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ABSTRACT. Our aim is to understand the non-conservation of the piecewise
smooth regularity by a semi-linear interaction of two transverse progressing
waves. Indeed, we know that this phenomenon occurs when the number of
characteristic hypersurfaces passing through the locus of interaction, that is, a
two-codimensional variety, is strictly inferior to the size of the considered first
order strictly hyperbolic system. Thanks to the study of a significant example,
we explain the obstruction to the piecewise smooth propagation by a loss of
transmission property for the symbols describing the conormal singularities,
which originates logarithmic singularities.

1. INTRODUCTION

We are interested in the local phenomena which are the creation and the prop-
agation of singularities by the interaction of two transversal conormal waves for a
semi-linear partial differential system. More precisely, the purpose is to analyze
a phenomenon of a loss of piecewise smooth regularity shown by G. Métivier and
J. Rauch in [6] and [7].

We consider a first order semi-linear system

(1.1) Lu= f(z,u).

It is supposed strictly hyperbolic with respect to a timelike function t. The
coefficients of L are M x M smooth real matrix. The real function f is smooth.
The variable = describes an open neighborhood €2 of 0 into R"™, for which the past
is assumed to be a domain of determinacy.

Let 31,%1 be two characteristic hypersurfaces intersecting transversely along a
2 codimension manifold T'.

If ¥ is a smooth hypersurface, we write pC® as the space of the piecewise smooth
functions with respect to X. Locally, their restriction to each open half-space defined
by ¥ extends in a C*° function defined on the whole space.
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1376 G. LASCHON

We work under the following hypotheses:

1. The rays of the bicharacteristics issued from characteristic conormal vectors
to I' are transverse to I'.

2. The RM valued function u is a solution of () in LS.

3. upr<o € pCs, + pCs.

The hypothesis 1. implies there is a finite number of characteristic hypersurfaces
Y1, Xm (2 <m < M) passing through I'. They are two-by-two transverse.

Thanks to J.M. Bony and G. Métivier's works (see [I] (smooth case) and [5]
(discontinuous case)), we know that the singularities of u are conormal with respect
to ¥; for i = 1,...,m and T', that is, WF(u) C U, _,, N(2Z:) UN(D) if we write
W F(u) as the wave front of u and N(X;) (respectively N(I')) as the conormal space
of ¥, (respectively I') deprived its vanished section.

More precisely G. Métivier and J. Rauch [7] demonstrated notably that if T is
included in a spacelike hypersurface, then u is piecewise smooth with respect to
Ui:l,.u,m 3;. Note that m = M in this case. Moreover they built an example
showing that the hypothesis m = M is essential (see [6]).

In this work we propose a symbolic study of the singularities showing the mi-
crolocal mechanism of the creation and the propagation of non-piecewise smooth
type singularities. We assume that the number m of characteristic hypersurfaces
passing through the locus of interaction is strictly inferior to the size M of the
system (). We will see, by a significant example, that the elliptic part of the
system originates the apparition of a non-piecewise smooth type singularity on the
edge I" which can propagate along the characteristic hypersurfaces 31, ..., %, if the
semi-linearity permits it.

The example we will present is inspired by [6]. Nevertheless our approach is mi-
crolocal: we explain the loss of piecewise smooth regularity by a loss of transmission
property in the complete symbol of the solution. Note the symbolic forms which
appear have generalizations (see [4]) which should allow us to treat more general
cases.

We consider the following 5 x 5 first order system on R3:

(12) V2(0p + 0z, Jur + (0 + Oy + Opy)uz =0

' (04 4 Oy + Oy )ur +V2(0; + Oy )ug = 0
(1.3) dv = uywy
(1 4) (8t + 28961)1111 + 28;52’(1}2 =0

’ 28952’[1)1 + (8t — 28;51)’(1}2 = ’Lﬂ(t)ul’u,g
with 9(t) = ?llfff ; :g forae > 0.

This system is strictly hyperbolic with respect to the time variable t. Writing H
the Heaviside function, we impose the following conditions in the past {t < —e}:

for t < —e, wp = (t— 1) 1H(t — 1) with k; > 1,
(1.5) Uy = (t — J,‘Q)k2_1H(lf — 332) with kg > 1,
v=w; =wy =0.
In fact, the system ([2) yields explicitly u; = (t—z;)* *H(t—x;) for j = 1,2. If
we consider successively ([L4) as a linear system with respect to wq, ws, and (L3)) as

a linear equation with respect to v, we obtain a global solution u = (u1, u2, v, w1y, ws)
which is in pCg + pCg in the past with ¥; = {t — z;} for j = 1,2. Both
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FIGURE 1.

characteristic hypersurfaces 3; and Yo intersect transversely along the edge I' =
{t =T = {EQ}.

