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ABSTRACT. Nonreflexive Banach spaces that are complemented in their bidual
by an L-projection—Ilike preduals of von Neumann algebras or the Hardy space
H'—contain, roughly speaking, many copies of I! which are very close to
isometric copies. Such I'-copies are known to fail the fixed point property.
Similar dual results hold for cg.

In [4] it is shown that an isomorphic I!-copy does not necessarily contain asymp-
totically isometric I!-copies although by James’ classical distortion theorem it al-
ways contains almost isomorphic I*-copies. (For definitions see below.) Within this
context and the context of the fixed point property Dowling and Lennard [5] show
that the presence of an asymptotic {'-copy makes a Banach space fail the fixed
point property. Then they prove that every nonreflexive subspace of L'[0,1] fails
the fixed point property by observing that the proof of a theorem of Kadec and
Pelczynski [T0, Th. 6] yields an asymptotic I!-copy inside such supspaces of L]0, 1].
Alspach’s example [I] may be considered as an early forerunner of these results.

In the present note we modify a construction of Godefroy in order to show
that every nonreflexive subspace of any L-embedded Banach space contains an
asymptotic {!-copy and thus, in particular, fails the fixed point property. Analogous
results hold for ¢y and M-embedded spaces.

Let (z,,) be a sequence of nonzero elements in a Banach space X.

We say that (x,,) spans [* r-isomorphically or just isomorphically if there exists

r > 0 (trivially r < 1) such that r(zzo:l |ozn|> < szo:l A || < D07 o]
for all scalars a,,. We say that (z,,) spans I* almost isometrically if it is such that
there exists a sequence (d,,) in [0, 1] tending to 0 such that (1—d,,) (Z?:m |an|) <

szozm Qnln

I' almost isometrically passes to subsequences. Analogously, we say that (z.,)
spans co almost isometrically if there exists a sequence (0,,) as above such that

(1 - 6m) Squgngm' |Oén| < Hznm:m QnTn

m'.

< (Ezozm |an|) for all m € N. Trivially the property of spanning

< (14 0m) SUP, <<y || for all m <
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1368 HERMANN PFITZNER

Recall that James’ distortion theorem [9] (or [3], [12]) for I! and ¢y says that
every isomorphic copy of ! (of cy) contains an almost isometric copy of I (of cp).
Following [41 [, [6] we say that (z,,) spans I* asymptotically isometrically (or just
that (x,,) spans [} asymptotically) if there is a sequence (d,) in [0, 1] tending to 0
such that >°>° (1 = §,)|an| < szozl anan < 300 || for all scalars a,,. A

sequence (x,) is said to span ¢y asymptotically isometrically (or just to span cy
asymptotically) if there is a sequence (J,) as above such that sup,,<,, (1 — )|, | <

HZZL:l nZn|| < SUP,<p (1 + 0n)lay| for all m € N. (Note that in the definition

of asymptotic co’s and ['’s in [4] the sequence (,) is supposed to be decreasing
but that this difference is not essential.) Finally we say that a Banach space is
isomorphic (respectively almost isometric, respectively asymptotically isometric)
to I* (to co) if it has a basis with the corresponding property. Clearly a sequence
spanning ! asymptotically spans ! almost isometrically. The main result of [
states that the converse does not hold because there are almost isometric copies of
I* which do not contain [! asymptotically. Analogously, it was proved in [4, Th.
3] that there exist almost isometric copies of ¢y which do not contain asymptotic
cop-copies.

Some notation: The results are stated for complex scalars but hold also for real
Banach spaces. Operator means linear bounded map. As usual, we consider a
Banach space as a subspace of its bidual omitting the canonical embedding. [z,]
denotes the complete linear hull of (z,), (e,) is the standard basis of I!. Basic
properties and definitions of Banach space theory can be found in [3] or in [12] [I3].

