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STRICHARTZ ESTIMATES FOR THE SCHRODINGER
EQUATION WITH RADIAL DATA
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ABSTRACT. We prove an endpoint Strichartz estimate for radial solutions of
the two-dimensional Schrodinger equation:
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1. INTRODUCTION

We consider the inhomogeneous initial value problem for the Schrédinger equa-
tion

(1) { ou(z,t), = —iAyu+ F(x,t), (z,t) € R"* x RY,
u(z,0) = f(a)
We introduce the operator e *4 as

eitAf — Fo (eit|~|2f(')) :

where F, F~! are the Fourier transform and the inverse Fourier transform respec-
tively. The solution to (I is given by u(z,t) = e #Af 4 e~ %A fot eTAR (T, )dT,
at least for sufficiently “good” data f, F. A lot of attention has been given to
the problem of determining all possible Strichartz estimates for the solutions of the
Schrédinger equation. To state the known results, we use the following mixed space
notation:

q/r a

gz = | [ | [ruteoras ) a
Rl R’IL

In addition, we call a pair (g,r) Schrodinger admissible if ¢,r > 2, (q,r,n/2) #
(2,00,1),2/q+ n/r = n/2, where n stands for the spatial dimension. Then

le™* 2 F | opy < Cllflas
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1396 ATANAS STEFANOV

for all Schrédinger admissible pairs (g, ), (¢, 7). Some earlier versions of the results
above appeared in [7], [I1], [I], whereas the final (endpoint) estimate for dimension
n > 3 was proved recently in [2]. One can easily see that homogeneity dictates the
condition 2/q + n/r = n/2, while the restriction ¢, > 2 comes from a concrete
counterexample due to Knapp and properties of translation invariant operators (see
[2]). The point ¢ = 2,7 = oo in the two-dimensional case is excluded from the range
of admissibility, because the estimate there is no longer valid by a counterexample
due to Montgomery-Smith [5]. He actually proved something more:

sup ||e 00.

ﬂmf” _
L?BMO, —
lfll2=1 ¢ ’

Some further generalization of the ideas in [5] provided counterexamples for some
similar conjectures, concerning frequency localized and BMO estimates in both the
Schrodinger and the wave equation case; see [9] for details. Let us remark that
all of the aforementioned results have their counterparts for the solutions of the
wave equation with slightly different admissibility conditions. In [10], one can find
weighted inequalities for the endpoint case with applications to radial solutions,
but that is only in dimension n > 3. Our main goal is to show that the “modified”
Strichartz estimate in the critical case ¢ = 2,7 = co,n = 2 remains valid as long as
we restrict our attention to radial data
Thus, the theorem below is the main result of this paper.

Theorem 1. Let f be a radial function. Then
(2) el 2 paro, < Cllflle,  z €R2,
where BMO is the space of functions with bounded mean oscillation.

Remark 1. For the wave equation a similar theorem in the wave critical case ¢ =
2,7 = 0o,n = 3 was established by Klainerman and Machedon [3].

2. PRELIMINARY STEPS AND NOTATIONS

In this section we make several technical reductions of the problem. Intro-
duce first ¢ € C§°(R') supported in (1/2,2), p(z) = 1 for z € (3/4,9/8) and
> pez P(27Ft) =1 for all t > 0. Let @i (t) = ©(27%t). We can define a Littlewood-

Paley decomposition with respect to {pr} by setting Py f = f‘l(f(')gokﬂ ) It
is a standard fact that

1/2
9l 5aro ~ <Z |Pk9|2>

keZ oo

Therefore, the theorem would follow from the following localized version:

3) e Pef | oy < N7l

IThe author has been informed that T. Tao has an independent proof of the original Strichartz
estimate in the radial case.
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Indeed, let ¢ be a smooth function with support contained in (1/4,4) and ¢ (x)¢(x)