Figure 1 shows us that only three characteristic hypersurfaces contain I" : X,
Yo and X3 = {z1 = 22}. We drew on the plan {t = 1} the traces of the light cones
C4,C4, C3 issued from 0 respectively associated with (T2, (I3)), ().

There is not any characteristic hypersurface for (L4) passing through the edge
I'. In other words the system ([C4) is microlocaly elliptic on a neighborhood of
N(T'). This partial ellipticity of the system (L2), (L3), (L4) and the “sufficient
nonlinearity” of the source term will create non-piecewise smooth type singularities
after interaction.

We will prove

Theorem 1.1. On a neighborhood of 0, near 3 = {x1 = z2} N {t > 1}, we have
v(z) = c(xy — x2)*M R n|zy — 21| modulo pCF, N CF1 k2= with ¢ # 0.

2. SYMBOLS

By the change of variables X1 =t — x1, Xo =t — z2, X3 = 21 + 22, and writing
again x1, Ta, r3 the new variables, we obtain

2.1) V2(0uy + Ouy)ur + 20551z =0 }
20,,u1 + V2(0p, + Opy)us =0

(2.2) (Oz, + Oxy)v = ugwn

2.3) (=0uy + Oy + 205 ) w1 + 2(—0s, + Dy Jwz = 0 }
2(—0py + Ony) w1 + (302, + gy — 200, )wa = V(5[x1 + T2 + 3] )urus

with the new conditions in the past:

(2.4) for x1 + 2o + 13 < —2¢, u; = xlkl_lH(xl) with k1 > 2,
Uy = :chz*lH(mg) with kg > 2,
v=w; = wy = 0.
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1378 G. LASCHON

Now we have I' = {z1 = 20 = 0}, 1 = {x1 = 0}, 3 = {z2 = 0}, X5 = {21 =
xa}, and for j = 1,2,

(2.5) uj = :cjkj_lH(:cj) =U, + g,
with g; C*°, U; = /e”ﬂfﬂ'cj X(%r)dfj, and ¢; = 5= (—i)" (k; — 1)L

J
Using a microlocal parametrix of (2:3)) on a neighborhood of N(T'), and working

near 0 so that U(%[z1 + z2 + 23]) = 1, we obtain
(2.6) w1 = P(uyu2) modulo C*°

where P is a pseudo-differential operator of order —1. Near N(I') the symbol of P
; 2(&2—¢&s3)
is equal t0 —rrm i, —& PG e

The microlocal study of the conormal singularities which appear after interaction

necessitates the description of diverse class of symbols.

Symbols with one variable of frequency. One recalls that S#(R™ x R) is the
set of the symbols of order p that is the C*° function a(z,§) with z € R™ and
¢ € R, such that for « € N, 5 € N, and K a compact of R",

020 a(x,&)| < C(1+ [¢))*F for all (z,€) € K x R.

For a hypersurface ¥ and p € R, we write T#(X) the space of the distributions
f smooth out of ¥ and which can be written

(2.7) F@) = /em&a(x,gl)dgl, o € S(R™ x R)

near each point of ¥ in coordinates so that ¥ = {z; = 0}. Note the wave front of
such distributions is included in N(X).

With this notion of symbols we can characterize the piecewise smooth regularity
by a transmission property of symbols. Indeed we have the well-known following
result:

Lemma 2.1. Denoting © = (21, ...,2n) = (x1,2") as the variable in R™ and ¥ =
{z1 =0}, pC is the set of the distributions f of I71(X) satisfying [270) with

(ol
(25) 0,6 ~ 3 L) gy > 1,
=1 G
In this case a;(x') = 525[04, fls where [ |5 designates the jump through .