A Banach space X is said to have the fized point property if any contractive (not
necessarily linear) map f : C'— C on any nonempty closed bounded convex subset
C C X has a fixed point where contractive means that || f(x) — f(y)|| < ||z — y|| for

all z,y € X.
Let Y be a subspace of a Banach space X and let P be a projection on X. P
is called an L-projection provided ||z| = ||Pz| + ||(idx — P)z| for all z € X. A

subspace Y C X is called an M-ideal in X if its annihilator Y+ in X’ is the range
of an L-projection on X'. Y is called an L-summand in X if it is the range of an
L-projection on X. In the special case where X = Y" and where Y is an M-ideal
(respectively an L-summand) in Y we say that Y is M-embedded (respectively L-
embedded). As examples we only mention that preduals of von Neumann algebras,
in particular [* and L'-spaces, furthermore the Hardy space H} and the dual of
the disc algebra, are L-embedded. The sequence space ¢y, the space of compact
operators on a Hilbert space, and the quotient C'/A of the continuous functions
on the unit circle by the disc algebra A are examples among M-embedded spaces.
The dual of an M-embedded space is L-embedded; the converse is false [8] III.1.3].
Throughout this note, if X is an L-embedded Banach space we will write X, for the
complement of (the canonical embedding of) X in X", that is, X" = X & X;. In
this case P (or Px to avoid confusion) will denote the L-projection from X" onto X.
There is a useful criterion for L-embeddedness of subspaces of L-embedded spaces
due to Li ([I1] or [8l Th. IV.1.2]): A closed subspace Y of an L-embedded Banach
space X is L-embedded if and only if PY 1 =Y. In this case if Y is L-embedded
and if one identifies Y’ =Y @1 Y, and Y+ C X”, then Y; = Y+ N X,. Since
biduals of L-embedded spaces are quite “big” and therefore difficult to handle we
mention in passing that a theorem of Buhvalov-Lozanovskii ([2], [8, IV.3.4]) provides
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a characterisation of L-embeddedness of subspaces of L'[0,1] only in terms of the
spaces themselves: Subspaces of L![0,1] are L-embedded if and only if their unit
balls are closed with respect to the measure topology [8) IV.3.5].

The standard reference for M- and L-embedded spaces is the monograph [g].

There are few stability results for L-embeddedness: Neither subspaces nor quo-
tients inherit this property [8, IV.1] in general. Therefore the following lemma
reveals a nice exception. In particular it underlines the idea that '-copies are the
building blocks of L-embedded spaces.

Lemma 1. Almost isometric copies of I' which are subspaces of L-embedded Ba-
nach spaces are L-embedded.

Proof. Consider first the L-embedded subspaces U, = [en]n>m of I*, m € N. We
have Ut = U, @1 (co NULL). An element p € (I')s = cg- belongs to each ULt
[Denote by p,, the projection (au,) = (0,...,0, Qmt1, me2,-..) on 1. Then p

annihilates ker p!,, because ker p,, C ¢o. Thus p € ran(p”) and u € m::;m Neg ]

Let X be an L-embedded Banach space with L-decomposition X" = X &1 X, and
with L-projection P from X" onto X. Let (z,,) be a sequence spanning an almost
isometric copy Y of I' in X, put Vi, = [n]n>m, m € N. Via the isomorphism
between Y and {! induced by x,, — e, the situation described for I' carries over to
Y. That is, thereis Z C Y+ C X" such that Y+ =Yoo Z, VI =V, ®(ZnY, 1)
andz€ ZNY -t foralmeN, z € Z.

Since (x,,) is supposed to span Y almost isometrically, there are numbers 7, > 0
tending to 0 such that ||y + z|| > (1 — ) (Jyl| + ||z]]) for all y € Y, z € ZN Y-+

Let z € Z. In order to show that Y is L-embedded it is enough to show that
Pz = 0 because then Li’s criterion PY 1+ =Y is fulfilled. But z € ZNY,-+ and
by a quantitative version of Li’s result (see [8, IV.1.4] or [14] Lem. 2]) applied to X
and Y;,, we have ||Pz|| < 377%1/2Hz|| for all m € N. Hence Pz = 0.

