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ABSTRACT. In this paper, the unique fixed points of multi-valued and single-
valued operators of monotone type are approximated by Ishikawa and Mann
iteration processes with errors in real Banach spaces. The operators may not
satisfy the Lipschitzian conditions. The results presented improve and extend
some recent results.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we always assume that X is a real Banach space, X* is
the dual space of X, and (-, -) is the pairing between X and X*. If D is any set,
2D denotes the family of all non-empty subsets of D. The mapping J: X — 2%
denotes the normalised duality mapping defined by

J@)={feX (@ NH=IF1-II=] I fI=lz]} »eX

Definition 1.1. Let D be a non-empty subset of X and T: D — 2% be a multi-
valued operator.

(1) T is said to be of monotone type if there exist a constant k € (0,1) and an
x* € D such that for each x € D there exists j(z — z*) € J(x — z*) satisfying

(1.1) (€ —a*, jlx—a*)) <k-|z—a*|? forall e Tz

(2) T is said to be strongly (or strictly) accretive if there is a constant k € (0, 1),
called the strong accretive constant for 7', such that for each z,y € D, for each
¢ €Tz, n € Ty, there exists j(z —y) € J(x — y) with

(1.2) E—n jlx—y) =k lz—yl°

(3) T is strongly (or strictly) pseudo-contractive if I — T is strongly accretive,
where [ is the identity operator on D.

Lemma 1.1 ([1]). Let D be a non-empty subset of X. If T:D — 2% is strongly
pseudo-contractive, then for each x,y € X, for each & € Tx and n € Ty, there
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exists j(x —y) € J(x —y) such that

= jla—y)<Q=k)-lz-y]|
where k € (0,1) is the strongly accretive constant of I —T.

Remark 1. From Lemma 1.1, it is easy to see that a strongly (strictly) pseudo-
contractive mapping with a fixed point is of monotone type. For results on strongly
accretive mappings or strongly pseudo-contractive mappings, we refer to Chidume
[4, 5], Deng and Ding [6], Osilike [9], Tan and Xu [10] and the references therein.

The purpose of this paper is to study the approximate problems of fixed points
for multi-valued and single-valued operators of monotone type by Ishikawa and
Mann iteration processes with errors in real Banach spaces. The operator may
not satisfy a Lipschitz condition. Our results presented in this paper improve and
extend some recent results of Chang [II, [2], Chidume [3, 4 5], Deng and Ding [6],
Dunn [7] and Tan and Xu [10].

For the sake of convenience, we first give some definitions and conclusions.

Definition 1.2. Let D be a non-empty subset of X, let T: D — 2% be a multi-
valued mapping and g € D be a given point. If the sequences {z,},{y.} C D are
defined by

(1.3) Tnt1 € (1 — an)xn + anTyn,
. UYn € (1 - Bn)xn + BTz, n2>0,

then {x,} is called an Ishikawa iteration process for T where {ay,} and {3,} are
two real sequences in [0, 1] satisfying some additive conditions.
In particular, if £, = 0 for all n > 0, then the {x,,} C D defined by

(1.4) Tnt1 € (1 — ap)zy + @ Tx,, n >0,

is called a Mann iteration process for T

The above two iteration processes have been extensively studied by many authors
for approximating either fixed points of nonlinear mappings or solutions of nonlinear
operator equations in Banach spaces.

Definition 1.3. Let D be a non-empty subset of X, let T: D — 2% be a multi-
valued mapping and zo € D be a given point. If the sequences {z,,}, {yn} C D are
defined by

(1 5) { Tpi1 € (1 - Oén)ﬂ?n + oy TYn + Un,

Yn € (1= Bn)xn + BuTn +vn, n>0,

then {z,} is called an Ishikawa iteration process with errors for T where {u,}
and {v,} are two sequences in X and {ay,}, {fn} are two real sequences in [0, 1]
satisfying some additive conditions.

In particular, if 8, = 0, v, = 0 for all n > 0, then the sequence {x,} C D
defined by

(1.6) Tn+1 € (L —ap)zn + anTxy +up, n >0,

is called a Mann iteration process with errors for T.
It is obvious that the Mann and Ishikawa iteration processes are both special
cases of the Ishikawa iteration process with errors.
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The following result is |2 Lemma 2.1]:

Lemma 1.2. For any xz,y € X, we have

(D) ety P <l el +20, jle+y) foral j(z+y) € J@+y)
The following result is [8] Lemma 2]:

Lemma 1.3. Let {a,}22o, {0}y and {cn}S2y be three mon-negative real se-
quences satisfying the following condition:

(1.8) ant1 < (1 —tp)an + by + ¢y, forall n>ng

where ng is some positive integer, {t,}2 is a sequence in [0,1], S0 t, =

00, by = o(tn) and Y, cn < 00. Then lim,_.o0 an = 0.