We write pCPe(E) = pC¥ N I7F(X) for k € N*.
One recalls (see [3]) that the asymptotic expansion (2:8) means that for all

N e N*
N-—1
aw, )= 3 a2 e s
j=1 51

where x is a C*° function vanishing near 0 so that x(&) =1 if & is tall enough.
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CREATION AND PROPAGATION OF LOGARITHMIC SINGULARITIES 1379

Symbols with two variables of frequency. One calls S##2 the set of the
symbols with two variables of frequency defined as the C'*° functions b(z, &1, &2)
with z € R™ and &1,& € R, so that for a« € N*, 81,02 € N, and K a compact of
RTL

)

10502102 b(x, &1, &) < C(L+ (&)™ (1 + &)=
for all (x,¢&1,&) € K x R2,

For ju1, pa € R, let I#1:#2 be the space of the distributions f on R™ smooth out
of ¥1 = {z; = 0} and 33 = {z3 = 0} such that f € I*i(¥;) near each point of
S\ for ¢ = 1,2 where I' = ¥ N X9, and

(2.9) fla) = /ei(xlgler&)b(%§1;€2)d€1d§2, b€ Sz

near each point of the edge I'. The wave front of such distributions is contained by
N(Z1)UN(Z2) UN(D).

We write pCY, 5, as the space of the piecewise smooth functions with respect to
31 UXs. Locally, their restriction to each quarter space defined by 1 U5 extends
in a C* function defined on the whole space.

In this way we have a result analogous to Proposition 2.1k

Lemma 2.2. We denote x = (1,...,xn) = (21,22,2"”) as the variable in R™,
Yi={z; =0} fori=1,2.

Near each point of the edge I' = {x1 = xo = 0}, the functions of pCS 5., are
the distributions f € I-4~1 satisfying B39) with

(2.10) bt 6)~ 3 bﬁ’”(h) for €11, 162] > 1.
j1,j2>1 5

In this case b, j, (") = (091072 ] where | |r designates the jump

through T, that is,
[fle = f(07,07,2") = f(07,07,2") + f(07,07,2") = f(07,07,2").
Let’s specify the meaning of the asymptotic expansion ([2:10) : for all P, N € N,

472 le +i2

banen &)= S by (e MEX(E)
1<ji<P—1 S
1<ja<N-1
= Z ( II7 52) (gl) Z ijz (IE”, 51) X;fi)
1<ji<pP-1 1 1<j2§N—1 1

modulo S~P~N with bY¥ € S™N(R"2 x R) and ©'b;, € STP(R" 2 x R).

For k, k' > 1 we say that the symbol b verifying (ZI0) is k, &'-classical if bj, j, =0
for j1 < k or jo <k, that is b € S—F— K

Let’s remark that the asymptotic expansion does not depend on z; in (Z8) and
21,22 in (ZI0). In fact we know (see [3]) that every distribution of I*(X) can be
written under the form (1) with a symbol a not depending on xz;. We have an
analogous result of reduction of amplitude for the elements of I#1:#2 :
Lemma 2.3. Working near a point of the edge T, a distribution f € Skt
w1, o € R, verifying ZI0) can be written in the form

fz) = /ei(x1£1+$2§2)c(x”,€17§2)d§1d€27 ce §u17m7
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1380 G. LASCHON
with
(2.11) e~ Y ~ 'a —— DY D208 92 bl = =0
a,a2€N e
Here, the asymptotic expansion means that, for all N € N*

c— > ——— D D20 O bay —g—0 € Z S —hopz =k
[eAR1e%
(ananen—1 21t ket k=

Action of the pseudo-differential operators. We write £ = (&1, ...,&,) as the

cotangent variables of R™. We need a new space of symbols : SH1H2:V = Sritvinz

SHLR2HY for 1y 1, v € R, corresponding to a new space of conormal distributions:
JH1sH2:V — TtV (o TH 2ty

Let’s describe the action of a pseudo-differential operator on the conormal dis-
tributions (see [3] for an idea of the proof).

Lemma 2.4. Let P be a proper pseudo-differential operator of degree d < 0. Let’s
write p(x,§) as its symbol.

1) If f € IM(D), p € R, is locally given by @), then Pf € I*+t4(X) can be
locally written as

Pf= /emglc(%fl)dél
with
(2.12) e(x, &) Z 196 p(@,€1,0,..,0) D3 a(z, &).