In passing we note (for Corollary [ below) that a w*-accumulation point of
{en| n € N} belongs to cg N U5+ and has norm one. Accordingly, if z is a w*-
accumulation point of {z,| n € N}, then z € X, NY,:+ and |z|| = 1, the latter
because each Y-+ is (1 — §,,,)-isomorphic to (I')” with §,, — 0. O

In addition to Lemma [ we note that if Y is an almost isometric I*-copy in an
L-embedded space X, then X/Y is L-embedded, too, by [8 IV.1.3].

Here is a way of constructing asymptotically isometric {!-copies in L-embedded
Banach spaces. It is essentially due to Godefroy [8, IV.2.5] and was brought to my
attention, some years ago, by D. Werner, under the name ace of ¢ lemma.

Theorem 2. Let X be an L-embedded Banach space with L-decomposition X"
X &1 Xs, (I, %) a directed set and (xy)yer a net in the unit ball of X. If x, it
rs € X, in the w*-topology of X" and ||zs|| = 1, then there is a sequence (2, )JneN
which spans I asymptotically.

*

Proof. Let (d,) be a sequence of strictly positive numbers converging to 0. Set
m = %51 and Np41 = %min(nm On+1) for n € N. By induction over n € N we will
construct v, € I' such that

(1) (Z(l - 5i)|ai|) Fn Y ol <UD eim, | <> Jai| ¥neN, a; €C.

i=1 i=1 i=1 i=1
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1370 HERMANN PFITZNER

(The last inequality is trivial because ||z|| < 1.) We recall that the norm is w*-
lower semicontinuous. Thus liminf ||z || > ||zs|| = 1 and for the first induction step
we choose z, such that ||z,] > 1— &1 + 1.

For the induction step n +— n 4 1 we suppose Z.,,... ,Z, to be constructed
such that (I) holds. Fix an element a = (a;)/%" in the unit sphere of I},
such that ay41 # 0. The w*-convergence (along v) of (3.1, Qiy,) + Q124
to (3, ixy,) + apy1xs yields

n n
limvian (2; aifc%) + a1y H > H (z; aix%) + apy1s
= i=

n
Hzaix’n
i=1

+ |1z ||

@ i n
> (Y= oadl) + (3l + ]
i=1 i=1
n+1 n+1
= (> a=alail) + (> leut)
i=1 i=1
—=(n = bn41) |1
n+1
> (D00 d)lasl) + minGma, 6ui1)
i=1
because ||a|| = 1 and |an41| < 1. Thus there is an index 79 € I' such that

(Z?:l aifc%) + an+1x7H > (Z?:ll(l — (5i)|04i|) + 2np41; note that the
subnet (24)y:+, still w*-converges to x,.
Choose a finite 7;,,41-net (o/)lLZ”l+1 in the unit sphere of I}, ; in the sense that

for each a in the unit sphere of I}, there is | < L, such that |a — o!| =

lnf“/E’YO

Z?:ll |oi — al| < Mui1. Then we may repeat the reasoning above finitely many

times for [ =1,..., L4 in order to get x,,,, such that

n+1 n+1
IS alan || > (3o = 60lall) + 20041 VI < Lusa.
i=1 i=1

For an arbitrary « in the unit sphere of I}, choose | < Ly 41 such that [[a —ol|| <

Nn+1. LThen
n+1 n+1 n+1
HZ Qi Ty, > HZ aéx’w - HZ(at - O‘é)x’)’i
i=1 =1 =1
n+1
> (Y =oail) + 2001 — o=
et
> (30 -dlal) +mme
:z+11 n+1
(2) = (Y= slad) + s Y Jel
=1 =1
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This extends to all & € [}, ; and thus ends the induction and the proof. g
Within L-embedded spaces James’ distortion theorem is more efficient:

Corollary 3. A sequence spanning I* almost isometrically in an L-embedded Ba-
nach space admits of a subsequence which spans 1! asymptotically.

Proof. We use the notation of the proof of Lemma [[]and the remark in the end of
it. Hence there is a net (z,,.,) which w*-converges to a normalized w*-accumulation
point x5 of {z,| n € N}. Theorem P applies. O

Corollary 4. FEvery nonreflerive subspace of an L-embedded Banach space contains
an asymptotic copy of 1.