2. ISHIKAWA ITERATION PROCESS OF FIXED POINTS
FOR OPERATORS OF MONOTONE TYPE

Theorem 2.1. Let D be a non-empty subset of X and T: D — 2% be a multi-
valued operator of monotone type. If the set F(T) of fized points of T is non-empty,
then:

(1) for any q € F(T), we have q = x*, where x* is the point appearing in (1.1),
and so T has a unique fixed point in D;

(2) suppose that T'(D) is bounded in X and there exists xo € D such that the
Ishikawa iteration process with errors {x,}, {yn} C D defined by

(2 1) { Tn4+1 = (1 - O‘n)xn + iy + Up, where n, € Tyy,

Yn = (1 - ﬁn)xn + Bnén + vn, where &, € Txy, n >0,
where {u,}, {v,} are two sequences in X and {ay}, {Bn} are two real sequences
in [0, 1] satisfying the following conditions:
(i) an — 0(n —00) and Y7 oy = 00;
(i) || un [|= o(am);
(ii) [ 7 = &ns1 [|[= 0 (n — o0).
Then {x,} converges strongly to the unique fized point x*.

Proof. (1) Let ¢ € D be a fixed point of T'. Since T is of monotone type, from (1.1)
we have
(==, jlg—a") <k-|[g—a" ||°, where j(q—z")€ J(g—a").
Therefore, we have
(1—k)-fg—2"|* <0
Since k € (0,1), we have || g — z* ||2 = 0, that is, ¢ = 2*. This implies that 7" has
at most one fixed point in D.
(2) Since T'(D) is bounded, let

(2:2) d=sup{|[ £ |: £ €Tw, v € D}+ || 2" |,

(2.3) M =d+ || g — 2" || +1.

Again since || uy, ||= o(ay,), there exist €, > 0 and €, — 0 (n — 0), such that
| un ||= an - €n. Without loss of generality, we can assume that ¢, € (0,1). Now

we shall prove that

(2.4) | Zpy1 —2* |[< M, foreach n>0.
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Indeed, when n = 0, we have

| (1 —ao)(wo — ") +ao(no — ™) +uo ||
(1 —ao) [[zo— 2™ || +ao(ll no | + [l 2™ [|) + €0 - o
| zo — 2™ || +d+¢eo < M.

[ ar —a* ||

<
<

Suppose (2.4) is true for n = k —1 > 0. Then

| Zs1 — 2™ || (1= ) (zn —27) + an (e — 27) + g ||
(1 =) || zp =" | +ew(([ ne || + [T 2™ ) +x - o
(1 —ag) - M+ (|| m || + [ 2" || +ew)

(1—ak)-M+ak-M:M.

IN AN IA

Thus (2.4) holds by induction.
On the other hand, by (2.1), Lemma 1.2 and (2.4), we have
| Znt1 — 2" ”2 = (1 —an)(@n —2") + an(n —2%) +un H2
< (L= an)?*| @ — 2" | + 200 (n0 — 2%, j(2n41 — )
+ 2{un, j(@ns1 —z"))
< (1—an)?|| 2 — 2" ”2 + 200 (M — Ent1s J(Tns1 — 7))
(2.5) + 20 (1 — 27, (@1 — 7)) + 2 [ up || -M
< (1—an)? zn — 2" |* + 20 - B
+ 20, (Eny1 — 2%, J(Tpy1 — 7))
+ 20nEn - M, forall j(xp41—2*) € J(zpy1 — %)
where B, =|| 9 — &nt1 || - || @nt1 — 2 ||. It follows from (2.4) and condition (iii)
that B, — 0 (n — o).
Since T is of monotone type, £,4+1 € Txny1, from (1.1) we know that there exists

a j(xni1 —2*) € J(xny1 — x*) such that

(2.6) (Gt — 2", J@ass =) < k- [ @ — 2" |

Substituting (2.6) into (2.5), we have
l2npr —a* | < (1= an)’|| @ — 2" |

(2.7) + 2, - B + 20, - k|| g1 — 27 ||2 + 2av,6, - M.

Since a,, — 0 (n — o0), there exists a positive integer ng such that when n >

ng, 2a, < 1. Hence 2a,k < 1, 1 — 2a,k > 1 — k for all n > ng. After simplifying
it follows from (2.7) that

”2 (1 — Oén)Q 204n

lenii =27 < T=g5 gl o =2 ||2+m(3"+€"'M)
(1—Oén)2 2 20,
2.8 < - -z A

where A, = B, + ¢, M — 0 (n — 00). Since

(1—ay,)? _1 20 —k) — an

= (6%
1—2a, -k 1—2a, -k "
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and 21— k)
— k) —a,
_ 2(1 -k
o 21 - k) (1 = o),
therefore there exists n; > ng such that for any n > n; the following holds:
20— k) — an
—_—— >1-k.
1-2a, -k
Hence for any n > ny from (2.8) we have
* * 2a’ﬂ
| @n1—a* [P < 1= (1= k)an] - | 20 — 2" |* + T
Letting a,, = || , — 2* H2, t, =1 —=k)ay,, b, = %)\n, ¢, = 0, we have

ant1 < (1 —tp)an + by + ¢, forall n>ng

and they satisfy all conditions in Lemma 1.3. Therefore a,, — 0 (n — o0), i.e.,
Zp — * (n — 00). This completes the proof.