2) If f € IM#2 | py, sy € R, is locally given by @39), then Pf € Ir#2:9 can be
locally written as

Pf:/ei(mlflﬂzgz)c(xa51752)d§1d§2
with
. 1. o
(2.13) with  c(x,&1,&2) ~ Z a(‘)g p(z,&1,&2,0,...,0)D3b(z, &1, &2).
As defined in [3], the asymptotic expansion (ZI2)) means that for all N € N*|

c(a, &)= > é@g‘p(x,fl,O,...,O)Dg‘a(x,fl) € [HHi=N(y).

lal<N-1

The meaning of the asymptotic expansion (Z.13)) is the following : for all N € N*,

1 _
c(,61,6) = D —OED(,€1, 6,0, 0)DEb(w, 1,62) € TrmdN,

lal<N-1

In that way, if P is a parametrix of a partial differential system elliptic on
a neighborhood of N(I'), then its action on the functions of pCg’ 5 vields the

apparition of a new type of symbols. These symbols are an asymptotic sum of
Pj (73751752)

terms Oj1,j2,5 = b]17]27](x) J1£2J2

where p; is a rational function for &;,& of

degree —j < 0, without any real pole, and smooth with respect to x, and b;, j,; is
a smooth function.
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More precisely,

Definition 2.5. For k,k’,l € N*, we say that a symbol b € S—h =k = g kK-
prelogarithmic if

Pj (ma€17§2)
(2.14) b~ Y bjl,jz,j(x)w for [&1], [€2] > 1.
E<ji 1 52
K <jo
5]

The asymptotic expansion (2.14)) means : for all P, N € N*,

NS SR NAL LS
k<j1 <P-1 1 5
k' <ja<N-1
I<GSPHN—j1—j2—1
= Y e e
k<ji<P-1 1
I<j<P—j1—1
+ Z Pbj, (x,&)pj(x, 51,52) (52)
K <ja<N—1 &

ISFSN—j2—1

modulo S~V with b € S™V(R" x R) and 7bj, € S~F(R" x R).

If b is such a symbol, the distribution f given by (2.3) is pC’%‘; near each point of
E\T for j = 1,2. Indeed, near a point of ¥;\I" for example, the variable zo does
not vanish so we can use the Taylor expansion of b at 0 with respect to & in order
to make f under the form (7). This Taylor expansion yields a symbol like (2:8)).

Nevertheless, f is not pCg’ 5, near the edge I' in general. For example, if b=

%, then we have Af = 472H(z;)H(22) modulo C*°, so Aax L= — 425
and ag?lafg = 7mln(z? + z) modulo C*.

Integration transverse to Xi,Y,I'. The following result originates from the
properties of integration stated in [2]. Working on a neighborhood of a point on I,
we have

Lemma 2.6. Let f be under the form (E9) with a symbol b(x",£1,&) € SHine
and p1, pe < —1. If g satisties

(2'15) (8551 + 8582)9 = fa

and if g is C* on a neighborhood of each point of 335 = {x1 = x2, x1 < 0}, then
(2.16) g(z) = /ei(’“_“)”b(x”,n, —n)dn modulo C*

on a neighborhood of each point of E; = {z1 = x2, 21 > 0}. We note that
ba''m, —) € SHHE (RN X R).

So if b is k, k'-classical or k, k', [-prelogarithmic, then g defined by (ZIG) is re-
spectively pCRe, (X3) or pCR< 4 (23) near each point of DI
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1382 G. LASCHON

3. APPLICATION TO THE PROOF OF THEOREM [[_1]

From the expression (25l of u; and wue, we have ujus = U + 41 + G2 with
Uj € pC’,‘gj’(Ej) for j =1,2 and

Ue) = [ emerteee 7251)5(5%5 dé».
1

Using the expression (2.6]) we obtain wy = W + Pty + P, where W = PU and
Pu; € pC’,SjJrl(Zj) for 7 = 1,2 thanks to Proposition 2.4]1).

So we can write ujw; = Wy W + r; +r9 with 1 = v Py € pC’,‘;f(El) and
ro = u1 Py € ngﬁuzl n fﬁkl’szfl.

From equation (Z2) and the condition v = 0 in the past, we obtain that v is
smooth near X3 . So we can study the singularities of v along E;‘ using Proposition
2.6, The functions 71,7y originate pCp?, . . (X3) singularities for v.