In particular, every nonreflexive subspace of an L-embedded Banach space fails
the fized point property.

Proof. L-embedded spaces are w-sequentially complete ([7], or [§, IV.2.2]). Hence
the first assertion follows from theorems of Eberlein-Smuljan, Rosenthal, James and
from Corollary[3. Combine this with [B, Th. 1.2] to get the second assertion. O

By [14] (or [8, IV.2.7]) the basis (z, ) in Theorem Pladmits a subsequence whose
closed linear span is complemented in X. In this way Corollary Hl recovers the
theorem of Kadec and Pelczynski mentioned in the introduction.

From Lemma/[ll we see that both almost isometric and asymptotically isometric
I'-copies are L-embedded provided they are contained in an L-embedded Banach
space. But at the time of this writing it is not clear whether asymptotic {'-copies
are always L-embedded (or whether asymptotic cp-copies are M-embedded). For
almost isometric I'-copies the situation is clearer:

Corollary 5. There are almost isometric copies of ' which are not L-embedded.
Proof. Combine Corollary B or @ and the counterexample of [4]. O

Now we briefly turn to ¢g. Some straightforward modifications of the proof of
[14] (or [8, IV.2.7]) show that the dual of a nonreflexive L-embedded space contains
asymptotic copies of ¢y although, of course, not every nonreflexive subspace in
the dual of an L-embedded space contains co-copies. (Take [* for example.) M-
embedded spaces provide a more natural frame:

Proposition 6. Fvery nonreflexive subspace of an M-embedded space contains an
asymptotic co-copy.

Proof. The result could be obtained by appropriate modifications of the proof of
[8, T11.3.4, 3.7a], but we suggest a more direct (and shorter) argument.

Since M-embeddedness passes to subspaces it is enough to prove that every
nonreflexive M-embedded space Z contains an asymptotic co-copy. Let (d,,) be a
sequence in ]0, 1] converging to 0. By induction over n € N we will construct a
sequence (z,) in Z such that

(3) max(l—(1—27"")d;)]a| <|| Z ;2] < m<ax(1 + (1 —27")6;)|i] Yoy € C.

i<n -
=1

For the beginning of the induction we choose z; in the unit sphere of Z. Suppose
that z1, ... , 2z, have been constructed and satisfy ([B]). Let P denote the L-projection
on Z" with range Z’. We have P'|z = idz and Z"" = Z++ @, Z'+. There
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1372 HERMANN PFITZNER
exists an element 2+ € Z't with ||2’1|| = 1 because Z is not reflexive. Put
E =lin({z;| i <n}U{2’+}) and choose > 0 such that
I=m-1-278) > (1-@1-2"")5),
Q+mI+1-2"5) < (1+1-2""Ts)

for all 7 < n. The principle of local reflexivity provides an operator T : £ — Z"
and an operator 15 : T1(E) — Z such that T = T, o T3 fulfills

(4) T|pnz =idpnz and (1 —mn)llel| <|[Te| < (1 +mn)lle]| Veec E.
Put z,,1 = T2'*+. Then we get @Bl n + 1):

_ (1 — 9~ (+INS VA _ (1 —927™\5\ ey
max (1= (1 =27 )5)jar] < (1= n)max(max(l — (1= 278l [

n
< (= mmax(| Y @izl o)

i=1

= (1 —77)”(2041‘«%‘) + a2t
i=1
(4) n+1

< 1D auzl)
i=1
< @Enl(Y ai) +anaz
i=1

=+ mmax(| Y aszll lansl)

i=1
1 1 — 2=+ sl
< Jnax (1+( )i) ]
This ends the induction and the proof. O

It is now immediate that every nonreflexive subspace of an M-embedded space
fails the fixed point property (see [6, Prop. 7]).

The analogue of Lemma[llholds trivially, simply because M-embeddedness passes
to subspaces [8] III.1.6]; thus every co-copy inside an M-embedded space is M-
embedded. And similarly as for Corollary [, the counterexample of [4] combined
with Proposition[6 provides an almost isometric co-copy which is not M-embedded.
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