Remark 2. When T is a multi-valued uniformly continuous mapping with Hausdorff
metric induced by norm || - ||, condition (iii) of Theorem 2.1 can be satisfied.

Theorem 2.1 improves and extends Chang [I, Theorem 3.1], in its three aspects:
(a) it abolishes the condition that X is uniformly smooth; (b) that {u,} is a sum-
mable sequence is replaced by || w, ||= o(an); (c) it abolishes the condition that
I o I— 0 (1 — o0).

In Theorem 2.1, if T: D — X is a single-valued mapping, and so n,, = T'yn, &, =
Tx,,m=0,1,2,---, we can obtain the following Theorem 2.2.

Theorem 2.2. Let D be a non-empty subset of X and T: D — D be a single-
valued uniformly continuous operator of monotone type such that F(T) # (.

(1) If g € F(T), then g = x*, where x* is the point appearing in (1.1), so that T
has a unique fized point in D.

(2) Suppose that T(D) is bounded in X and there exists xo € D such that the
Ishikawa iteration process with errors {x,}, {yn} C D defined by

Tnt+l = (]‘ - a’ﬂ)xn + anTyn + Un,
Yn = (1= Bn)zn + BpTan +vn, 1 >0,

where {u,}, {v,} are two sequences in X and {ay}, {Bn} are two real sequences
in [0, 1] satisfying the following conditions:

(2.9)

(i) an — 0, B, = 0(n—00) and Y~ o, = 00;
(i) || un [|= o(am) and || vy [|= 0 (n — oc).
Then {x,} converges strongly to the unique fized point x*.

Proof. Tt is sufficient to prove that condition (iii) in Theorem 2.1 is satisfied. In
fact, from (2.9) we have

|| Yn — Tn41 H = H (an - ﬁn)xn + BnTzn — anTYn + vy — Un H
(2.10) < [ (an = Bu)xn + BaTxn — anTyn || + || un || + | va || -

Since T'(D) is bounded, from (2.2) and (2.3) it is easy to see that {x,, }, {T2n}, {Tyn}
all are bounded sequences in D. It follows from (2.10) and conditions: «, —
0, Bn = 0, [[un [|= 0, || vn [= 0 (n — o) that || yn = 2nt1 = 0 (n — 00). By
the uniform continuity of T', we have || Ty, — Tzp41 || 0 (n — 00). This shows
that condition (iii) in Theorem 2.1 is satisfied. This completes the proof.
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Theorem 2.3. Let D be a non-empty subset of X and T:D — 2% be a multi-valued
operator of monotone type such that F(T) # 0.

(1) If g € F(T), then g = x*, where x* is the point appearing in (1.1), so that T
has a unique fized point in D;

(2) Suppose that T(D) is bounded in X and there exists xo € D such that the
Ishikawa iteration process {xy}, {yn} C D defined by

(2.11) Tnt1 = (1 — ap)xy + annn, where n, € Typ,
. Yn = (1 - ﬁn)xn + Bnén, where &, € Txy,, n >0,

where {a,} and {Bn} are two real sequences in [0,1] satisfying the following condi-
tions:

(i) an — 0(n —00) and Yo7 oy = 00;

(i) [ 7 = &ntr |= 0 (n — 00).
Then {x,} converges strongly to the unique fized point x*.

Proof. Taking u,, = v, = 0 for alln > 0 in Theorem 2.1, the conclusions of Theorem
2.3 can be obtained from Theorem 2.1 immediately.

Theorem 2.4. Let D be a non-empty subset of X and T: D — D be a single-
valued uniformly continuous operator of monotone type such that F(T) # 0.

(1) If g € F(T), then g = x*, where x* is the point appearing in (1.1), so that T
has a unique fized point in D.

(2) Suppose that T(D) is bounded in X and there exists xo € D such that the
Ishikawa iteration process {xn}, {yn} C D defined by

(2.12) { Tpy1 = (1 — o)z + anTyn,
Yn = (1 - ﬁn)xn + BnTwpn, n2>0,
where {a,} and {Bn} are two real sequences in [0,1] satisfying the following condi-
tions:
(i) an — 0, B, = 0 (n— 00) and > o7, ay, = oo.
Then {x,} converges strongly to the unique fized point x*.

