollary above remain true for the symmetric projective tensor
product.

Theorem 2.6. Let K be a compact Hausdorff space. Then C(K)@,C(K) has the
DPP if and only if K is scattered.

Proof. If K is scattered, then (®, sC(K))* is a Schur space for every n € N, and
therefore C(K)®sC(K) has the DPP. Now, if K is not scattered, we can consider
the trilinear form

T:C(K)xCK)xC(K)—K

defined by

N | =

T(f,9.h) =Y 5 (€(H)a(@)n + &a(9)a(f)n) a(h)n,

that is, the symmetrized respect to the two first variables of the trilinear form used
in Theorem[2Z2l Now we can apply analogous reasonings as before to conclude that
the linear operator

T : C(K)&C(K) — (C(K))*
defined by

T'(f,9)(h) = T(f.9,h)

is weakly compact and not completely continuous. O

Again, it is well known (see [3]) that, for every Banach space E, ®,_1E is
complemented in ®,, sE. So, the next corollary follows.

Corollary 2.7. Let K be a compact Hausdorff space. Then, for every n > 1,
®n.sC(K) has the DPP if and only if K is scattered.

As suggested by J. Gutiérrez, the next theorem can be proved with the same
proof as above.

Theorem 2.8. Let E be a Banach space such that
i) every linear operator from E into E* is completely continuous,
it) E is not Schur, and
it1) E has an isomorphic copy of £1.

Then EQE and EQ.E do not have the DPP.

There are several spaces which are not C(K) spaces and verify the conditions of
the proposition above, among them, the space H* [3, [6], the disc algebra [8, 3],
the space of analytic uniformly convergent Fourier series on the unit circle [I4].

The authors thank Verdnica Dimant and Joaquin Gutiérrez for some clarifying
conversations.
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