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CONVEX CURVES, RADON TRANSFORMS
AND CONVOLUTION OPERATORS
DEFINED BY SINGULAR MEASURES

FULVIO RICCI AND GIANCARLO TRAVAGLINI

(Communicated by Christopher D. Sogge)

ABSTRACT. Let I' be a convex curve in the plane and let u € M(R2) be the
arc-length measure of I'. Let us rotate I' by an angle 6 and let ug be the
corresponding measure. Let T f(z,0) = f * pg(x). Then

ITFll L3 rxrey < cllfllps/2mey-
This is optimal for an arbitrary I'. Depending on the curvature of I', this
estimate can be improved by introducing mixed-norm estimates of the form

TN e o (ry) S 12y

where p and p’ are conjugate exponents.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

Let I : [a,b] — R? be a convex planar curve (i.e. it locally coincides with the
graph of a convex function in suitable coordinates). Let uI = u be the measure
supported on I' induced by Lebesgue measure on R2. Under appropriate curvature
assumptions on I', p is known to be LP improving, i.e. |[f* pllpo(r2) < || fll1nre)
for some g > p.

Restricting our attention to the case ¢ = p’, it is known that the best possible
result is an L3/2 — L3 estimate, and that this is attained when I has non-vanishing
curvature at every point (see e.g. [J] or [O]):

(1.1) I 1" N e ey < el fllporemey -

Weaker LP — L¥' estimates, for certain p < 2, still hold if the curvature vanishes
of finite order at some isolated point [RS]. At the other extreme, no LP-improving
occurs if T’ contains a segment (this is due to the fact that if f is infinite on a
segment S, then its convolution with 1 remains infinite of the same order).

A different form of LP-improving connected with integration over straight lines
is given by the mapping properties of the Radon transform. Replacing integration
over straight lines by integration over segments, the main result in [OS] says that
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if
RIt.0)= [ Floult,)ds
[s|<1

(here t € R and oy denotes rotation by 6 € T), then
(1.2) IRl Lo crsry < €Il porzre) -

A different formulation of (1.2) can be given as follows. Let u denote the arc-
length measure on a given segment in the plane, and let pg be the arc-length measure
on the same segment rotated by an angle # € T. Then, given f € L3/2(R2), the
function f * pig is in L?(R?) for almost every 6 € T, and || f * po|| 13 r2) € L*(T).

Our first result says that the same holds for general convex curves.

Theorem 1. Let I" be a convex curve and let p be the measure on I' induced by
Lebesgue measure on R2. Let ,ug = ug be the measure obtained from u by composi-
tion with the rotation og by an angle 8 € [—m,w|. Then

(1.3) {/_W/ (f * o) ()| dmd9}1/3<c{/RQ |f(t)|3/2dt}2/3.

The estimate (1.3) is clearly weaker than (1.1). The latter says in fact that
I f* pgllLeme) € LOO(T) when T' has non-vanishing curvature and f € L3/2(R?).

The study of LP-improving estimates requires the knowledge of the decay at
infinity of the Fourier transform of the given measure. The optimal estimate (1.1)
follows from the uniform estimate

AN (©)] < elg|7H?

which holds, for || large, when T" has non-zero curvature.

What we use instead is the decay of the L? averages of il over the circles |£] = r.
A result of A.N. Podkorytov says that these L? averages decay like 7—1/2 for general
convex curves (see [P] or [BIT], and [Ral for an earlier result for analytic curves).

We next discuss the possibility of improving (1.3) under appropriate assumptions
on the curvature of I'. In order to do so, we introduce the class of mixed-norm spaces
L* (T, L (R2)).

If T, or T', denotes the operator T f(z,6) = f * uj (x), we discuss the values of
p and s for which the inequality

(1.4) 1T ]

L*(T,L7' (R?)) < CHfHLp(]Rz)

holds for every f € L? (R?).
We begin with some simple remarks.