= ¢(x). Then
e _”AfHHBMO N/SUP <Z|e_ztAP f|2> dt
<Y |ennd, = , S,
- %
where P f R L fipg).
Let fo(p ) f(f) for [§] = p. Write
2
e 4Py = 5 [sup| [ eHePeen fie)p(a-Helde| ar

R?2
2

oo 1
itp? z|x|pa 1_ 2\—1/2 9k dod QL
~ 27T 1/2 / Sup //6 o) = folp)p(27 " p)pdodp
0 -1

Next, linearize in |z| (|| = r(¢) is the value of |z| for which the sup is “achieved”)
and change variables p — ,/p to write the desired inequality as:

/

Since [g |f(x)[?dz ~ [° | fo(/p)|?dp, it suffices to prove

2

1
[ e ppe ) - o) dodp| dt 5 [ If (@)
-1 R?2

2

oo 1
/ //6“"6"“”"9(/})@(2”“\/@(1—02)’1/2d0dp dtS/lg(ﬂ)IQdm
0 —1

where r(t) is an arbitrary positive measurable function and % is a fixed integer. By
homogeneity, it suffices to prove the above estimate for ¥ = 0. Denote A; = {¢ :
2771 < r(t) < 27}. We need to prove

2

1
W X [| [ [ererom oo - oty apo| dr < ol
I A 15

In the sequel, we will need the following well-known lemma concerning a cutoff
version of the Bessel function Jy that appears above.

Lemma 1. Let p >0 and M,x > 1. Then

(5) ¢ (1 = 0%)2p(2(1 = 0%))do| < Coymin { (27/|s])M277/2, 27712},

eina(l _ 02)71/2d0_ 5 |R|71/2.

’L\H »L\,_.
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1398 ATANAS STEFANOV

Since (@) follows from a simple integration by parts argument and (@) is a corol-
lary of (Hl), we omit the proof. Let us remark that the “critical” index pg is the
one for which 2P0 ~ |k|. If p > py one estimates by putting absolute value inside
the integral, while if p < pg one integrates by parts and then estimates by absolute
value. We use this idea repeatedly throughout the proof. Observe that for p = 0,
we have

1

/em(l — 02)M2p((1 - 02))do| < Cagli| M.

—1
3. MAIN ESTIMATES

In this section, we obtain pointwise estimates by the Hardy-Littlewood maximal
function if we have enough oscillation in the term e )v?? and we use an almost
orthogonality argument otherwise. Thus, we consider the following cases.

First, j < 0. Then |r(t)\/po| < 27%2 < 4, for r(t) ~ 27,,/p ~ 1. Therefore we
have virtually no oscillation in the term e’ v?? . Expand in a Maclaurin series to

get
1 2
S| [ [ e o g - oty Edpdo ar
i<0i |4
1 2
> (ir(t))! .
Z/ Z( ;,)) /e”pg(p)w(p)pmdﬂ/(l—a) Y26ldo| dt.
]<0A 1=0 ’ el

Observe that |f_1(1 —0%)"Y25ldo| < 1 and we have an exact inverse Fourier

transform in each term above. Thus, for | = 0 we bound by C|| g||§, whereas for
l > 1, we estimate by
2

CZZ/ ztp Z/de dt

1>1 <04
SD'3) SEacy [FATERITIES Bp B W FY
1>1 j<0 1>1 j<0

This completes the proof in the case 7 < 0.
Let us consider the other case j > 1. We have to prove
2

G / / [ e O gootp)(1 — o) 2dpo| dt gl

_]>1

By Plancherel’s identity, we get

/1 (1—0%)~1/2 </ eitpg(ﬂ)s@(ﬁ)@"“’””ﬂ) do

-1

1 1 _ ~ 7 ir o
= oo | (=09 1/2/9(9—75) (/e”ye Bve @(p)dp) dydo.
-1

It is obvious now that (7)) would follow from the following pointwise estimate.
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Pr0p0s1t10n 1. Let r(t) be a measurable function, 27~ < r(t) < 2. Then