Proof. Taking u,, = v, = 0 for alln > 0 in Theorem 2.2, the conclusions of Theorem
2.4 can be obtained from Theorem 2.2 immediately.

Remark 3. (1) Theorem 2.1—Theorem 2.4 improve and extend Chang [1, Theorem
2.1, 3.1 and 3.2], Chidume [3, Theorem 1], and Dunn [7, Theorem 1] in several
aspects.

(2) Since every strongly pseudo-contractive mapping with a fixed point is a spe-
cial case of the monotone type mapping, Theorem 2.1—Theorem 2.4 also improve
and extend Liu [8, Theorem 2]. Morever, Theorem 2.1—Theorem 2.4 also im-
prove and extend the corresponding results of Chang [2, Theorem 3.3], Chidume
[4, Theorem 2], Chidume [0, Theorem 4], Deng and Ding [6] Theorem 1], Osilike [9}
Theorem 1], and Tan and Xu [10, Theorem 3.2 and Theorem 4.2] in several aspects.

3. MANN ITERATION PROCESS OF FIXED POINTS
FOR OPERATORS OF MONOTONE TYPE

Theorem 3.1. Let D be a non-empty subset of X and T:D — 2% be a multi-valued
operator of monotone type such that F(T) # 0.

(1) If g € F(T), then g = x*, where x* is the point appearing in (1.1), so that T
has a unique fized point in D.
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(2) Suppose that T(D) is bounded in X and there exists xo € D such that the
Mann iteration process with errors {x,} C D defined by

(3.1) Tnt1 = (1 — ap)zy + n&yn + un, where &, € Tz, n >0,
where {u,} is a sequence in X and {ay} is a real sequence in [0,1] satisfying the
following conditions:
(i) an —0(n—o00) and Y.,°,a, = 0o;
(i) || un [|= o(cwm);
(ii)) || &n = &ntr [= 0 (n — o).
Then {x,} converges strongly to the unique fized point x*.

Proof. Taking 8, = 0 and v, = 0 for all n > 0 in Theorem 2.1, the conclusions of
Theorem 3.1 can be obtained from Theorem 2.1 immediately.

Theorem 3.2. Let D be a non-empty subset of X and T: D — D be a single-
valued uniformly continuous operator of monotone type such that F(T) # 0.

(1) If g € F(T), then q = x*, where x* is the point appearing in (1.1), so that T
has a unique fized point in D.

(2) Suppose that T(D) is bounded in X and there exists xy € D such that the
Mann iteration process with errors {z,} C D defined by

(3.2) Tnt1 = (1 — an)xn + anTxp +un, n >0,
where {u,} is a sequence in X and {ay} is a real sequence in [0,1] satisfying the
following conditions:
(i) an — 0(n—o00) and Yo" o, = 00;
(i) [ un [|= o(am).
Then {x,} converges strongly to the unique fized point x*.

Proof. Taking 8, = 0 and v, = 0 for all n > 0 in Theorem 2.2, the conclusions of
Theorem 3.2 can be obtained from Theorem 2.2 immediately.

Theorem 3.3. Let D be a non-empty subset of X and T: D — 2X be a multi-
valued operator of monotone type such that F(T) # .

(1) If g € F(T), then q = x*, where x* is the point appearing in (1.1), so that T
has a unique fized point in D.

(2) Suppose that T(D) is bounded in X and there exists xo € D such that the
Mann iteration process {z,} C D defined by

(3.3) Tnt1 = (1 — an)xn + anén, where &, € Tx,, n >0,
where {a,} is a real sequence in [0, 1] satisfying the following conditions:
(i) ap —0(n—o00) and Y.,°,ay, = 0o;
(i) I & = &nt1 = 0 (n — o0).
Then {xn} converges strongly to the unique fixed point x*.

Proof. Taking u,, = 0 for all n > 0 in Theorem 3.1, the conclusions of Theorem 3.3
can be obtained from Theorem 3.1 immediately.

Theorem 3.4. Let D be a non-empty subset of X and T: D — D be a single-
valued uniformly continuous operator of monotone type such that F(T) # (.

(1) If g € F(T), then g = x*, where x* is the point appearing in (1.1), and so T
has a unique fized point in D.
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(2) Suppose that T(D) is bounded in X and there exists xo € D such that the
Mann iteration process {x,} C D defined by

(3.4) Tn+1 = (1 —ap)zn + apyTa,, n >0,

where {ay,} is a real sequence in [0, 1] satisfying the following condition:
(i) ap — 0(n—o00) and Y07y, = 00.

Then {x,} converges strongly to the unique fized point x*.

Proof. Taking u,, = v, = 0 for alln > 0 in Theorem 3.2, the conclusions of Theorem
3.4 can be obtained from Theorem 3.2 immediately.
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