Remark. If the convolution operator f — fxpu is bounded from LP (Rz) to L¥’ (RQ),
then (1.4) holds for every s. Indeed, writing fgp(x) = f(os(z)) one has

IIf *MOHL:/(]RZ) = /-0 *ﬂ||Lp/(R2) < C||f9||Lp(JR2) = C||f||Lp(JR2) :

Remark. A necessary condition for (1.4) to hold is that p > 3/2. This can be shown
by the standard method of testing the operator on the characteristic function of a
small disc.

By the above remarks and (1.1) we deduce that the problem is trivial if T has
non-zero curvature at every point. The interesting case is when the curvature of
I" vanishes of finite order at some point. We shall restrict our attention to the
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typical examples ', (¢) = (¢, |[t|7) with [t| < 1 and 2 < v < 00, so that the curvature
vanishes of order v — 2 at ¢t = 0.

Theorem 2. Let I' =T be the graph of the function xo = |z1|", where v > 2 and
lz1] < 1. Let p¥ = p', py = p¥ ooy and Ty =T". Then

(i) ||T7f|\L3(J:21> 5 p. L)) < csllfllpsrege) for any small 6 > 0,
. L3 2(vy+1)
i T P (31 <c » if —<p<—-—",

@ WS e Sl 5 <p<
L 20+ 1)

(i11) ||T7fHLoo(T,Lp’(R2)) <c ||f||Lp(]R2) if W <p<2

Moreover,
, o 3(vy—1)

(i) 1T f1 Lo(T,L3(R2)) = £l g3z g2y implies s < 2
.. 3 2(y+1)

() 1T f] Le(T,L7' (R2)) = CHf||Lp(R2) and B} <p< r2

/
-1
mmply s < ]7(77)7
(P =2)y -2
S 2(v+1)
(iii") 175 Fll oo o, o g2y < €Il Lo (g2 implies p > EETE

The proof of Theorem 2 depends on certain sharp estimates for the LP average
decay of i+ (compare Lemma 1 and Lemma 2 below).

Remarks. We do not know whether ¢ is necessary in (7). If we could take § = 0,
then (ii) would follow from (¢) and (¢i¢) by interpolation.

We point out that that (ii7) is a particular case of a more general result essentially
proved in [C] and [RS] (see [Ri] for an explicit statement).

The case of a segment can be seen as a limit case for v — co. One has

(1'5) ||Tsf||Lp’/(p’—2>(T,Lp’(ﬂqp)) <c ||f||Lp(]R2)

for % <p<2, and p,p;2 cannot be replaced by a smaller exponent [OS].
The same conclusion of Theorem 2 holds if I', is replaced by a translate of it

(the proof requires minor modifications that we shall omit).

2. PROOFs

The proof of Theorem 1 is based on the following lemma due to A.N. Podkorytov
(see [P]) concerning the L? average decay of Ji.

Lemma 1. Let T be a convex curve in the plane, let p = pb and pg = pooy. Then

s
o2 -1
| ) as < cle.
—T

Podkorytov’s result depends on the fact that the Fourier transform has the ex-
pected decay in most directions and averaging in LP (p < oo) prevents the bad
directions from having too much of an impact.
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Proof of Theorem 1. By decomposing I' into a finite number of arcs, we can assume
that T is the graph of a function of the first variable. Let z € C such that Rez > 0.
Define i, via

1 o0
2.1 is, :—/ =L dt.
(2.1) (iz, ) e s o(t)
Define pj via

15(8) = 1w (&) iz ((968)2)
where (0g€)2 denotes the second coordinate of the vector og§. We introduce the
analytic family of operators

T#: f — fx*pg

(since p§ = pg we have T° = T). Then the bound (1.3) will follow from Stein’s
complex interpolation theorem and the following mappings:

(2.2) T3+ 12 (R?) — L2 (R? x T), A€R,

(2.3) T LY (R?) — L (R x T), AER.