(8) —t) ‘/ -1/2 </ ei(PQerT(t)po)sp(p)pdp) do

where M is the Hardy-Littlewood mazimal operator.
Proof. Let us split the y integration in three parts: |y| < 27/10, 27/10 < |y| <
10 27, |y| > 10 27.
For |y| < 27/10, set 1 = p(1 —0?) + (1 — p(1 — 0?)). If |o| < 1, we use Lemma

1 with p = 0 to estimate

1

/e”(t)”"(l —02)7V2p(1 = 6?)do| < 279,

-1
If |o| ~ 1 (i.e. (1—¢(1—0?)) #0), we have that |(p?y+r(t)pc) | = [2py+7r(t)o| ~ 27
and therefore we can integrate in parts in p to obtain

‘/ei(p2y+r(t)pa)¢(p)pdp‘ <274,

dy < M(h)(=t),

In either case, we have

1
[y [ (e o) do
- ly| <27 /10
<o / Ih(y — Oldy < M(h)(~1).
ly|<27/10

For |y| > 10 27, we have |(p*y + 7(t)pc) | = |2py + r(t)o| ~ |y| and therefore
integration by parts in p gives

o2 B
‘/ez(p y+r(t)p0)¢(p)pdp' Syl

Therefore,

1
/ (1—0%)~"/2 / h(y —t) ( / ei(”Qy”(t)”")w(p)pdp) dydo

ly|>10 2/

Mdy < M(h)(~t).

ly|>10 27

Finally, if 29/10 < |y| < 10 27, it will suffice to prove the inequality

‘/ o / el U+ ir(009) o (p) pdpdor

To show that, we have to exploit the oscillation in both ¢ and p. Write

1

p>0

<27,
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1400 ATANAS STEFANOV

For p > j (j is the critical index as discussed in Lemma 1), we have

1

(9) / (1 - 02) 2p(20(1 - 0))do| < 2772
and
(10)

2 . 2
‘ / oilo y+r<t>pa>¢(p)pdp‘ _ ‘ / (D /20)° o ) pdp‘

< e tr®9/20)° 4 5) pdp

|p+r(t)o/2y|<23/2

. 2 _ .
+ 3| [ emtorrtirnrm’ g l+ﬂ/2<p+r(t)a/zy»sa(p)pdp\
>0

<2724y

>0

[ SRl R (b)) O
y(p+r(t)o/2y

Let us integrate by parts now in the [*" term. We get

[ s 4 r(0 2 e e
U
S| [ o e it 20 0o
U
—l+j pp)p —l+j 7 r(t)o 2
ra / mw I e 0
‘/ et 0/2y)80(271+j/2(p (D207 dp ‘

We easily estimate the first and the second integrals above by 2779/2=! and after
one more integration by parts in the third one, we obtain

(11) (27 i/2(p + M))eiy(pﬂ(t)v/%fdp‘

‘/ p+r <f/2y)s(J 2y
<2 ] 2 21 2 3l2]/2)

Going back to (), we conclude
(12) ‘/ei(prJrr(t)pU)w(p)pdp' < 97i/2,

Therefore by combining (@) and (I2)), one gets

1
S| == o) [ i) pdpas

p>j Yt
< Zg*p/22*j/2 <277,

p>J

which completes the proof for p > j.
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For p < j, we first integrate by parts with respect to o to get
1
/ (1- 02)_1/2<p(2p(1 — 02))6"(t)”"d0

o [ A U o
-1 ir(t)p

1 / 2

2P(1 — :

/ 20(1 — 02)_1/22”M6"(”p“d0 + a similar term.
-1 ir(t)p

We estimate

1 2
(13) / 20 (1 — 02)*1/2211Md0 < 9p/29—]
1 Z?”(t) ~

and a repetition of the argument leading to (I2) gives
/ ei<p2y+r<t>pa>¢(p)dp‘ <92,

Summing over all p < j yields the desired bound C277. O
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