So it remains to study the contribution of the product u;W. Proposition 2.4
shows that W = Wy + r where r is C*° and

Wi = i(z181+w282) x(€1)x(62) ¢, dés,
o) / ‘ (e — abs) (6 —ats)

with o = 2 —|— 22\[ and c3 = 263102

Hence from (IZE]]) we have u1 W = (U1 +g¢1)(Wo+r). Because u;r is just piecewise
smooth with respect to X1, it does not contribute to any singularity of v along E;
Let’s treat the term g;Wy. The symbol describing its singularities is ky, ko — 1, 2-
prelogarithmic. Proposition23allows us to assume that this prelogarithmic symbol
does not depend on the variable x3. So we can apply Proposition 2.6l to conclude
that the contribution of g; Wy to calculate v just yields pCp®,, . (¥3) singularities
near Z;

Finally we just need to study the contribution of the term U; Wy. By convolution
in the & variable, the symbol of Uy Wy is:

x(61) x(§1)x(&2)

3.1 b ) = *& )
(3.1) (&) = e hT 6 ERER (6 — a6) (6 — a6

We have

-1
Lemma 3.1. Let’s write g(z) = [(fl — )kl gy (2 - 6é§2):| .
Then the convolution defined by (B1I) is equivalent to

0(&1,&) = 2imcics | Res(g,a2) if &2 >0
Res(g,a&2) if &2 < 0

modulo a ki, ko — 1,2-prelogarithmic symbol plus a k1, ko + 1-classical symbol.
The notation Res(g,z0) designates the residue of g at the pole z.

Let’s assume this result provisionally. We obtain:

9 . x(&2) .
0(&1,82) = 2imeics (61— o)) ok (0 — AT if& >0
X(&) if € < 0,

(6 — a2) Mk (@ — )l T
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CREATION AND PROPAGATION OF LOGARITHMIC SINGULARITIES 1383

and
. x(n) :
_ -9 f 0
U( m, 77) me1cs 21[(_1 _ a)a]lm Im(a)n 2k1+k2 nn >
x(r) if 7 <0

—2i[(—1 — @)@k Im(a)n 2k1tk2

is a symbol in S~2¥1—*2(R) which does not verify the transmission property char-
acterizing the symbols of the piecewise smooth functions.
Finally Proposition 2.6 implies that near any point of ¥3, we can write

v(r) = /ei(“*“)"a(—nﬂ?)dn

modulo a function in pCPY, . 11 (X3).
The calculus of Fourier’s transformation completes the proof of Theorem [ 1]

Remark 3.2. We need the non-linearity to be sufficient if we want the loss of trans-
mission property to occur. For example, if we replace (L3) by d,v = w; the solution
is piecewise smooth along Y7 and other types of singularities just appear on the
edge I

Remark 3.3. Proposition creates a new type of symbol, called “logarithmic”. A
systematic study of the classical, prelogarithmic and logarithmic symbols ough to
allow us to generalize our approach.

Proof of Lemmal31l Our aim is to calculate

I = / x(& = Dx(2)g(2)dz.

Let K be a compact neighborhood of 0 in R so that x = 1. At first we study
Ik = [¢ x(&1—2)x(2)g(2)dz. The compactness of the domain of integration allows
us to expand in power series the functions z — [(z — a&)(z — @)™t and z —

%. We obtain that Ik is a k1, ks + 1-classical symbol.

Let's treat Iic(e,) = fo,_, e X(61 — DX(2)g(2)dz = e x(2)x(61 —2)g(€1 — ).
We carry out the study of Ik by replacing the first expansion by the expansion of
2= [(6 — 2 —a&)(é — 2z — a&)]™ L So Ik (¢, is a ki, ka2 — 1, 2-prelogarithmic
symbol.

Finally we prove that Igx = f]R\(KuK(gl)) g(2)dz modulo the classical and pre-
logarithmic symbols. The function g is analytic on C\{0, &1, a2, @&2} and can be
integrated in a complex path.

As for Ik and Ig(,), Iy = fvg(z)dz is still a ki, ko + 1-classical symbol and
Lyey = ffrz ey g(z)dz a ki, ke — 1, 2-prelogarithmic one, when ~ is the half circle
defined by Figure 2.

Accordingly, for a tall enough R > 0, Iy is equivalent to I,, = va g(z)dz modulo
classical and prelogarithmic symbols, where g is the closed path defined on the
figure.

The Residue Theorem completes the proof. O
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FIGURE 2.
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