We prove (2.2) first.
By Lemma 1 and the computation of i, (see [GS]) we have

T3 f (g 9)‘ dzdf

o~

:/2 _ Ut )‘ Sl ‘Z/1+\m((095)2)2d9d§

RG ‘|E|/_w|u9 * apag

We now prove (2.3).
It suffices to show that

iA
Hf * ,u'é—H ||Lac(]R2) < CHf”Ll(]RZ) )
with a constant ¢ independent of 6. It is enough to show that
iA
||f*9 * MLH HLOO(]RZ) <c ||fHL1(]R2) )

where gt = pit* and therefore p is defined by 15(€) = Ti(€)is(&). Since
I foll 112y = [1fll Loy we have to show that p'*** is a function in L>(R?), i.e.

that [(u'T*, g)| < ¢ for any function g € L*(R?). Then, since i11;x acts only on
the second coordinate,

|<M1+i)\,g>| = ‘/Rz /}R2 g+ y) du(z) i1yix(y2) dy
S/R/]R|9(x17¢(x1)+y2)|J(x1)dx1dy2SC

(the Jacobian J is bounded if we have chosen the arc small enough; moreover J is
defined a.e. because of convexity). O
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We now turn to the proof of Theorem 2, which depends on the following lemma
(see [BRT]).

Lemma 2. Let 1 < g < oo. If p is the measure defined in the statement of
Theorem 2, then

T q 1/q |€|_1/2 for q<2»y:22)
JOf dop 1T logle)F for g =2

Me g q y—2
- 1 1,1 —
g7 for q>2=2.

Proof of Theorem 2. Let i, be as in (2.1) and let x)"* be defined by

137(€) = 177 (00€)i2 ((09)2).

As in the previous proof we introduce the analytic family of operators
TS f— fug™(§)

(again T$ = *ug’z(f)).
Let a > 0 and ¢ > 2. Suppose we have proved the following bounds:

(2.4) Tt L? (R%) — LY (T, L*(R?)), A EeR,

(2.5) T3t LY (R?) — L™ (T x R?), A ER,

then the complex interpolation theorem yields

(2.6) T, : L3 (R?) — Lo+ (T,LQ(““) (RQ)) .

The proof of (2.5) is similar to the proof of (2.3).

We now prove (2.4) for values of ¢ and « that will be made explicit in the course
of the proof.

By Plancherel theorem and Minkowski’s integral inequality we have

T Q/2 2/(]
{/ { | T oA f ()| d:c} de}
—T R2

- { J AL 1R et 6w (vt} d@}

2/q

</ { | (@] mew -’ ((095)2)‘2>W d@} d

< [ Jfof e [ imeora) " a= 1.0

By Lemma 2 we get

I(q, @) Sc/}R2

2/q

—~ 2

dg = >d
fio| de=c [ 1@ o
by either setting

2(v-1)

=1/2 , <
a=1/ 1< =
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or
-2 _ 2001
2 0 T w22

(note that this forces a = % + % - %)

The first choice proves (i) in the statement of Theorem 2, while the latter proves
(#3) and (4i1).

We now turn to the counterexamples. We prove (ii’), the proofs of the other
cases being similar. We therefore assume

(2.7) T, : L7 (R?) — L* (T, 1" (R?))

and we shall deduce s < (p,’_(%.
p'=2)y—2

Indeed, for small € > 0, let f be the characteristic function of the rectangle
[—&,¢e] x [—€7,&7]. Then there exist constants ¢, ¢, cq, cg such that

o =

f * /Le(l‘l,xg) > ce

for |z1| < c1€, |z2| < c28”, 0] < c3e7 L. Then (2.7) implies

S/p’ 1/8
/ / e?' daydas 9%  <cer,
|0|<czev—1 |z1|<cie, |z2|<cae?
. . _ . / _1
which yields (y+ 1) (% - %) <1+t e s< 7(;,2”22, O
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